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PREFACE

Brahmagupta 1s one of the most distingtished mathemati
e1ans and astronomers of Indta of the Sixth Century AD He
was born m 520 Saka or 655 Vikramior 589 A D and 1mn
628 A D at the age of 30 he wrote his well known treatize the
Brahmasphutasiddhanta and n 665 A D another small but =
very sigmficant book the Khandakhadiaba In 860 AD another
celebrated mathematician and astronomer, vimi wrote
hoas fams vs 0 ~meorary koown as the Faumd nagae no the
Bra & 1%*w ddhinta It 1+ a matter of satisfaction that the
Indian Institute of Astronomical and Sanskrit Research has pub-
lished not only a critical edition of the Brahmasphujasiddinta
but also the Vasana Commentary and a Hind1 Commentary and
where the Vasani Commentary was not avatlable Mahamahopa
dhyava Pandita Sudhikara Dwivedis Commentary has been

incorporated

Prior to Brahmagupta Aryabhata (bern 476 A D) wrote
his celebrated treatise the Aryabhagiyam 1n 455 A D Aryabhata
was a grezt leader of ene school of thought and his infuence on
the scholars of [ndian asttonomy was dominating Brahmapupta
made certain advances on the doctrines of his predecessors, he
was opposed to conservatism  In fact Brahmagupta wasa great
critique of his times and was known for his great originality He
lived 1n a dynamic age when the Greeks also not enly penetrat
ed mnto the Indian Territortes their literature and thought also
started gaming prommence In fact during this period India
and Greece both came closer and took part m cultural impacts
and advances Brahmagupta in his treatise has many a time

critictsed some of the Greek methods of calculations and refuted
the claims of foreigners for a grearer accuracy Brahmaguptas

great works, the Siddhanta as well as the Khandakhadvaka took
2stronomy to Arabs and through them it spread to many coun

tries 1n Europe

"This 1s for the first time a monograph exclusively devoted ,
to Brahmagupta 1s being presented to ourreaders Prahmagupta



Published by +
Shri Ram Swarup Sharma

Divector :

The Indian Institute of Astronomical
and Sanskrit Research.
26/95 West Patel Nagar, New Delhi-8

hﬁ\ﬁf‘ﬁ'q "JD

This hoo’

A T piteclon.

ol
e LN b AP

@) Copyright Reserved by the Publisher

1968

Dpice RS %’ﬂﬂ (Eifty oniy)



PRET'ACE

Brahmagupta 15 one of the most distinguished mathemnrats
c1ans and astronomers of India of the Sixth Century AD He
was born 1n 520 Sak: or 655 Vikramior 583 AD and 1n
028 A D at the age of 30 he wrote his well known treatice the
Bralkmasphutasiddhanta and in 665 A D  another small buc a
very significant book the Khandakhadyaka In 860 AD another
celebrated mathematicran and astronomer vim wrote
hys famons ¢ ~mentary known as the Vasan2 wopnvyye on the
Bra iddhlinta It 1 & mateer of satisfaction that the
Indian Institute of Astromomical and Sanskbrt Research has pub
lishied not only a entical edition of the Brahmasphutanddanta
tut alco the Vasand Commentary and a Hindi Commentary and
where the VZsani Commentary was not available Mahamahop2
dhyava Pandita Sudh3kara Dvivedis Commentary bas been

incorporated

Prior to Brahmagupta Aryabhata (born 476 AD) wrote
his celebrated treause the Arsabhafiyam m 499 A D Aryabhata
was a great leader of one school of thought and his mmfluence on
the scholars of Indian astronomy was dominating Brahmagupta
made certain advances on the dectrines of his predecessors  he
was opposed to contervatism. In fact Brahmagupra was a great
critique of his times and was known for hy great origmality He
Lived in a dynamic age when the Greeks also not only penctrat
ed tnto the Indian Territories their literature and thought alse
started gaimng prominence  In fact during this penod India
and Greece both came closer and took part 1n cultural mmpacts
and advances Drahmaguptain us treatite has many a time

eriticiced some of the Greek methods of caleulations and refuted
the claims of foteigners fora greater accuracy Brahmaguptas

great works the Siddhanta as well as the Khandabhadyaka took
2s ronomy te Arabs and through them it spread to msny coun

tries 1n Europe

This 1s for the first time 2 monograph exclusively desoted
1o Brahmsgupta 1s being presented to ourreaders DBrahmagupta
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beginning of the Kalivuga, (1) the diameters of the Sun Moon
and the Earth and the distances of the Sun and Moon from the
Earth, (111} sidereal revolutions of the apogees of the planets m a
Kalpa, (1v) <tdereal revolutions of the nodes of the plapets 1n a
Kalpa (v) peripheries of the epicycles of the planets (vi) mean
diameters of the planets (vt} inclination of the orbits of the
planets to the ecliptic (vui) longitudes of the junction <tars and
(1x) celestial latitudes of the junction stars, and for such tables
I am indebted to the calculations given in the Laghuohaskariia
and the Makabhasbariza by my esteemed {friend K S Shukla who

has very ably edited and translated these texts

Brahmgupta des ribes a number of appliances and 1nstru-
ments which could be used for astronom cal studres A chapter
has been devored to this subject also I am sure this small Mone-
gcaph on Brahmagupta and his contributions to mathemates and
astronomy would be read with nterest Itis needless to say
that 1n this study as in many otlers I have been given en-
couragmg opportunities by Pt Ram Swatup Sharma the Director
of the Indian Institute of Astronomical and Sanskrit Research
and we zll are ndebted to the authorities of this Institute for

this publication

University of Allahabad Satya Prakash
15 November 1968
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CHAT'TER 1

Astronomy in Ancient
Nations

Brahmapgupta s great works hike the Khandakhadyaka and
the Brahma sphutersiddhanta took astrenomy to Arabs through
whom 1t spread to many countries of Europe Al Berumi records
this testimony m his great book on India  Itis doubtful that
astronomy had 1ts birth i Greece and Chine  From remote ages
China India Greece  Arabia and Egypt developed the entire
system 10 close cooperatien  This knowledge must have spread
from thetr common cradle home where man for the first time
developed his culture and civilisation  In this chapter we pro-
pose to give a review of astronomy sas developed :n many of
these ancrent lands especially Arabia people of which land
came in close contacts with India much before any recorded

tune
Dawn of Astronomy

The earliest man must have been the prmitive astros
nomer The strikip spectacles presented to him by the vaned
appearances of a sky covered with thousands of twinkling
and non tamkhing obwects of different degrees of brightness,
apparently revolving round the Earth ond the daily changing
phases of the Moon must have rawised strange feelings of
the most primtive man also, Then e must have in coure
of time observed the bright mortung and evenifig stars and at
a considerably late stage the comets and shooting stars dnd then
on occasions eclipses of the Sun end the Moon These phenomena
not only raised fechings of admiratzon but 1n different sections of
human sccrety often frelings of superstitious alarm By and
by stats became guides {or the traveller by landand sen I
the mufst of these observations one discovered vanous cycles
cycle of day and mght cycke of <casons end cycle of other
detasls, Then there wzs astrkmg observation of the tides 1n a
sed changung with the phases of the Moon
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the year, the same stars are seen at corresponding hours of the
night., Of course this circumstance was less conspicuous than
the regular variation of the Sun's altitude 1n the sky as the year
progresses It 1s the surmise that the striking naked-eve cluster,
the Pletades, must have been one of the earliest noted stac-
groups. and 1t became the first star-croup for providing the first
fatrly close determination of the length of the vear as approxim-
ately 365 days The rising of this cluster 1n the eveming wasa
mark of the coming winter to$®rimitive man; and the husband-
man judged the trme of reaping by s rising, and of ploughmg
by 1ts setting in very ancient times, Sirius, Arcturus, the Hyades
and Orion were simifarly equally vseful to him The passages
in the Taittiriya Samhita and 1n the Satapatha Brakmana cles tly
indicate the confusion once created by following the concept of
lunar inonths without further adjustments :

‘ Now the seasons were desirous to have a share 1n the
sacrifice among the gods and said, "Let us share 1n the sacri-
fice Do not exclude vs from the sacrifice | Let us have a
share 1n the sacrihce I' The gods, however, did not approve
of this The gods, not approeving. the seasons went to the
Asuras, the malignant, spiteful enemies of the gods Tho<e
(Asuras) then throve 1n such a2 manner that they (the gods)
heard of 1t. for even while the foremost {of the Asuras)
were still ploughing and sowing these behind them were
already engaged m reaping and threshmg: indeed even
without tilling, the plants rnipened forthwith for them.
($Br 1611-3) -

The Zodiac

It 18 difficult to say how much time 1t must have
raken. but m fact, it was eventually noted that the Sun and
Moon travel over very similar paths among the stars during
their circuit of the sky  This led to the formation of the Zodiac
and 1ts constellatiuns, the centre cf this zone. a belt abour 16°
broad. being the annual path of the Sanor Echiptie  The div:-

1o 1Nto taelhve parts, each Eﬂrrt‘:smndmg o g munth 0‘[ the
Sun s movement, was made , and their connection with the solar

course during tte year was found by observitions of heliseal
[1sings O SELRINES These were the times of the ycar when cereamnm
bright stars would first be scen to rise before the Sun. or when
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they were last seen to set after sunset Inthe case of Sirius the
brightest fixed star, these would happen when the Sun was about
ten degrees below the horizon For the Jess bright stars the
angle would be a larger one

It must have been alorost simultan-ously otserved that the
Moon in going like the Sun round the heavens always m the
same direction from west to east (1 e, oppostte to the diurnal
motion which she shares with the other bodies) kept 1n general
to the same track in the sky After a time. however, it must
have been noted by careful observers that this path was not con
stant, but deviated from the centre hine of the Zodiac, getrng
away from that line up to a maximum dJdeviation on either side
but slowly returning to 1t In the course of 2 number of years it
must have become evident that the Moon's path amonp the stars
does not lie always in the same line on the celestial sphere but
in a rone or band about ewenty moon breadchs (10) wide occu-
pying the omddle of the Zodiacal zone itself

Among the bright stars Mercury, Venus Mars, Jumter
and Saturn (the first two of which are never seen very far from
the Sun in the sky) soon must have been noted to be moving 1n
the Zodiac with varying periods The English name planet 1s de-
nived from Greek planetes meamng a wanderer, since the planets
change their positions among the Zodiacal stars

There 15 2 word Str which m the Rgieda always occurs 1n
the nstrumental plural. Strdhif The English word star 1s de-
rived from thisword Parifara and Grtsamada [ have shown
elsewhere, were the first amongst the great observers, mnsrired by
the Rgvedic hymns and VImadeva identified Brhaspati or the
Jupiter planet and Vena Bhargava discovered tht planet Venus
which still bears the name of its discorverer

Copstellatrons

Long before the Zoadiacal belt was divided 1nto *signs * (700
B C) a number of asterisms or the configuration of stars in the
sky had been arranged the brighter stars of these configurarions
thus identifled. proved very useful in indicating the seasoms of the
year by the times of theiwr rising or setting and also 1n locating
the positions on the celestial vawit of such moving objects as
slanets comers and shooting srars and 1n helping the traveller
by land or sex to determune direction
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These named constellations date back to very early period
In India Gargya 1s the name of an astronomer who 15 associated
with a hymn of the Atharniaveda which for the first tinte enume
rates constellations In many of these constellations the stars
form a well matked group clearly separated from other groups
and the names given to these formations are supposed to have
been suggested by a resemblance to the shapes of certain familiar
otjects Of course the re<emblance 1s usuvally very slight and

depended merely on a fancy

It 15 remarkable that different countries devioped almost
similar notions regarding these constellations The late Dr A C
D Crommelin nﬂnstderid that there s 2 reason to helieve that
the stars may have been grouped to some extent by the Egyptians
asearly as 4000 B C and he remarked on their uvse of the then
Pole Star for orienting the Creat pyramid Armn Chinese are
said to have mapped out the sky 1ato many divisions of stars by
2500 B C 1if one ¢1n tely on their records

The 1deq of constellntions tihes us to a date much earlier
than 2700 B. C even In total forty cight hrve come down from
extremely ancient times but thesz do nat cover the entire extent
of the sky The part not occupred by any of them evidently d:d
not rise above the hori~on « here the early astronomers to whom
wne owe their namung lived and the stars concetned vere there
fore not 1ncluded 1n their constellarion schemes The centre of
this part (near the bright star Achernar) must have been near
the South Pole of the heavens of the time and 1ts angular radius
from the Pole gives us roughly the latitude of ther homes The
date appears to have been about 2500 B C when owing to the
precession of the equinoxes the South celestial pole was in the
nosition ndicated The latitude seems to have been abour 38°
North These are the findimgs of E W Maunder (Astronom:
unthout a Telesccpe p 5. 1502) but from the same considerations
Dr Crommelin 7ssigns o Inntude of 30" and a date 2460 BC
and Proctor 2200 B C Maunder also supgested that the presence
of the Lion and Bear among the stellar configurations and the
absence of Elephant Tiger Cameland Crocodile seem to ex
clude India towrds the Eist and the countries towards the
West the latitulde and the lonpitude mdicated being thote of
Aiia Mitor or Armeur The suggestion that the blank arex in
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the sky referred to gave an approximate date for the formation
of the constellations appears to have beeen first put forward in
1807 by Carl Schwartz, for some time Swedish Consul at Baku?

Indo-Greek Contacts

It is highly tmprobable that before Alexander, there had
teen absolutly no contacts between India and the distant nations.
Even in pre-Alezandrian era, there had been such migration is
clearly evinced by the philological and mythological studjes. But
we do not pessess historic record of it.

The conguests of Alcxander the Great made the Greeks
acquaitited with the Eastern world., which had up to that
time been visited probably by very few Europeans, and it
Iikewise spread Greek culture to all the countries which the
victorious Macedonian had been able to reach. The Indian
provinee of his Empire becamre independent soen &fter
Alxander's death and though the spread of Buddhism in the
third century B.C. checked the profress of Hellenism am
Northern Ind:a, the rise of the Greek kingdom of Bactria and
1ts gradual extension south and east continued for a Iong time to
keep alive the connection between India and the West, Not
only (as has beeen asserted) the Greck and Indian drama and
architecture have teen strongly nfluenced by Hellemictic and
Indian contacts, it 18 beyond a doubr that the entire astronomy
of the two great nations 1s the offspring of these mutual

eontacts, _

In earliest times astrontomy had only beer cultivated in
India and 1n no other country. Some 1dea had been 2cquired
during those days of the periods of the Sun and Moon and the
planet Venus and Brhaspati (Jupiter), which were used for chrono-
logical purposes, the lunar motions being specially connected with
the proper times for szcrrficial aces. The Vedic era was discovered
during this pertod by Vidvamatra, and Girgya enumerated the
Naksatras. Lagadha composed his Vedanga Jyotisa, which is the
first book on astronomy written :in human lirerature, India dev-
eloped her geometey in connection with the construction of sacri-
ficial altars, and its account s found i the Sulba Sofras of
Baudhiyana., AfvalIgana and Kiarsayana. Aryabhata Iaid the
foundations of algebra. One rught still say that there 13 no sign of

1. See, Perer Doig s A concire Hirsery ef Aztrenemy, Lopdea, 1290,
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Earth as a Sphere

The astronomers of the Siddhantas taught that the Earth
1s a sphere, unsupported in space and they reject the ancient my-
thological notion that 1t 1s supported by some animal like $esana
ga (serpent), kacchapa (tortoise}, or diggajas {elephants) whick
1n turn rest on another, and so on until the support of the last
one after all has to be left vnexplained Bhaskara IT. about
A D 1150, who comments on the absurdity of this also rerects
the 1dea that the Earth 18 perpetually falliing since 1t would fall
faster than an arrow shot upwards, on account of being heavier.
s0 that an arrow could never again reach the Earth ! Round the
Earth the planets are moving, all with the same linear velocity
The diameter of the Earth 15 1600 yojanas the distance of the
Moon 1s 51,570 yojanas{or 64 5 times the radius of the Earth,
nearly equal to Ptolemy s freatest distance 64%) while the dis
tances of the other planets result from the assumption of
equal velocities * ‘The equation of centre of the planets
15 found by an epicycle and to this arrangment the Hindus
add one of their own invention, by assumung that the ept
cycle had a vanable circumference greatest when the planet 1s
at apogee or perigee and least at 90’ from these when the equa-
tion reaches 1ts maximum This contrivance of an oval epicycle
was by some astronomers applied to 2ll the planets, by others
{BPrahmaguptz and Bhiashara) only to Mars and Venus by others
it was altogether rejected ® Why they complicated the calculation
in this way 1s not ¢lear Aryabhata I of Kusumapura or Pitah
putra, born A D 476 made another deviation from the Alexand
rzan doctrines as appears 1 the Brahma sphuta siddhanta of
Brahmagupta wherein he quotes the followimngfrom Aryabhata

The sphere of the stars 15 stationary and the Farth nraking a
revolution produces the daily rising and seteing of stars and
planets Brahmagupta rejects this 1dea saying  JIf the Earth
moves 2 minute 1n & prina then whence and what route does 1t
proceed? If 1t revolies why do not lofty ob ects 211 ? Bur his
commentator Caturveda Prthodala Svamureplics Aryabhatas

1 Asr Rer XI1 p 29 (Essays Il p 39D
The dizrances are proportional to the ochita! penods of eveludon bur forx

Mercusy and Venus tothe perniodsin the epicycles
3  For further details see Ar Res II p 251 (Davis) and XII p. 236

(Colebrooke also Ersayr 1. p 401)

L
e
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opmion appears nevertheless satisfectory since planets cannot
have two motions at once and the objection that lofty things
would fall 15 contradicted for every way the under part of the

Earth 1s also the upper since wherever the spectator stands on
the Earth s surface even that spot 1s the uppermost spot !

Earth rotation by a carrent of aerial flmd

It 15 very interesting to see the theory once advocated by
Herakleides of Pontus transplanted on Indian soil especially when
we rememkbter that Seleukus, the Babyloman had adopted that
theory From Babylon the theory might easily find 1ts way to
India though 1t 15 of course equally possible that Aryabhats
quite mdependently of his Greek precursors hit on the same
tdea He appears to have accounted for the Earth s rotation by
a wind or current of aserial luid the extent of which according
to the orbit assigned to it by him  corresponds to an elevat on
of little more than a hundred miles (114) from the surface of the
Earth or fifteen yojanas while he put the diameter of the Earth
equal to 1050 yoranas (ot 76 miles each?) This was in accordance
with the general opmion of the Indians that the planets are
carried along their orbits by mighty winds with the same velo-
<1ty and parallel to the ecliptic (while one great vortex carrres all
stars round the Earth in twenty four hours, but that the planets
are deflected from these courses by certain mvisible powers
having hands 2nd reins with which they draw the planets out
of their umiformn progress The power at the apogee for instance
constantly attracts the planet towards itsclf alternately with
the right and left hand (ike Lachesis in Plato s Republic) winle
the detty at the node diverts the planet from the ecliptic first to

one side and then to the other And lastly the deity ar the con
Junction causes the planet to move with variable velocity and to
become occasionally stationary and even retrograde  This 1s
fravely set forth 1n the SUrja §iddhanta and evenn Bhiskara gives
the theory in his notes. though he omits it from his text

Similarly Brahmagupta although he gives the theory of eclipses,
affirins the existence of an eighth planet Rihu which 1s the
immediate cause of eclipses and he blames Varlhamithira

Easays IL p 395
t Res XIL p 227 Calebrocke s
21. é:ll:brmi’t Notes and lilustratons o the Algebra of Brahmaguprta p

zxxvin Essays 1L p 367
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Aryabhata and others for rejecting this orthodox explanation
of the phetiomenon.?

Indian astronomy some times appears to be a curious mix-
ture of old fantastic ideas and sober geometrical methods of
calculation. But itis wrong to presume that these geometric
calculations were derived from {froeign contacts Indians have
always been fond of geometry (from the earliest times of the Vedic
tituals), and they fromt the very bepinning realised the impor-
tance of applying geometry to astronomy, Side by side we find
Greek contacts also.  As remarked by Colebroocke, the absence
of the most charactetistic parts of Ptolemy's system. the
equant and the details of the theories of the Moon and Mercury
seems to indicate that Greek planetary theory must have been
introdvced in India between the times of Hipparchus and Ptole-
my; and with the exception of the epicycle from the circular
form, the Hindus did not modify the theory or perfect it in
any way. The precessron of the equinoxes they held to consist
in a iteration within the limits of 27° (Aryabhata says 24°) east
and west of its mean position, but they came much nearer to
the truth than Ptolemy did as regards the annual amount, as
they supposed the space travelled over 1na century to be 13",

Contacts with Arabs

Notwithstanding some 1saiation of India from Europe
during the Middle Ages, her astronomy was destined to
exercise an indirect influence on the progress of astronomy.
Through the conquest of Persia In the seventh century,
the Arabs., like the Greeks a thousattd years earlier, came
imn contact with India, from whence physicians and astro-
Jogers found their way to the covrt of the Caliph already
before the reign of Harun al Rashyd. We possess a detatled
arcount of the manner in which the Indian astroniomy was
introduced at Baghdad, from the pen of the astronomer Ibn
al Adami (who died before 920), confirmed by the celebrated
memoir ot India by Al Beruni, written in 1031% In the year
156 of the Hyra (A, D 773), there appeared before the Caliph

Al Mansur a man whe had come from India: he was skilled in

1. Aswat, Res, XII, pp, 233, 241, Essays, I1, pp. 358, 407,
2. Hankel, Zur Geschickte der Mathemank m Alteythum and Alttelalter.
Leipnig, 1874, p. 229, Cantor, Gasch., d, Afatk, I.p. 656.
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the calculus of the stars known 2s the Sindhimd (1 ¢ Siddhanta),
and possessed methods for solving equations founded on the
kardagas (1 € kramajys, sines) calculated for every half degree,
also methods for computing eclhipses and other thmngs Al
Mansur ordered the beok 1n which all this was contained tobe
translated mto Arabic. and that a work should be prepared
from 3t which might serve as a foundation for computing the
motions of the planets This was accordingly done by Muham-
fhed ben Ibrahim Al Fazari whose works the Arabs call the
great Sindhind and from st an abstract was aftervards made for
Al Mamun by Abu Grafar Mubammed 1bn Musa al Kwarizmy,
who made use of 1t to prepare his tables whichobtained great
renown in the lands of Islam TEut when Al Mamun ktecame
Caliph he promoted these noble studies and called 1n the most
learned men 1in order to examine the Almagest cnd make nstru-
ments for new observations

Arabs and Greeks

The account of whichk the above i1san abstract shows us
clearly the origin of the study of astronomy and mathematics
under the Abbasid Caliphs Butthough the first tmpulse came
from India the further development of Arabian science was
to a conaiderable extent founded on that of Greece and Alexandria
It was through the court physicians from the flourishing medical
school kept up by Nestorian Christians of Khusistan that a
knowledge of Greek Philosophy and science was first spread
among the subjects of the Caliphs and by degrees the works of
Aristotle Archimedes Euclid Apollonius, Ptolemy, and other
mathematicians were translated into Arabre. Fresh translations
of Ptolemy were mnde {rom time to timein the wvarwcus king-
doms into which the vast empire of the Caliph was scon split
up.! and a thorough knowledge of Prolemaic astronomy was thus
spread trom the Indus to the Ebro There were several special
mducements for Muhamedans to pay attention to astroncmy,
such as the necessity of determining the direction 1n which the

}. The gathestis prokatly tharof Al Halfag ben Insuf ben Marar early jn the
pinth certuty  See Suter [he Mathematkir knd Astronomen der Araber
wnd chrot Werke Letpnig 1900 (5 9) wmboch waluabtle b B ograpuen] summary
has been follwed by J L. E. Drever as regatds names and dates (J L E
Dreyes 8 A MHutery of Antromemy 1953 we bave tefroduced this secouns
from his chapeer XL)
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faithful had to turn during prayers, also the importance of the
lunar motions for the calendar, and the respect in which judicial
astrology was held all over the East. The Caliph Al Mamun,
son of Harun Al Rashid (BI3-B33) js the first great patron of
science, although the Omayyad Caliphes had much earlier an
observatory near Damascus, and the Jew Mashallah (who died
about 815) had already before the reign of Al Mamun won 2
name asan observer and astrologer. But the Damascus observar
tcry tecame quite eclipsed by that erected at Baghdad in 829
where continuous observations were made and tables of the pla-
netary motions constructed while animportant attempt was made
to determine the size of the Earth., Among the astronomers of
Al Mamun and his successors one of the greatest was Ahmed ten
Muhammed Al Fargani (afterwards known in the West as Alfra-
ganus), whose Elements of Astronomy were translated into Latin
in the twelfth century and contributed greatly tothe revival of
science tn Eurcpe.! ‘Tabit ben Korra (B26-90]1) was a most
prolific writer and translater, but is chiefly known in the history
of astronomy as a supporter of the erroneaus idea of the oscilla-
tory motiofi of the equinoxes. A ysounger contemporary of his,
Muhammed Al Battani (died 529}, was the most renowned of alf
the Arabian astronomers and became known in the West in the
twelfth century (under the name of Albategnius) by the trans-
lation of the introduction to his tables® Already in his time
the power of the Caliphs had commenced to decline, and they
soon lost all temporal power. The study of astronomy was,
however, not influenced by this loss of patronage. as the Persian
family of the Buvids, who in 946 obtained possession of the post
of Amir-al-Omara (corresponding to the Frankish Major Domus?
took over the role of patrons of science, so Jong and so
honourably carried on by the Abbasid Caliphs Sharaf al Daula
built in 988 a new observatory in the garden of his palace. and
among the astronomers who worked there was Mubhammed Abu ']
Wefa al Buzjam (959-G88), who wrote an Almagest in order to

1, Féf';t printed at Ferrarza in 1493, See the edition of Golrus, Amsterdam,
1 -

2. Tran+lated by Plato of Favolt., Tirse Prnnted 1m 1537 after the book of
Alfargant, Dreyer has used the edition of Bologna, 16%3, and a new edition
which 1s now being publisired by C. A, Wallino, of which the Arabic and o
Lann *ranslanon of the text have already appeared (Pubbl. 4. R, Osserva-
sor 0 d: Brera in Milans, Neo. 40, 1309.1903),
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as he owed all he hnew atout the science to the example and the
teaching of Mubammedans 2nd Jews King Alfopse X, of
Castille named elSatio (12521284), followed the example of
the Caliphs and called astronomers to Fis court to assist in the
preparation of the renowned Alfonsine Tables

With AYonso thestudy of astronomy disappeared from
Spain. kbut not before 1t had been revived 1n the East In 1258
the still existing but shadowy Caliphate of Baghdad was swept
away by the Mongol congueror Hulagu Khan, grandson of Genghis
Khan but already in the following vear this great warnor Iiste-
ned to the advice of his new vazier, Nasir ed-din a1 Tos: (bern at
Ts in Kharasan in 1201, died in  1274), and founded a great and
magnificient obeervatory at Merapgha, mn the north-west of
Persia, In this observatory, which was furnished with a large
numter of mstruments, partly of novel construction, Nasir ed-dm
and his assistants observed the planets diligently and produced
after twelve years lakour. the " Ilokhanic Tables,” Among the
astronomers of MerJgha seems to have been Juhanna Abu ‘I
Fara), called Bar Hebrayz or the son ofa Jew Hewas a
Christian, born 1n 1226 and from 1264, till his death in 1286
Maphrian or Primate of the Eastern Jacobites He [eft a well-
known chronicle and an astronomical work, both written in
Syriac, as well as other writings ' The observatory at Meragha
had not a long [ife, and Asiatic astronomy had to wait a century
and a hzalf, until the pgrandson of another termble conquerer
erected another observatory Ulug Begh. grandson of Tamerlan,
drew learned men to Samarkand and built an observatory there
about the vear 1420 where new planetary tables and a new star
catalogue the first since Ptolemy's. wer2 prepared  Ulwg Begh
dizd 1n 1449, he was the [ast great Asiatic protector of astro-
nomy, but just as the Easstern countries saw the star of Urama

setemng 1t was rising agait for Euoope
In this review of Arabian astronomess we have only men-
tioned a few, omitting several names of distinction, who<e

1 Leligrede!l arcenmiondel asprit sur la forme du csel et de lateyre Cours
d* Astronomue ted:ge ¢n 1279 par Gregoite Aboulfatag dir Far Hebrareus
Fublie par F Nau Pans 183210003 (2 parts Symac and French) His
chronicle is she chief authority for the fable alouyt the burning of the
Alezandrian Library by orderof the Cat phOmar Fera very thorough
refuration of this sce Putler, The Arad Conguert of Egymt Oxford, 1302

rp 0116,
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owners devoted themselves to other branches of astronomy
Though Europe owes a debt of gratitude to the Arabs for keeping
alive the flame of science for many centuries and for taking
observations some of which are still of value i1t cannot Ee
dented that they left astronomy pretty much as they found it
They determined several important constants anew but they
did not make a single jmprovement in the planetary theories
It will therefore be sufficient to enumerate the tmprovements
attempted ond the opinions held by Arabian astronomers with
out keeping strictly to the chronological order although we are
here dealing with a period of atout six hundred years and m n
belonging to very different nations who had little in common
except their religron and the lenpguage 1n which they wrote

Figuye of Earth

Turning hirst to the question of the fgure of the Earth we
find a2 remarkable contrast between Europe and Asia  In the
world under Islam there was an entite absence of that hostility
to science which distinguished Europe duning the first half of
the Middle Ages Though we learn from Kazwints Cosmo
fraphy® that some of the earhier Arabs believed the Earth to be
shaped like 2 shield or a drwin still there 1s no record of any
Arabian having been petsecuted for asserting that the Earth s
a sphere capable of being mnhabited 21l over Whether this was
i consequence of the warriors of the Caliphs having carried
therr arms to the centre of France on one side and to the borders
of China on the other while their merchants travelled south
ward to Mazambique and northward to the centre of Asia 1s
another question anyhow the fact of the Earth being a sphere
of very small dimensions in comparison to the sirze of the un
verse was accepted without opposittion by every Arabran scholar
and the very first scientific work undertaken after the nise of
AStronomy among them was a determination of the size of the
Farth It wascarried out by order of the Caliph Al Mamun
in the plamn of Palmyra Accordmg o tie account grven dy
Ibn Jonis the length of a degree was measured by two observers
between Wamta and Tadmor and by two others 1n another loca
lity weare not told where The first measure pgave a degree

1 Zakdrya B:n Muhbammed Ben Alakmfd L1 Kazwini s Ko
vyon H Erhe Lewpmig 1368 p 295, ' smegraphie deutsch
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cqual to 57, the sccond one egual to 56 Arabian miles of 4000
black cubits, and the approximate mean, 563 miles. was adopted
as the final result, the circumference of the Earth being 20,400
miles and the diameter 6500 miles. Another report, by Ahmed
ban Abdallah, catied Habash, an astronomer under Al Mamun
(guoted by Ibn Janis), states that a party of observers (no names
given) proceeded along the plain of Sinjar until they found a
difference in meridian altitudes, measured the same day, equal I
to one degree, while the distance travelled over was found to
be 561 miles'. Probably two different determinations were made.

If the *black cubit™ is the Egyptian and Babylonian cubit of
525 mm,? the mile wovld be=2100 m. and 563 miles=119.000

metcrs, rather a large result,
The doctrine of the spherical earth remained undisputed in

the Mueuhammedan lcarned world, though the curious error of
assuming that the Ievel of the sea was higher on some parts of
the Earth than on others appears to have found some adherents
among Arabian writers as well asin Europe? We may, there-
fore, at once pass on to the motions of the heavenly bodies, Al
Battani determined the Iongitude of the Sun's apogee and found
it=82° or 16° 47! more than Ptolemy had given. As he beheved

1. Caussin, Not. et Extrats, v pp M98 ; Delgmbre, Hist. de Uastr
du Meoyen Age. PP 78 and 97, Shems ed-din, Manucl de la cosmographse,

traduit par Mehren, Copenbague, 1874 p. 6. Suater, p 209, mentichs a
third report (from Ibn ChallikEn*s Biogropiacal Dheponary), according 1o
which the sons of Musa first measured in the plan of Simjar and
afterwards as a gestar Kgfa, by order of Al Mamun  The eldest
of the sons of Musa died 41 yeass after Al Mamun, and the names of the
observers in the fyst report are different, so that the third report is not to
be rehied on Al Fargani merely pives 568 miles as the result of Al Mzmun,
According to Shah Cholgn Astronomiea ., studo 28 opera loh, Grav: Lon-
don, 1652, p 95, Alx ed-d1n Al Knsfs (one of the Ulug Besgh's astronomers)
groes Yoe eireomierence of the eardn =30RR parazangs As a persian parasang
=30 stadia {Hultsch, Greech u  Rom Meryologie, p. 476) this would eeem to
be the value of Postdonyus, 240,000 stadyz  Kazwina {p. 293) gives the circu-
mizrence =6800 parasangs on the anthority of Al Beruni,

. Hultsch p- 390
It desetves to be mentioned that Shems ed-din of Damrascus (1256-1327)

explains the great Preponderance of dry land 1n the northern hemisphere
by the attraction of the Sun on the water, which is the greatest when the
Svns 1o persgee, at which time 11 15 nearly arits greatest south declination.
That this accumulation of water would not be a permanent one does not

occur to him {Cermographie, . 4).

o b
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that Ptolemy's valve had been found by himself! and as he
adopted 54° (or 1°in 66 vears) as the annual amount of pre-
cession, there yemaned (assuming that 760 years had passed
since the time of Ptolemy) an outstanding ervor of 79" —54"=—025"
per annum In reality the annual motion of the solar apsides
15 11317 . st1ll we may say that the discovery of this motion 1s due
to Al Battani, though he did not announce 1t as such , 1n fact he
merely gives his own value as an 1mprovement on that of
Ptolemy Even Ibn Jonis (who found 85° 107 did not suspect
that the apogee was steadily moving but merely says that it
must be corrected for precession {(1°:in 70 vears), and remarks
that the longutude of the apogec 1s very difficuit to determine
accurately? On the other hand, Al Zarkal: found a smaller
value, 77° 50" and as he also found a smaller value of the eccen-
tricity he thought i1t necessary to let the centre of the Sun's
eccentric orbit des¢ribe a smaller cirele, after the example set by
Ptolemy inthe case of Mercury? The mchnation of the ecliptic
which the Greeks had found—23° 51 20 was by the astre-
nomers of Al Mamun found—23° 33’ (an 830), by Al Battan:
{in 879) and by Ibn Jonis 23° 35% When Al Zarkali found 23°
33 ,he, and afterwards Abu 'l Hassan Al of Merocco  concluded
that the obliquity oscillated between 23° 53 and 23° 33, an 1dea
to which the prevailing belief in the * trepidation™ of the egunr-
noxes lent countenance * "

Moon and its orbit

1f wenow turn to the Moon we do not find that the
Arabs made any advance on Prolemy  Several of them noticed
that the inclination of the lunar orbit was not exactly B, as
stated by Hipparchus Thus, Abu 'l Hassan Ali ben Amapiuc
carly 1n the tenth century says that he had often measured the
greatest latitude of the Moon and found resules greater than that

I Scieny Stell Cadp zrvin Bologna 1645 p 72 Nallina, p 44 At the end
of Cap  1lv he says the spodres of the Suon und Venus are both in 82% 14/

lh?}]ﬁn JOnis also gives B 14’ as the value found by Al Barrani (Caussin,
F

Cauenn pp 232and 333, Abu ] Fara) gives 87° 28° for the year 1279 (p 20
Sed:lloe Frelegomenmer qux tab'es astzon, & Qleugh Beg (1837) pp Irax lxxsh
Rucciel, Almag  MNewum | o157

Caussin. p 36 For A D 800 Newcormb gives 3 34' 54" with 2 diminunen
of $6° percentuey 5o that the Arabian astronerers esred lesstten 1Y

Aboul Hastan Al Traue der Instrumenss afirom det Avades Ty 17%
Sedlict Alemo ré qur lessinastr astr des Asadey, p 32

2t

I
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of Hipparchus, but varying considerably and irregularly. Ibn
Janmis, w ho quotcs this, adds that he has himself found 5° 3’ or 5°
&”, while other observers aresaid to have found from 4° 587 to
4° 45*1  Want of perscverance and of accurate instruments
caused them to miss a remarkable discovery., that of the
variation of the lunar inchnation.

Abu 7] Wefa and his Almapest

But an even more remarkable discovery has been claimed
for an Arabizn astronomer., In 1836 the younger Sedillot
announced that he had found the third inequality, the variation,
distinctly announced in Abu ']l Wefa's Almagdest. A fierce
contraversy raged for a number of years as to the reality of
this discovery, Sedillot alone defending his hero with desperate
energy and refusing to listen to any arguments, while Buot,
Libri and others asstrenuously maintained that Abu 'l Weia
simply spoke of the second part of the evection, the prosneusis
of Ptolemy. The fght had died out when., in 18982, Chasles
suddenly took vp the cudrels for Sedillot 2nd pointed out what
seemed to him to be some contradictions in Prolemy’s statement.
Nobody answered this wntil Bertrand did so in 1871; he called
attention to several maccuracies in the text of Abu'l Wefa a3
we possess 1t now, and also showed that Abu 'l Wefa didnot
add his mohazat” to the prosneusis, the latter not being
included in his “second anomaly.™® It 1s unnecessary to enter
mto a more detailed account of the controversy; but to show
that any weapon was considered good enough with which to
defend Abu ‘] Wefa, it may be mentioned that Sedillot and
Chasles tried to prove that Tycho Brahe must have copied his
discovery from Abu I Wefa, because be ¢alls 1t hypothesis
redintegrata Tycho used this same phrase 1n spezkmmg of his
own planetary system, which he most emphatically £lzimed a3

1. Sedillor, Prolegomenes. p. xx<vni, Materiaux pour servar a © hise, dey screnc-
£s chez les Grecs et les Onentaux, T. 1. p 253. The rons of Mass ben Salar
(about 830) seem to bave been the first to find 2 value diffenng from that
of the ancients Abraham ben Chija, a Jewish wrniter who hived about A,
D. 1I00 says that Powlemy found 5%, butthat according to the opinion of
the Ishmaelites it 18 43° {Sphoera mundy, Basle I8 p 102)

2, Lettre a M Sedillot 3ur la question de la varnation funare, Panig, 1862, 15 pp
4% and Comptes Rendus. vol, 52 p 1002,

3. Comples Kendus wol 73, pp 35681, 756, 829  Journal des Savanes, 11 Oct.
IE7L.
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facts, as Biot has shown from the Ptolemy's numericzl data that
the deviation of the line of apsides reaches its maximum value
of == 13° 8"’ .9 in elongations 90° = 32° 57'5.! But it must be
acknowledged that the words in question are also used very
vaguely, e. g. by Abu 'l Wefa himself, who says that the velocrry
of the superior planets after emerging from the Sun’s rays dimi-
nishes gradually till their distance from the Sun is about a
tathhith, when they become stationary. [t fooks almost as if these
words might be used to denote any elongation outsidesyzygy

and quadrature.?

If Abu 'l Wefa had made a new discovery. we should have
expected later Arabian astronomers to have alluded to :t. But
not one of them gives anything but interpretations of the lunar
theory of Prolemy, and in expressions very similar to those
employed by Abu 'l Wefa., Attention was at once called to
this fact, and Isaze Israeli of Toledo (about 1310) and Geber of
Seville were quoted as examples,® though 1t would, of course, have
been gquite possible for these two writers to have remainad
ignorant of whatever progress astronomy might have madein
the school of Baghdad. But this objectior does not apply to
Nasir ed-din al Tosf, 1 whose review of the Almagest and Mems-
orial of Astronomy the inegualitzes known to Ptolemy and no
others. are described and credited to Pralemy*: not to Mahamud
al Jagmini (about 1300) . who wrote a compendium (mulachchas)

1  Journal de3 Savanty, 1B43. p 701 ("Sur un trate arabe relanf al’ astro-
nomie,”™ Repnnt, p. 47) Thisdeviation does not represent the amount
of the correction to the Moan®s place as seen from the Earth, so that there
15 ot any contradiction 1n Prolemy’s account.

2. Carra de Vaox 1. ¢ p. 366 The Arabe had no word for “octanes,” Nasir-
ed-din on ane otcasion wints o mention them, and Eas to call them “'the
parnys midway berween syeypy svd quadraure™”

3 Isasc Israeh repeatedly speaks of these inequatiies discovered by Prolemy,
two of which are not found at conjuncnon ond cpoosition  Liber desed,
Olam seu Furndamentum Aluwds auctore R. Iseac lsvaely Fhitpano. section
IIT ch.Bandsect v.ch I6 Fartl p. xxiv Part It.p x¥x1 (Berlin, 1845
and 1845 : this pubklhiatian is nor mentioned by Carra de Vaur)

4 C.de Vaur, “Lesspheresr celestes selon Nasir EdSin Arton™, Appendix
to P. Tannery's Recherches sur "astr.ane p 342, and Journ asnat, 1892,
r, 4%3 - “The third snomaly is that of the prosneusis; it is called the
rquatinoa of the proper modon™ (i ¢ of the monion on the eplicycle).
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of astronomy ' Nor can any objection be rased to Abul Fara
(Bar Hebrzeus) and 1t would te impossitle to explain more
clearls than he does the effect of the prosneusis Hesays  The

third mmequality 1 the angle formed at the centreof the epieycle
by two lines which are drawn one from the centre of the umy
erse and the other from the point called the prosneusis at the end
of which 15 the apogee of the epicyele ar which commences the
proper motion and which 1s called the mean apapee The apogee
which 1s at the end of the line drawn from the centre of the unt
verse 15 called the apparent one The point prosencusis 1son theside
of the perigee of the eccentric 10 parts 17 mmutes from the centre
of the world? which 1s 1tself at the same distance from the centre
of eccentric. The maximum value of this angle 15 13 parts O mmnutes
when the Moon 1s a crescent or 1 gibbous, that1s necar the hexagon
or tnigon with the Sun  In fact when the epicycle 1s four or
eight signs distant from the apogee of the ecoentric, the Sun s
itself two or four signs distant from [the centre of the epicycle]
because 1t 1s half way between this centre and the apofec In
the tables this inequality of the two apogees s called the
first angle and 18 neluded in the motion of the centre * While
this describes the construction of Ptolemy as clrealy as
possible, at the same time the apreement of the account with
that of Abu 1 Wefa is perfect Abu !l Faraj even (like Nasir ed

din) describes as a fourth mequality in longitude that caused
by the motion along an orbit inclined to the ecliptic so that he

would nor have neglected todescribe the vartation 1f 1t had been

found by an astronomer of Baghdad We may add that the
Jewssh swriter Abraham ben Chiya (A D 1100 1n his Sphaera

Mund: also describes the aberration of the apside of the ep
cycle chiefly nsextaet tertia parte mensts

li Translated E? Budloff and Hochhe m Ze¢ tschrift der Deutsche Morgen
land Ges XLWIIpp 213—275 He descrbes (p 219) haw the 1ne of
aps des 13 d rected toa po nt called the cotrespond ngpoanr andg ves
ts pos tion correctly The requal t¥ he calls the dev at on

e ves 10P &

; ia; ::Idi ?fﬂ:ﬂ'nr on &c T II PP hE"LS&. Two cod cesadd after the

ss5 Ths sthe pontmohazat,

4 ;‘;;:EE:G;;:::'! (1546, «d Schreckeniuchs) p 79 Munster ¢ commentary
to the Hebrew text (p 116) has <um centrum et & eexti] aut trning
aspect [ d st quando abesta sole ducbhus s gn s aut quatuor] the words
' brackets ate not n the Hebrew or g nal The words s xth and rh rd
are unm seakable (sh th th and shel sh th) Apparertly noone has k therg

chought of consulung Abrabam ben Ch ja,
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Abu *l Wefa and Ptolenmy

Therefore, Abu 1 Wefa did not know a single thing about
the motion of the Moon which he had not borroned from
Ptolemy But the prosneusis of Ptolemy is not the variation
discovered by Tycho Brahe The latter depends solely on the
elongation of the Moon from the Sun, as it 1s= 438 5sin 2,
while 1t 15 beyond the power of mortal man to express the effect
of the prosneusis without the anomaly Ptolemys exprssion for
all the inegualities in longitude assumred by him when developed
analytically, found to contamn, in addition to terms represening
the equation of the centre and the evection thre latter being

+1°19’5s1n  (2e—m),
a very considcrable term

417 8 sin 2¢ [cos (Ze4+m) +2 cos (2e—m)]
where € 15 the elongation and m the mean antomaly ?

Obviously this term has nothing in common with the vana
tion, except that it disappears in the syzygies and quadratures
Tvycho Brahe did not hanpg his new term on to the unaltered
Iunar theory of Prolemy, and by domng that we should m fact
only spoil the latter and make 1ts maximum error rise to more than
a degree®* Owing to the insufficiency of the observations at his
disposal Prolemy could only perceive that there was some out
standing inequality after allowing for the evechion only appeanng
outside the syzygies and quadratures but he was nerther able to
find the law which governed the phenomenon nor was he aware
what a large quantity it represented , he could only tinker up
his constructions a Iittle and 1in this be was most faithfelly

followed by the Arabs, who added nothing to what he had done
and left 1t to the reviver of practical astronomy to discover the

third lunar inequality
Al Farpan: and athers on Planets

Passing to the five planets we find that, generally speaking,
very few attempts were made to improve the work of Prolemy
But the Arabs were not content to consider the Ptolemaic system

[

1 P Tannery Recherches p 213 Anotber expans oo of Prolewmy s lunar
inequaliues 1n o senies was g ven by B ot Journal des Saran s 1843 p T03

{Reprint p 49)
2. P Kempf, Unters chungen nber d ¢ Ptolemarsche Theone der Mondbeu egung

Berl o 1873 (Inavg Duss) p 37

—
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merely as a geometrical a1d to computation; they required a real
and physically true system of the world, and had therefore to
assume solid ¢rystal spheres after the manner of Anistotle. Aboye
the Moaon 1s the Alacir, the fifth essence, which 1s devoid of light
ness and heaviness, and 15 not Perceptible to the human senses, of
this substance the spheres and planets are formed * Already 1n the
book of Al Fargani we find the principle adopted which we have
seen dates from the fifth century (Proklus) and which became
universally accepted 1n the Middle Ages, that the greatest distance
of a planet 15 equal to the smallest of the planet immediately
above 1t, so that there are no empty spaces between the spheres *
The semidiameter of the Earth 1s by Al Fargani given as 3250
miles which corresponds very nearly to Al Mamun's 563 miles to
a degree fwe put =7  Starting fiom Ptolemy’s distances of

Greatest Distance of | Al Fargaml Al Battami1 | Abu "} Faraj®

T - o —

Moon | 641 64} 643
Mercury | 167 166 1 174
Venus | 1120 1071 1160
Sun ' 220 1.1464 1260
Mars * 8876 | 8.022 8820
Jupster : 14 405 12 924 14,259
Saturn , 20 110 1 18094 19963

i
the Moon and the Sun 1t was easy to express the other distances
insemidiameters of the Earth, the ratios between the greatest and

1 Al Battam, cap. 53 (p 195)
2. AlFargam cap 21 (ed Golwug, p 80) Much later Maurolvcus 1n his

Cotmogrankia (Vemce 1543 f, 202) proves thar Mercury aid Venus mttsr
be below the Sung by powneing pue thar there would otherwise be 3 large
vacant space berween the Sun and the Moon

3., pp 183191
4 Soin Nallinos ed (Midan 1903 p 121) the ed of 1645 has 1176
5

The ed of 1615 has 12 470 ohviously an error as the tatio of greatest to
smallest distance 1s given as 37.23 for Saturn¥ 5 {mispninted 7 2) of quan.

t11as unus et duarum qu otarum ad wnum (p 199) Nallinos ed (Milan
1503) has 12,9249 Abraham ben Chijz has 12,400,
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smallest distances being in substantial agreement with the theory
of Ptolemy Al Battani also gives 2 stmilar set of figures, though
with some slight differences He does not mention peculiar treat-
ment given by Ptolemy to the theory of Mercury. The above
table gives the distance expressed 1n semidiameters of the Earth

Al Kusgi and diameters of planefs

Al Kusg1, one of the astronomers of Ulug Begh, gives a list
of the semidiameters of the “concavities” of the planetary sphe-
res (1 ¢ the smallest distances of the spheres) expressed i para
sangs, the diameter of the Earth teing 2,545 parasangs® Expres
sed 1n semidiameters of the Earth, the figures turn out somewhat
differrent from those given above, e g the smallest distance of
the Sun being 1,452 and the greatest of Saturn 26332, but he
does not supply any means of making out how these figures were
found

Before leaving this subject, we shall also give the diameters

of the planets according to Al Fargani, as they became known in
FEurope at an carly date and were gquoted by Roger Bacon and
cthers3 Wath trafing y2ristiops the same values are grven by Al

Battan, Abu 'l Faray, and Abraham ben Chija.

Apparent True Dizmeter
Diameter (Earth's=1)

Moon i1t apogee se 31y .es 1 : 3f

Mercury, mean dist oe  +ae 17 of Sun's . T

Venus v s * s ssa ses 3—‘; " are 1 : 3-}
Sun ” " oore L .o 31¢' .o 5}
Mars s 1 e s s ¥3 Of Sun’s ... 1}
Jupiter " T rer sas 'III of Sun’s ... 4] -+ 'I‘I‘
Saturn b e 0 e TF w o ees 41

Al Kazwinl, Abu"l Faraj and
Al-Japminl on Excentric Spheres of the Sun

The system of the spheres 1s set forth in greatest detai]l in
three treatises of later date, the cosmograpy of Zakarna ben
Muhammed ben Mbohmud 2] L azwnini (about 1275), the astronomy

1  Aistronomica Shah Chelgn pp 959

2, There sre some sl ght diffriences hetneenche (fures givenin the vanous
edivons (JI-E Dircyer hee compared those of 1493 1546 and JH9) Lut
thote £ ven above agree with the cubic ¢ontents sccording o Al Farganl,
The foutes of hazwini seem o bave been greatly corrupred
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of Abu 'l Faraj; wutten in 1279, and that of Mahmud 1hn
Muhammed 1bn Omar al Jagmini whose date and nationality are
equally uncertamn, but who probably wrote in the thirteenth
or fourteenth century We find 1n these text books an elaborate
system of spheres designed to account for every particular of
planetary motion, m perfect agreement with each other as to the
general arrangement of the spheres and offering nothing new as
to lunar or planetary theory 'The accompanyimg fgures (taken
from Jagmini) will 1llustrate the 1deas better than a Ien gthy des

cription* The Sun 15 a solid spertcal body, fittin g between two
excentric spherical surfaces which touch two other surfaces, m the

¥ig I —Planetary motions and system of spheres

1 The Sun 2 Excentricsphere 3 The sutrounding
epheres 4 The complement of the surround og sphere
5 Centre of the world £ Centre of the gxcentric

sphere
common centre of which the Earth 1s situated and which between

them enclose aspace (or mtersphere as Abu 1Farajcalls 1t), named
by Jagmini al mumattal or the equably turning sphere which has
the same motion from west to east a5 the fixed stars, 1 e precession

The spheres of the three outer planets and Venus are arranged
on the same plan except that the place of the body of the
Sun 1s taken hy the epicycle-sphere of each planet, to the inner
surface of which the planet (a solid spherical body) is attached or

(as Abu I Faraj says?) fized hikea pearl on a rmg touching the

1 Al Kusgs gives very sie lar diagrams of the spheres of the Saturn, Mercury

and the Moo,
o Precess on 18 supposed to be included 1

Mamy,

this, the first Detion.  The second
{(Continued on next page)
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surface m oe point.** The axis of the excentric sphere 15 1nch
ned to that of the mumattal sphere, which causes the motion 1n
[atitude The lunar system comprises an additional sphere outside
the others the centre of which comades with the centre of the
world, and which 15 called al gaurzahar, sigmifyang the cosntella

Fiyg Z—Spuerecs of Mercury

1 Upper Apsis 2. Lower Apnis Upper Apsis of deferent sphere
S Deferent sphere 4 Lower Apstsof defzrent sphere 6 Ebicycle
7 Mergury 8, Surrounding complement 9 Surroynded pare of

Mumartal sphare 1D Mnpdir sphere, 11 Ceantre of the world,
12, Cenere of Mudir 13 Centre of deferent sphere,

tion Draco, as this sphere provides for the resolution of the lunar
nodes (“the head and tail of the dragen ) round the zodiac. The
inner one of the two concentric spherical surfaces betwern which
the excentric sphere Lics, surrounds 1mmediately the fire sphere of
the Earth The system of Mlercury s more complicated, as a
space had to be provided forthe revolution of the contre of the

{Conunued from previous page)

ene is that of the con entnic oHiqoe interehere (Galled the mal sphere ox
the sphers deflectens) round the cenrre of the wosld 11*W per day by wkich
gmoynt thelunar apogee moves towarfs the west,  The third monanls
thar of the ercentri  careying the certre of the epicycle 21%2” owards the
easr The fourth 1s the motion o6 the epicycle  Abu 'l Famyy p 23,
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excentric sphere  The figure shows the excentric sphere enclosed
In a sphere, al m%dir or the turmmg one, which alfows the upper
apsis or apogee of the excentric or deferent sphere (31n the figure)
to move tight round the outer surface of the mudir The mner
surface of the mumattal sphere mmmedmmtely surrounds the
gauzahar sphere of the Moon

It was a necessary conseguence of the large solar parallax of
3' accepted by Ptolemy, that Mercury and Venus must be very
near the Earth, since they are assumed to be nearer than the Sun,
Thus Abraham ben Chija says that the shadow or the Farth ex-
tends beyond the orbit of Mercury but does not reach that of
Venus® Ptolemy never mentions the parallaxes of Mercury and
Venus, as to which nothmg was known, though they cught. of
course, to be greater than3  But on the assumption that the
smallest distance of Mercury 15 equal to the distance of the Maon
at apogee, the parallax of Mercury ought to rise to 54, which
must have been felt to be too lzrge a quantity, though it does
not scem to have struck Al Battan: as anythang surprising. per-
haps because Mercury cannot be seen when 1n 1nferior conjunc-
tion It may have been this necessarily large parallax of Mercury,
which induced Tbn Junis {(without any explanation) to reduce the
solar parallax from 3to 2, or rather to 1" 577 Geber® blames
Ptolemy for having said that the parallaxes of the planets are
msensible, znd remarks that he ought. therefore logically to have
placed Venus and Mercury above the Sun  He takes great pains
to show that Venus may be exactly on the line jomning the Sun
and the Earth Indeed, Geber neglects no opportunity of critiers-

ing Prolemy's methods of finding the elements of the orbits,* and
he1s generally very umjust to him but he doesnot venture to

1 Sphacra mund: ed Osw Schreckenfuchs Basle 136 pp 24, 86,

Unpublished chupters of Ibn Jonis, reviewed by Delambre Hist de Vasir
du Moven Age p 101

3 Insirumentum prim mobilix = P Aﬂulrlr.l Aﬂiﬂduﬂl 118 G-.’.Errl ﬁh; Aﬂ.
Huspalennis  hibry IX, de astromomaa, Nonmberga 1534, fol. {Intred p 3

and 1t VIL p 104).

4 See the long indictment on pp 2-3 of his introduction. He blames Ptﬂ'[ttn;r
among other things for assutning that the centre of the deferent s halg way
between the ceatres of the zodiac and of the equang, while be bimgeyy

deduces this from the movemaents,

ﬂ
e,
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substitute any other system and does not cbiect to the general
prnciples of the Ptolemaic system,?

Three great names ¢
Ibn Bad;a, Iba Tefeil (Abubacer) and Abg Welid (Averroes)

. Geber's attempts to pick holes in the work of Ptolemy were,
perhaps, not unconnected with the rapid rise of Arnistotelean philo

sophy n Spain 1n the twelfth century. which, though not destined
to last long, nevertheless exercised a considerable 1nfluence on the
spread of knowledge of Aristotle in the Christian world, while 1t
cast a halo round the Caliphate of Cordova, which at that tima,
under the enlightened rule of the Almohades, seemed to have
reestablished the glory of the best days of the Moslem world
Three names are specially associated with thits movement

(1) Abu Bekr Muhammed Ibn Jahya al Sayeg, called Ibn
Badya (of Saragossa, died 1I39), known as Avempace

among the Scholastics ,

(11) his pupil Muhammed ben Abdelmelik Ibn Toferl (of
Granada, died 11851186) called Abubacer by the
Scholastics ,

(1) and finally the greatest philosopher of Islam, Ibn Rosd
Abu Welid, knownn as Averroes {1126-1195)

In studving Arestutle they lard special stresson his scienttfic
works, and did not, lhike therr Chrnistian successors. think of
Little but dialectics The acceptance of the system of homocentric
spheres or some modification of it must, therefore, have scemed a
necessity to the Arabran philosophers and thrs, of course, led
them to reject the theory of emcycles  The Little we know of the
opimons of Ibn Badja on this subject s found n the famous
work The Guide of the Perplexed of the great Jewish scholar
ANoses bern Maimun of Cordova, better known s Maimomdes,
who tells us that he had his information from a pup:l of Ibn
Badja Like Geber (with whose son he hod been familiar),
AMaimomides doubted that Mercury and Venus were nearcer than

1 Copernicuns possesscd & copy of Gebex s book wh ch is pow 1n the Univer-
siey Lbrary 3t Upaala, On the ntdespage after the auwtbor # name be has
wrntten “Egregi Calumiavons Trolemaer * while a number of marginal
potes show that he bas read the bock carefully Curce, Afstthedungen des
Compernicus Veraine 1, p M,



THREE GREAT NAMES 23

the Sun, though he would not venture to say how they actually
moved ! Put what 1s more important, he declared the motion of
a planet on an epicycle to be contrary to physical principles, be
cause there are only three motions possible 1n this world around
1ts centre, Or towards 1t, ot dway from 1t, while he also mairn-
tained that according to Artistotle circular motion can only take
place round areal central body? Though Aristotle in reality
did not object to epicyclic motion with a mathematiczl pownt as
centre. for the simple r2ason that 1t had not been proposed when
he wrote, while as we have seen, his moving principle had noth-
ing to do with the centre of motion. 1t 1s easy to see that Ibn
Badja’s real difficulty was the same which afterwards produced so
many obstacles to the advance of science in Europe . whatever
could not be found mn Aristotle's book mustbe unworthy of notice
According to Maimonides (who, however, makes the reservation
that he had not heard 1t from disciples? I[bn Badja constrocted a
system of his gwn, in which he only admiteed exceneric encles but
no epicycles We are not gdiven any particulars as to this system
but there can hardly be any doube that its author confined himself
to generalities and did not attempt to represent pbencmena like
the lunar mequalities by it Mawmonides remarcks that there s
nothing gained by Ibn Badia s reform, since the excentric hypothe-
sis 1s as objectionable as the epicyclicone, as 1t also supposes
motion rovnd an imaginaty pont outside the centre of the Earth
The centre of the excentric, on which the Sun 15 supposed to
move, 18 outside the convexity of the lunar sphere and inside the
concavity of that of Saturns excentric 15 between the spheres of
Mars and Jumeer He adds that the revolution of a number of
concentric spheres arcund 2 common axs 1s concewvable, but not
the revolution round different axes imnclined to each other, as the
spheres wnould disturb each other unless there are other spherical
bod:ts between them  This attempt to revive and modify the sys
terms of (movable 1) excentnes did, theretore, not mend mateers3

1 Radd Mo M;j—:mamdu Liber Doztor Perplaxorum. Daslex, 16829

FPars [L cap 1X.
- Ibd_ ParaIL cap, XXIV

3 Malmontdes alss cemarks (10 the samme chaprer) that the supposed Inclina-
tioets of Alercury and Venus 1 che Poodewmaic ryreem ace Jufhiuwle or

imporuble t3 comprebiend otimag pe ay really exivung, Thepefore {fwher
(Conunued o mexr pagel
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(the motion of the pole of the orbit teing added to or subtracted
from the motion of the planet). so that the epicycle is hereby
rendered superfluous, The lengths of the radii of thess small
circles are not given, except in the case of Saturn, where the
radivs is 3° 3! while the mean pole of the moon is 5° {the inchna-
tion of the lunar orbit) distant from the pole of the ecliptie? and

the small cirele 1s so exceedingly small as to produce no retrograde
motion, which is also the case with the Sun. The periods of the

poles of the outer planets are given by the following figures

Saturn makes 57 revolutions in 59 years and 1§+ days, in which

period the mean pole lags tehind 2 revolutions 13°+3°. Jupiters

makes 65 revolutionsin 71 years, the mean pole lagping behind 6

revolutions. Mars makes 37 revolutions in 79 years and 324+

days, the pole lagging behind 42 revolutions and 3317,

in other words. the motien on these small circles arc com-
pleted in the synodic periods of planets. Sumilarly. the pole of Venus
mazakes 5 revolutions in the 8 years less 2:d-44% lagping 1} revo-
lutions in one year : and Mercury 145 revolutions in 46 years
and Iyid!. Itis curious that Alpetragius afters the order of the
planets. placing Venus between Mars and the Sun. becavse the
defectus (Iagpng) of Venus smaller than that of the Sun® He
also savs that nobody has puven any valid reason for accepting
the usually assumed order of the planets, and that Plolemy is
wrong in stating that Mercury and Venus ore nevercractly in
a inc with the Sun (& remark already made by Geber); and as
they shine by their own ligbt they would not appear asdark
spots, if passing between us and the Sun. That they do not receive
thett hight from the Sun 18 nroved, he thinks, by the {act thart

they never appear crescent-shaped.t
There 13 no need to dwell any longer on tlus gquaint theory
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of spiral motion, as 1t has been rather improperly called® It
represented a retrograde step of exceedingly great magnitude,
totally unjustified as the theory could not seriously pretend to
be superior to the Prolemaic system which had only become so
very simple 1f one was content with representing only the priner
pal phenomena We are told by the Jewish astronomer Isaac
Israelt of Toledo, that the new system made a great sensation,
but that 1t was not sufficiently worked cut to be taken seriously,
and that the system of Ptolemy, founded on the most rigorous
calculations, could not be superseded by 1t* Another Jewish
author, Levi ben Gerson, 1n a work written in 1328, entered 1nto
a lengthy refutation of the hypotheses of Al Betrugt® But the
latter certainly represented a general desire on the part of the
Spanish Aristoteleans to overcome the physical difficulties in
accepting the Ptolemaic system, thus Averroes says that the
astronomy of Ptolemy 1s merely 2 convenrent means of compu-
ting, and that he limself in hus yourth had hoped to prepare a

work on the subject

v Nasir ed din Al Tysi

While ineffectual attempts were baing made in the fur
west to devise a new astronomiczl theory, the astronomers of
the east did not remam blind to the desirabiity of finding a
systern, 1n which the planets were not supposed to move unsup-
ported 1n space 1n such a wonderfully complicated manner; and
i the thirteenth century we find one of the greatest astronomers,

Nasir ed-din Al Tos: advocating a system of spheres which he
supposed to be more acceptable than excentrics and epicyeles

In addition to a revieww or digest of the Syntaxis of Ptolemy he
wrote a shorter work entitled Afermorsal of Astroncmy, In various

1 eg by Ricoli Almag. Aev T Lp 504 where Lepler's fgure of che 122l
morion of Mars in epace from 1580 to 1596 (suppouing the earth o be ar

reit) Is copied as if chae kad snything rodo with the “Srerals”™ of Alpetra
g1us

He adls that ke w2s not quil bed b mself o 51 10 juditert on the oo
roscd svitem (Liber derod Olam 1L 9 p XI1)

Munk Melangey pp. 500 and 3.1

Less snheves celestex selom hane EdIm Al 85, Tar M Carrd delova™
Appendiz VL te Tenntry s Fecherches rur  a2tr  awe FD V7=N0 In.
cdudes n eranaitman of the chapter in whilb the pew theary i set fontk,

i

L
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centre of the Earth, and another sphere (4) with a diameter twice
as great  Finally (4) 1s placed 1n the interior of a carrying sphere
(5) concentric with the world and ocCupying the concavity of the

Fif 3—Movements of deferents and cpicycles of plamets,
The thickline is net 8 drde. All others ere circles,

sphere (6) the equator of which 13 in the plane of the lunar orbye.
(2) and (4) and (5) revolve 1n the same pertod  that in which the
centre of the epicycle performs a revelution, (3) revolves 1n Rk
that time, while (6) resolves tn the oppasite direction wreh the
same spoed as the apogee of the excentric.  The figure now shows
how the epicyele moves to and fro along the diameter of (4) ang
during the revolution of the aircle (3) descaribes a2 closed curve
about which Nasir ed-din justly says thae 1t 15 somewhar Iike 4
cirele bue s not really one, for which reason it 15 not a perfect syl
stitete for the cccentric arcle of Proleny He estimates the geearess
difference terneen the lunar places given by the ewo theores .
oncsixth of a degree  half-way between syzrgy and quadraryze
Except for the action of the guidmng sphere (2) at would nios 1,
the centre of the epicycle but the pont of contace of arcles (3)
and (. which describes the curve rescmblng s circle  The pop,
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method may be adopted for Venus and the three outer planets,
and Nasrr ed-din promises to explain the new theory of Mercury
i an appendix but this appears to have been lost.

Nasir ed-din also endeavours to tmprove on the machinery
proposed by Ptolemy to 1llustrate the manner in which the epicy
cle remains parallel to the plane of the echiptic. He mentions
that the celebrated Ibn al Haitham (afterwards known 1n the west
as Alhazen author of a well known book on optics) had written a
chapter on this subject adding to each epicycle two spheres to
account for tne inclinarion of the diameter perigec-apogee and
two additional ones for the inferior planets for the diameter at
right angles thereto® Nasir ed-din makes use of the same
principle which guided him in his demonstranon about the motion
11 Jongitude and be shows how m this way we may by means of
two spheres make the extrermties of the diameter of the epicycle
move backwards and forwards along an arc of a sphere * Heclaims
that this arrangement 15 supertor to that of Ptolemy by not mtro-
ducing any error in longitude ® but he acknowledges that he has
not been able to get rid of the <trong objection to Ptolemy s
auxLhary crcle vax that the irregular motion 1n longritude wath
regard to the centre of the deferent necessitates the introduction
of a corresponding rrregulanty 1o the motion on the auxthoary
carcle by letang the motion be uniform with regard to an equant
It baffled Nasir ed-dins ingeninty to find an arrangement of
spheres which conld obviate the necessity of hawving recourse to

this expedient.

All the attemots at rebellion agunst thz Ptolemaic system
had thus turned out farlures And they deserved nothing else,

since 1t was tmpassible to find anything better than what Prolemy
bhad produced until it was perceived that where Ptolemy was

wrong was not 1n his mathematical methods which were petfect,
but in the fundamantal 1dea of the Earth being at rest The time

1 I1bn al Haitham =2 d thae by using d scs instead of <pheres one might com
plete the demonstration  buet MNasr ed-dio objects o the arangement
{about which he ¢ ves mo derails) that 2 non phenical sysiem s het In
arrordznce with the principlers of astronomy

2. Ttis notqu te dear whether thus plap 18 his own or 15 the same as Ibn al
Hattham s

3  Dueto ditturbance of the pos ron of the diam tar from perifee to apoges
from wh: b the anomaly 15 cauntad
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after all not be very surprising if some learned Jews had been
influenced by the opinfon of Herakleides, since it i an estabiished
fact that the doctrines of the Kabbalists were intimately connec-
ted with the later Greek philosophy. But any how nething came

of this isolated case, and the dally rotation of the heavens conti-
nued to be universally accepted as a selfevident fact,
Arabian astronomers and Ptolemaic system—

Arabian astronomers who really wished to follow in detail
the celestial motion were therefore obliged to adopt the Ptolemaic
system zltogether. New planetary tables had long been found to
be a necessity, and this important work was at last undertaken by
King Alfonso X. of Castille and several Jewish and Christian
astronomers working under him at Toledo, who prepared the
celebrated AHonsine Tables, Apparently the King must have had
his doubts about the physical cruth of che system, judging from his
well known saying that 1f God had consulted him when creating
the world, he would have given Him good advice. The tables
were prepared under the direction of the Jew Ishak ben Said,
called Hasan., and a physician, Jehuda ben Mose Cohen, and
were finished in 1252, the year in which Alfonso ascended the
throne of Castille. They continued in great repute for three hun-
dred years es the best planetary tables; they were first printed in
1483, but had been spread all over Evrope long before that time
in numecrous MS copies, many of which are still in existence,
Twenty-six codices are counted up in the Libros del Saber de
Astronomia del Rey D. Alfenso X.de Castella, Madrid, 1563-67
(5 vols. fol ) This compilation, a series of chapters on spherical
and theorctizal astronomy followed by tables, must have been
made up from several codices, as there are numerous repetitions
cven of very elementary matters. In the third volume the theo-

ries of the planets are dealt with, but one looks in vain for any
improvement on Ptolemy, on the contrary, the Jow state of astro-
nomy 1n the Middle Ages 13 noshere better illusirated, In pens
eal the clements of the orkits are these of Ptolemy, though some-
times only approximations ere given, wiile differene values are
gven 1n different chapeers, though Prolemy places the caatre of the
deferent midway betweoen the eentre of the equant and the Farth,
ehe Libros del Sabzr places the centre of the equant {cerco del
alaueD) midway between the Earth and the centre of the deferent

L. «lis be Ardee arucle, exe (37ude) in 2 correpton of the AnnHe O3
(Atu "l Faray T 0. 35). The eqaant 1 called the covco dil Y guader,
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Though the somewhat confused collection of essays entitled
the Libros del Saber would not, if published in the thirteenth
century, have advanced astronomical science, it cannnt bedenied
that the Alfonsine Tables were very useful in their day, The
actual elements are not given, nor is any thing said about any

observations by which somewhat more correct values of the
mean motions must have been found ?

Arabs an motions of fixed stars.

Thug we finish our review of the planstary theories of the
Arabs. Now we shall say a few words about their ideas as to
the nature and motion of the fixed stars. The exaggerated
notion which prevailed before the invention of the telescope
with regard to the apparent angular diameters of the stars natu-
rally, led to erroneous estimates of their actual size, founded on
the assumption that the sphere of the fixed stars (the eighth
sphere) was immediately outside that of Saturn?® The stars of
the first magnitude were supposed to have an apparent diameter
egual to = of that of the Sun, from which it followed that their
actual diameters were about 42 times that of the Earth, or about

ey

{Conrinued from previous page)

propter motus supradictos non {ut in alys planetis Ar) circumferentiam
deferentis arcularem, sed potius fgurse, habentis similitudinem cemplana
ovali penrbenam descnbere,' MNex: by Albert of Brudzew in 1432 1n his
Commentariclum super theoricas novas, prnted at Milan in 1499 (ed.
Cracow, 1900, p.124), where st1s remarked that the centre of the lunar
epicycle describes a simijlar figure. This 13 also stated by E Reinhold in
his commentary to Purbach, 1542, fel, p. 7 verso (ed, of Pans, 1558, {c], 78 )
by Vutstisitis 1n  his Questiones norae wn  theoricas, & ¢, Basle, 1573,
P, 233, and in Ruccichh™s Almagestum novum T. L p. 561, The last three
wnters (who give & figure) also take the equable angnlar motion round
the centre of the equant into account, which centre Ines on the paunt of the
chrcwarderence af ol saraly andle medne ofe Snoh, fibe corre dairdad
by thecentre of the epreycle thus becomes egg-shaped, and not hike an
ellipse,
1. Thetables involy v of the Libros del Saber are quite different from the
Alfonsine Tables, and oare apparently only intended for astrological
puIpotes,
Al Batrani (cap. 50) gives the greatest distance of Swum=18.033 and the
distance of the Axed seara=19000 seudiameters of the Earth, Al Farganoi
{p. 82) purs them exactly equal, Al Kosf gives the diameters in parasangs,
of che concaviey of the stellar sphere=33503,180 of the nminth sphere
33,524 303, of its convenity “'no one bur God knows™ (Shab Cholg1, p. 97).

|
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He imagines a fixed ecliptic (in the ninth sphetre) which intersects
the equator in two points (the mean equinoxzes) under an angle of
23° 33' 30", and a mavable ecliptic (in the :is1  sphere), attacked
at two diametrically opposite points to two small circles, the
centtes of which are in the mean equinoxes and the radit of which
are=4" 18" 43". The movable tropical points of Cancer and
Capricorn never leave the fixed ecliptic, but move to and fro to
the extent of 8% 377 26", while two points on the movable ecliptic
90° from the tropical points move on the circumferences of the
small circles, so that the movable ecliptic rises and falls on the
fixed onez, while the points of intersection of the equator and the
movable ecliptic advance and recede tothe extent of 10° 45
either way, Thisis a motomn of the eighth sphere, common to
il stars, and the Sun w;ll, therefore, sometimes reach i1fs
greatest declmation in Cancer, sometimes 1mn Gemini. Tabit
does notsay that the obliquity of the ecliptic is variable, and
perhiaps it did not occur to him that this would be 2 necessary
consequence of his theory, he only notices the change in direction
and amournrt of the motion of the equinoxes. which, he says, has
increascd since the days of Prolemy, when 1t was only 1° 1n 100
vears, while later observers have found 1° in 65 yeats., The
erronecus value given by Ptolemy was, therefore, mainly responsi-
ble for the contmuance of the imaginary theory. Itis to be
observed that Tabit expresses himself with a certain reservation,
and scems to think that further observations are necessary to
decide if the theory is true or not., His younger and greater
contemporary Al Battani was even morc cautious, for though he
repeats the aceéount of the trepidation given by Theon (which he
says that Prolemy mamifeste ym sup hbro declarat) be does not
make usc of 1t, but simply adopts 1° in 66 years (or 54°.5 a vyear),
which he finds by a comparison between his own observations and
some made by Menelaus. In rejecting the erroncous value of
Ptolemy, which Al Fargani alone had accepted.® Al Battani was
followed by Ibn Junis, who came sull nearer to the truth by
adopting 1° in 70 years or 51°.2 a year, and who does not allude
to trepidation. It s greatly to the credit of several other Ara-
bian writers that they were not led astray by this imagmary phe-

1. Cap.52 (Z05) Flata's translatien gives the penod 83 B4 years, but Nallino's
ed, bas 89 (p. 120)

— c.13, p. 49
2 Sehiellerop, Descy, des etoiles Axer, .43,
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nomenon, among them are AISufi the author of the only urano
metry of the Middle Ages®, who followed Al Battani, also Abu ']
Fara) and Jagmm:! while Nasir ed-din mentions 1t byt seems
to doubt 1ts rezlity ? By others 1t was willingly accepted for
instance by Al Zarkali who made the period of oscillation of 10°
either way equal to 2000 Muhammedan years (or 1940 Gregorian
yeats te 1°1n 97 yearsor 37'a year) The motioh 1s 1o a cirele
of 10° radwus at the Hyra the movable equinox was 1t 40’ 1n
lncreasing precession and n A D 1080 at 7°25 2 Ty. diminy
tion of the nclination of the ecliptic, which the astronomers of
Al Mamun had found=23°3%, no doubt lent countenance ta
the idea of trepidation, and the next stepin the development
of this cunious theory was the corbinanon of progressive apnd
oscillatory motion Al Betrugi, who gives a sort of history
of the theory, begmning with a mythical H mes makes
out that Theon (or Taun Alexzndrinus as he calls him) com-
bmed the motion 0f1° m 100 years with the oscillation® A
century later this was actually done, and the theory received
1ts last development by King Alfonso or Hhis astronomers, who?
perceived that the equinoxes had receded smuch further than
Tabit's theory allowed The equioxes were now sy pposed to pass
right round the heavens 1n 49000 years (annual motion =26" 45),
while the period of the mequality of trepidation was 7000 years,
so that 1n a sott of Great Jubilee year everything was agamn as 1+
had been 1n the beginning ¥ The progressive motion belongs tg

1 Abu ! Faray p 12 smrorly says ot the rotien 15 1° 1n 100 years accordipg
to Prolemy or 1° 1n 66 years according to otkers Buton p 18 he says that
tfthe ancient Chaldeans gave the tropical points a motion backwards ang
and forwards, and if ancient astrologers adopted this then the rnonop of the
fixed stars muse have been unknown to them  Jagmini (r 229) says that
most people adopt 1* 1n 66 solar years

2. Spheres celestes p 347

3 Sedullot, Mémoire sur les winsir anir des Arales pp 31 32 Abraham
ben Chya {p 196 of Maunsters Sphaera mundi Basle  1545) gives the
peniod a3 1600 years without quoting any authertty  He adds tharep,
ancient Ind ans Egyptians Cheldeans Greeks acd Latins first propoged
the theory—Piclemy neither aprroved ner disaprioved of 11, bur Al Baeran,
confuted it

4, Alpetragius £ 122 He says that Al Zackal: did the same

5 Alater wnter Auvgusanus Racius De motu cceave sphacre Pana 1531 whs
traces the theoty back to Hermes 1935 years before Pezlemy (!) cred o

{Conunued o mext paype)
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the ninth sphere; the annual precession varies between 26°.45-=
28".96, or from -+ 55°41 to —2"51. It was how necessary to
assume the existence of a tenth sphere, which as primum mobile
communicated the daily rotation to all the others, while the
ninth produced the progressive and the eighth periodical
motion on the small circles, which are situated “in the conca-
vity of the ninth sphere.” This wasa nice and comfortable
theory on account of the long periods involved and the slow
changes it produced in the amount of annual precession: and
oblivious of the fact that the theory had ne foundation except
the circumstance that the obiquity of the ecliptic was now about
20’ less than i1t had been stated to be by Ptolemy, and that he had
given the amount of precession as 36" a year instead of about
EQ". and often shutting thewr eyes to several of the necessary
consequences of 1t, such as the chanpges in the latitudes of stars
which it ought to produce?, astronomers continued to accept the
theory untal at last a real observer of the stars arose and wiped
it out by showing that the obliguity of the ecliptic had steadily
diminished, and that the amount of annual precession had never
varied, We have in this olace only alluded to it because it in-
volved some rearrangement of the spheres and because it is
eminently characteristic of the period during which no persistent
observations were taken. and hardly an attempt was made to
improve the theories of Ptolemy. The theory of tremdatio or
hitubatic, asit was sometimes called, was one attempt and it
would have been better left alone. But itformsa not wuninter-

esting ¢hapter 1n the history of astronomy.

M — i

(Continuted from previous page)

this development to 2 Jew of Taoleds, Isase Hassan (see aboave, p 33),
adding thae Alfonsa four years afeer the completion of the tatles becare
convinced of the futilitr of the theory £y readitg the book on the fized stars
by Al Sufi. Ruiccich, Almag, newum, L p. 166

1. Inthe Alfonsine Tables the maximum ook place at the byrth of Chnisr, In
Easler's Speculum astrolegicum, p, 224 (appended to Purbach’s Theericas
nevae, Basle, 1573) the epoch is A D 15, dicbus 3137 complens Heinhold in
his commentaty to Purbach (Pams, 1558, §, 163b) explains that 20458
the space passed over by the Sun in 10 puns. 43 secs. by which amount
che Alfonsine Tables made the ttopical year smaller than 3653 days.
Abratzm ben Chiya {p 100, Schrackenfuchs) says thartrepidanion does
not change the Iapudes. Perhaps he refers rothe earliest form of the
notlon, that desenibed by Theon of Alexandns,

&
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Here we finish our review of ancient astronomy We have
omitted as not comung within our province several valuable
contributions to science which did not deal with cosmology or
planetary theory But even with this limitation enough has
been said to show that when Europeans again began to occupy
themselves with science they found astronomy practically in the
same state in which Ptolemy had lefe 1t in the second century
But the Arabs had put a powerful tool into their hands by alter
1ng the calculus of chords of Ptelemy into the calculus of sines or
trigonometry, and hereby they nflucnced the advancement of
astronomy 1 a most impottant manner
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CHAPTER TI

Personal References of
Brahmagupta

Sudhakara Dvivedi in his Ganaka Tarangini a small book on
biographical skethes of astronomers and astrologers of this
country gives a brief account of Bralimagupta thus

Brahmagupta was born 1 520 Saka (655 Vikrami or 589
A D) m the reign of King Vyaghramukha belonging to the Capa
family his father wos Jisnugupta and at the age of 30 he wrote
in 550 Saka (628 A D) his well known treatise on Astronomy
known as the B ahmasphutasiddhanta which 1s corroborated by
the statement 1n the Vesnudharmotiara Purana (Chapter on the
Brabma siddhiinta) His other treatise entitled th: Khapda-
Khadyaka which 1s a barana book was completed n 587 Saka (665
A D) According to some authorties Brahmagupta was the
grandson of Visnugupta and the famly suffix (Gupta) indicated
that he belonged to the Vaifya family, and he was in the service
of the King of Rewah, known as Vyzghrabhata

Brahmapgupta was 2 great ¢ritic he did not spare any of his
rredecessacs ike Aryabhata Varahamihira Srisent Visnucandra
and others Later on his influence on the writing of the succeeding
generations has been immense Bhaskaricirya IT 1in his Byaganita
has achnowledged him as a great authority on algebra and has
gwven him as the first place amongst the galaxy consisting of
Brahmagupta Sridhara Padmanatha ete  The Eighteenth Chap-
ter of the Brabhmasphutasiddhanta known as Kuttaka Chapter {on
Pulverniser) has been translated by H T Colebrooke 1in English
mm 1817 ‘The English translation of the Twelfth Chapter on
Ganita or Calfculations from the Brahmasphutasiddhanta 15 also
avatlable in English  (See Colebrook s Algebra uith Arithmetic

and Mensuration from the Sanskrit of Brahmaguptaz and Bhas-
rara London 18i7)

The Vasana Commentary on the Brahmasphutasiddhinta by
Prthtudakasvimi (€60 A D) k also available though with d,@
cult y {as mdicated by Sudhikara Dvivedy), 1ts incorrect manus-
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cript is available in the Library of the King of Banaras (Kxaéirxa)
which has the colophony at the end as -

H SERT N =gy 39 rEnea,
TERTEGH S9N Taracdes |

AT AR Hom e et e,
i 5 Bragumde i

Bhaskara II has written the famous treatise Siddhantafiromani
(1150}, which is almost based on the Brahmasphutasiddhanta. It
has been edited by the author's own gloss (Vasanabhasya) by
Bapu Deva Sastri (VaAranasi) : by Murlidhar Jha with the com-
mentaries, Vasanaiarttiba of Npsisnha (1621) and Marici of
Munidvara (1635). vol. [ (containing chapter 1 of the Ganiiad:
dhyaya) (Viranasi, 1917); by Girija Prasad Dvivedi with original
commentaries in Sanskrit and Hindi, vols. I and II (Lucknow,
1011, 1926): English translation of the text only by Bipu Deva
Sastri and Wilkinson (Calcutta, 1861).

In the very first Chapter (verse 2), Brahmagupta writes:
The old calculations dealing with planets (i e. the old astronomy).
based on the system of BrahmZ have become erroneous in course
of past ages and therefore, I, the son of Jisnuwgupta would Itke to
clarify them.

Brahmagupta was not a mere theorist, he based his calcuta-
tions on direct observations with the help of instruments or
devices (nalibady yantra): he was in favour of making correce
tions on the basis of these observations. He was himself an
export observey, In his Khandakhads aba also he has emphasised
the need of direct observation.

At many places. Brahmogupta hos tevercly criticised the
Romaka and Paulida systems of astronomy which were introduced
in this country by Latadeva and Srisena,  There are many
passages where this criticism would be avarlable with vehe
mance.

Brhemagupta was oprosed to the system of Aryabhata 1.
He never spares the school of Aryabhata which wnas regarded as
the most authoritative then  Sudhikara Dveaved: sayy that as
Brahmagupta was opposcd to the syitemm of Aryabhata, so the

Vatedvara Siddhanta was oppased to that of Brahtmagupra, The
Institute bas already published the Vagets arg Siddhanta and now

it has the privilege of publishing the Brakmaspbufanddhonta,
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A INote on Bhillamala

Tt 1s said that Brahmagupta completed his Brahmasphufa-
siddhinta in Saka 550, and ke has come to be kmown as Bhalla-
malakAcarya or a teacker residing in “Bhillamalaka.” In this
connection, therefore, it would be interesting to reproduce 2 note
on Bhillamala from G. Bholer's article on Gurjara Imscriptions,

No III, published in the Indian Antiquary, July 1888, vol. 17, p
192

Ll

With a single exception all the complete imscriptions call
the princes enumerated above, sctons of the Gurjara race; and
Khe 1. and IT, highly extol the greatness and wide extent of this
family. Na. alone names the Maharzja Karna as their ancestor.
With respect to thus personage 1t is for the present 1mpoessible to
say whether the famous hero of the Mahdbhllrata may be meant,
or some real historical king. But the name Gurjara makes it
evident that this dynasty belonged to the grear tribe which is
still found i Northern and Western India and after which two
provinces, one in the Bombay Presidency and onen the Paiijaba,
have been named The Gurjaras or Giijars are at present pretty
numerous 1n the western Himalaya, 1o the Pafiaba and 1in Eastern
Rajputand. In Kachh and Gujarkt their number 1s much smal-
ler. It would, therefore, seem that they came into Western
India from the north. Their immigration must have taken place
in early times, about the beginning of our era or shortly after-
wards. In Western India they founded, besides the kingdom of
Broach, another larger state which lay some hundsed sales
further north. Hiuen Tsiang mentions in his travels'  the
kingdom of Kiu-che-lo and 1ts capital Pi-loomi-lo. It has been
long known that the former word corresponds to Gurjara

But the name of the town hasg been wncorrectly connected
by the French schelars with Balmer 1n the Jesalmir territory. and

thes identification bhas been accepted in Mr Beal's new transla-
tion of Siyuk:. As] havestated already formerly® following
Colonel ). Watson, Pilom:le corresponds exactly to Bhillamila

1. Beal Siyuki, Vol IL p 269, Hiuven Tsiang assigns to the nor-

thern Gurjara State an extent about double of that given for the kingdom cf
Broach

9, Ante, Vol VI P, &3
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one of the old names of the modern Bhinmal or Srimal! mn
southern M3rviEd close to the northern frontier of (Guarat
Another work which was composed a few vyears before Hiuven
Tsiang s visit to Gujarat contamns {ikewise a notice of this
northern hingdom of the Gurjazras The astronomer, Brahma-
gupta who completed hus Siddhanta in Saka Samvat 550 or 628
AD calls himself Bhillamalakakicirya®. the teacher residing
1in Bhillamalaka and 1s called so by his commentator Prthuda
kasvamin e further states that bhe wrote under king Vyaghra
mukha who was an ornament of ¢he Ciapa race’ This famuly,
whose name recurs in the Haddiala grant of Dharanivaraha®
prince of Vadhvin thus seems to have been the reigming house
of Bhillamzla It is most protably i1dentical with the Caudas
Cavotakas' or Chipétkatas who from 756 to 941 AT held
Anhilvid and sall possess varrous small districts 1n northern
Gujarat The Gur ara kingdom of Broach was without a donbt

an cffshoot of the larger Stete tn the north and it may te that
1ts rulers. too belenged to the Capa family

el -, .

} BhiMlamsla means etymoleg cally the feld of the Bhl  and Sz
mila the field of St1 The latrer nome must 2130 be anaent as the B
milt Brohman as ate called afrer it The Jainas narrare various of coursse
1neredible logends which explain bow Snmtla cams o be ¢allad Bhillamnla
Merutunga says that king Bhoja invented the latter name because the
people of Srimala ler the poer Mogha de of starvaton According o
gncther autharity the town had a d fferent name rn each Youga It is tn
India very common for ancaent towns o have two or even mofe Bames
Thus hanauj was called LBhyakubya Grdhipura end Mabodaya

2 See Professor A Weber Die Sanskrit wnd Prakrie Handschrsften
der Borliner Bibl othek VoL IT 7> 297298  In the first passage the MSS
offers tncorrectly Bh lamicfirya in the second which occurs in the commen
taryon the XhandakhAideaka we karve BhillemaZlavakEciryas & sl ghtly cor
rupe reading  This latter vana letwio occurs also in cther M35 see
Weber Indische Stre fon Vol I p 90 and has g ven mise to erronecus
supposninions regarding Brahmagupta 5 home The GujarBti Joshis ae:ll pre
scrve the tradition tkar Brahmagupta was a nauve of Ph nmala

3 Ante Vol, XII p I90F The remark which 1 have made there
thar the CBpas nre npt named elsewhere, of course requires correction

4 The form Chvolaka which occurs 1n Dr Bhagavanlal 8 grant of
the Gujari: Calukye king Fulakefin of Samvat 4% istheimmed stz prede
cestor of the word Crudre  Tis Sanskrit ong nal 1y certainly rot cErotkafa
which probably has been coined in ¢omparatively speaking modern times
11 order to explain the d Heule Prakne word just as the bards of Rajpurana
have ipvenred REftrau Jka a9 crymon for Rithod
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Brahmaguapta’s own References

In the Twenty fourth Chapter (Satynadhypiya) of the
Brahmasphutasiddhanta, Brahmagupta has made a reference to hys
own bography In the reign of Vyighramukha belonging
to the fammly of Capa inthe year 550 S«ka the treatiso
Brahmasphutasiddhanta was composed for the benefit of benevo
lent astronomers by Brahmagupta son of Jisnugupta at the age

of 30 {H,SpS: XXIV 7 8

Then again e says The Brahmasphutasiddhanta has been

wrttenn by Brahmagupta son of Jisho in 1008 verses of Aryach
anda (iad 10)

In the begmnnming of this Sannidhyaya he refers to the
differences 1n fundamental notions created by the various existing
systems of astronomy as the Sarva siddhanta Pulila siddhanta
Romaka siddhanta Vasistha siddhanta and other Yavana siddha
ntas which have caused anomalies 1n the calculations of eclipses
He also refers to the anomahes due to the calculations based on
midnight day reckoning and sunrise day-reckoning

From the pomnt of view of own references the following
would be of interest

Brakmapgupta son of Jispugupta (Jisnusvta Brahmagupra)
BripS: 1 2 XVI 35 37 XXiIV 8 100 XXV 73

It 15 strange that 1n the Khandabhadyaka Brahmagupta has
not given his name nor his fathers name anywhere At lzast the

reading of the Khandabhadyaka as piven by Prthidakasvaml does
not contmn this name In the edition of Bhattotpala there are three
more chapters in the Khandakkadyaka (Chapters IX X and XI)

In the Chapter XI (known as Patadhibara) we have 21 verses and
in the last 21st verse we find the name of Brohmagupta® son of

Jisnu mentioned
Those who are eager to have the knowledge of the motion

of stars and planets for them and for the benef t of disciples
1o th s field Brahmagupta son of Jisnu has compos d ths

Kﬁqﬂdﬂﬁ.ﬁﬂdﬁﬂkﬂ

1 aeemefi g T |
R R S BT | ~KR X 21
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Reference to Aryabhata

We have said that it appears that Brahmagupta was a bitter
opponent of Aryabhata in his younger days (628 A. D). bur
lateron (in €665 A, D. ), he climtbed down to describe and teach
one of the Aryabhata's system of astronomy, Atyabhata was
universally revered. and it was difficult for Brahmagupta to have
ignored him and thus he has to refer to this great authority some
times to oppose some of his views and some times to expound his
views. The following are tha pasages in the Brahmgsphutasiddha-
ata, where the author has referred to the name of Aryabhata.
There are many other passages where the namz: “Aryabhaga™
does not oceur but where Brahmagupta indirectly means to guate
the views of this great master.

BrSpS:.. 1. 9. 12. 28. 32, 60. 61: II. 33.46, V. 21.25,
VI. 13 IX.10. X[. 4. 9.10. I2 23 23 33.4l.
42, 43, 44, 46, 47, 49, 62; XIII, 27: X1V, 435, XVI,
37. 46, X X], 39,

The fargest references are in Chapter XTI, svhere Brahmagupta
has made an attempt to show the discrepancies of the Aryabhatt-
aya system of reckonung astronomical observations and constants,

In the Khandakhadyaka also there is a reference to the
name of Aryabhata but on very few occasions. In Chapter ],
we have this reference ar three places-

Having made obeisance to God Mahadeva, who is the great
cause of this world's rise {i e. creation), existence and destrye-
tion. Ishall declare the Khapdabhadyaba (ic. ashort treatise
on astronomy which is as pleasant as food prepared wath
sugarcandy)which will yield the same resulte as the great
astronomical treatise of Aryabhata. As in most cases
caleulation by the great work of Arvabhata, for (the know-
lege of time and longitude of plancts cte. ot ) marriage.

nativity and the hke s impracticable for common use

every day. this smaller treatise s made so as to yicld the

samc rosults as that 1

1. R sqiry st g
AT CTTEITTRINTRETRE TRTTa N
rrerehaYey ey oA o o
ITATTRITY HRRTTCLU P 0 ~ KK, 1.1-2
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These two verses show that Brahmagupta was not hostile ta Atrya
bhata when he wrote this Khandabhadiaka ¢ he merely intends
presenting the subject matter on sumple lines and  furmshing
the results obtamned by Aryabhata in a ssmpler sway

In the followmg vetse of the same chapter he refers to
Aryabhata s mdni ght day-reckoning system
The mean Satirn diminished by 3 seconds, the Sighrocea
of Mercury dmmiushed by 22 %conds the mean Mars
increased by 2seconds and the mean Jupiter mereased by

4 seconds are equal to the respective mean planets of Arya
bhatas midnight system !

In the Appendix of the Khandabhadvaka known as Khanda-
Rhadyakottara, we agamn find a few verses where the nama of
Aryabhata occurs  Three of these verses have been r.produced

from the Brahmasphutasiddhan a (BrSpSi 1 62,63 11 47)

Aryabhata made the apogee of the Moon as moving more
quickly and the node as mowving more slowly thah their
actual motions  1f his constants give correct results in zela
tion to the end of fithis (2 e conyunction etc Jor eciipses
they must be constdered as accrdental as are the letters cut
mro wood by neewsls (KK IX1 BrSpSst I 62)

On seeIng me2 who DOoaseEss the most accurate knnwledge
of mean motions men who have learnt from the works
of Sris na Visnucandra and Aryabhata cannot face me

in any meeting yust like deer on seetng a kon (KK IX 2
BySpS 1 63)

As the apparent planets beginning with Mars as derived
from the works of Srmisena Aryabhata and Visnucandra
are Tar deviated from thewr {rue places the works of these
authocs ace therciore not valued among the learned ¥ (KK

IX 3 BrSpSi 1[I 47)

I- fFfa et griear 3R Shw! e )

g S YA FHIsE asranmraEaE -KK1 7
2 wgmehe gemmgT wEEE @t !

facg 4 oo £apal &9 837 1
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In the Appendix of the Khandakhadyaba. there is another verse
which also speaksin the same strain apainst Aryabhata (this
verse does not occur in the Br2hmasphutasiddkanta) :
As the process of finding the apparent places of pla-
nets as given by Aryabhata does not make them agree with

observation. [ shall, therefore, speak of this process. Of the
Sun the apogee is at two signs and seventeen degrees (K K.

IX. )1 ? :
Brahmagupta opposed to Sﬁ;ﬁn—-

Yisnucandra, Lita, Vijayanandi and others

Brahmagupta was a great critic; he did not spare Aryabhata,

and along with him he was vehemently opposed to the doctrine
of Srisena, Visnucandra. Latadeva. Vijayanandi and Pradyumna
also. He was opposed to the Romaka and Paulisa Siddhantas
which were the systems of foreign astronomy. derived from
Grecce, Babylonia and other centres of learning. He d:d his best

to resist the foretgn influences on astronomy.
The following are the verses in the Brahmasphupasiddhanta,

where Brahmagupta expressed his note of discord against the sys-

tems or nations of Aryabhata, S:J;ena and Visnueandra :
BrSpS:. 1.60, II 46, 47; X 13, 62; X1.31, 46, 47, 45-50. 55

XVI, 36,46: XXI1.39, XXII 2,
In two of the verses. he refers to Latasimba :

BrSpSi. XI. 46. 48,

In the following verse. he refersto Ankaciti, Viiayanandl, Prad-
yumna and others: BrSpSi1.XI 58,

In the Khandabhadyakba we do not find the names of these
adversartes of Brahmagupta ; we, however, have a reference of
Srlma. Atyabhata and Visnueandra in the verses already quoted.
occurring 1in the Appendix of the Khandakhadyaka (Khanda-
khadsakottara), Chapter IX. 2 2nd 3, As we have said before.
these verses of the Appendiv have been reproduced from the

Brahmasphutasiddhanta. (162 and 11.47).
Refcrence to Romaka aod Paulisa systems

Brahmagupta speaks of s system as if expounded by Brahma
himself for the first ume, later on deteriorated. and then revaved
by Brahmagupta himself. The sery second verse of the Brakma-

1. 7 LYRITRITY WERTY TR A |
WY FE OISR I —KK.IX. 4.
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sphutasiddhanta {I 2) substantiates this view

The science of astronomy {or the calculations of heavenly
bodies) in course of long duration became meffective or erro

neous this was revived by Brahmagupta son of Jisnu * (BrSp5:
12)

The system of astronomy which goss by the name Brahma
{Brahmasiddhanta) has been handed down to us 1n three forms
(1) one1s as treated b the Sakalya Samhitd (1) one as described
in prose m the isnudharmottara Puvana and (i) the one des
cribed by Varzhamihira 1in the Paficasiddhantika which re
cognises the yuga of the duration of five years Which of these
three was accepted by Brahmagupta i1snot clear Butfrom the
measutes of the number of revolutions performed by a planet
a piven pertod (graha bhagana) etc 1t 1s clear that Brahmagupta
acknowledges the system as propounded 1n the Visnudbarmottara
Puraua In hlis chapter Tantra panksidhyaya or Dijand
dhyaye he contradicts the notions of the Vedanga Jyotisa which
accepts the yuga of five years

We may further emphastze the fact that Brahmagupta has
not clearly detailed out the errors to whach the Brahma-siddhanta
succombed 1n course of ime and how these errors were erad!t
cated by him Durning the days of Brahmagupta Romaka and

Paulia systems were getting currency in this country Reference
to these two are found in the Brakmasphutasiddhanta at several

places as follows

ROMAK 13 XIS XXIV3
PAULISA XIV 45 XXIV 3
In fact BrSpS: XXIV 3 we find the line Saryendu Pulifa

Romaba Vaastha Yavanddyah  where we have 2 reference to
all the then existing systems S@rya siddhanta Indu siddhanta.

Puhia siddhanta Vasistha siddhanta and other Yavana siddha
ntas Just as the Sun 1s one 50 the astronomical system s also

one thisis a different thing that ca lculations in different systems
may vary according to different sunrises in different places

Brahmagupta refers at one place to Varghamshira in BrSp§;
X X129 where he has beun spoken of 1n connection with a list of

t mw]::w ¥ 7, faeipr |
wfrfaY 5l abpmRg ~BrSpSi I 2
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anti-authoritati ve versions of astronomical systems :
Evam Varahami hira-Srisenacaryabhatae-Visnucandradyaih

L okaviruddhemabhihitam Veda-smrtisamhitabzhyam.
At one place, he mentions the difference between the calculations
based on the system of Arvabhata and the Paficasiddhantas
(Five systems) : Paulida, Romaka, Vasistha, Saura, and Paitamaha,

(BrSpS:, XIV.46),

Brabmagupta was also familiar with the Jaina systems of
astronomy: for example, at one place he uses the term “Jinoktam*
{1.e. one propounded by the Jainas): He repudiates the concept
of tiro Suns and two AMoons “Dyavarkamndavat"(do canda do sujja)
(BrSpSi. X1.3) as enunciated by the Jainas.

At several places we find a reference to the Vafstha-sid-
dhanta (BrSpS:. XI. 49, 50: XXIV.3)

Wherever. Brahmagupta has to press for his views in pre-

ference to the views of others., he uses the words Brakma or
Brahmokta * BrSpS:.

Brabma : 1.32: X 62 XI, 61: XVI.37
Brahmokta ; I11.31, 33, X.63, 63, XV.53, XVI.33

Relerence

Sudhilara Dvivedl ¢ Gapaka Tarangini

(. Bohler . Gurjara Inscriptions. Indian  Anlr-
quary, 1853,

P. C. Sengupta . Khandabhadyaka. Calcutia, 1934,



CHAPTER I

Manuscripts of the
Brahmasphuta Siddhanta

Sudhakara Dvivedi has given an zccount of some of the
manuscripts of the Brahmasphutasiddhdnta 1n his Bhtmikad or
Introduction appended to the edrtion published i the PANDITA.
Vol XXIV, 1602 (New Series) (1) available in the Library of the
Government College. Kasht (Varinssl) 1. e Ka$ika-Rijakiya Pacha-

laya (1) Do, Thibaut's Manuscript (111) the Manuscript i possession
with Yajfadatta Sharma the Chief Astronomer artached to the

Prnce of Ayodhya Itis further mentioned that Dr Thibaut's
Manuscnpt was a COpy of a MHHUEEIL‘DE avatilable 1n the Decean
College, Poona The Manuscripts {(n) and (111) wete identical

The Manuscripts (121) was very faulty and incorrect

The Manuscript from which Colebrooke translated out in
Fnghish the Twelith and the Erghteenth Chapters on Ganita or
Mathematics and Kuifaka (the Chapter on Pulvertiser) respectively,
appeared to be different from the three Manuscripts described
above The readings differed consderably. The Kutfaka-
Chapter of that book 1s. writcs Sudhakara Dvived!, still available

n the Indiz Office Library (See Catalogue of the Sanskr:
Mantseripts n the Library of Indta Office, Part Vp 9951

1. TrgTarE s g mREuees meEan e ee () 6w
HANEGESEIY AT T R R TR A J9 S | Ee Ry

TR AT SRR ( Deccan Cellege. Poona ) 331 g g
QEFCT | X7 qET o g ol auTw g AETEAT ] W IE T O
ug 9 wafwy A |

g T TR A PAIG TR FITAITAAGAT Fladm ey
P a———— el e e it SRR WAL S JCL
waf REgemRe-S R T g & (Sce Catalogve of the Sanskrp
Manuscripts in the Library of India Office, Part V. Page 995)

praarise Rarr f8T FIEATEIEd AT ¥ geen gy 5

iy e REq- RGO wax &8 1 A% TR XD of gy

o e G g SRRt | v gy
(Conunued on next Page)



58 MANUSCRIPTS OF THE BRAHMASPHUTASIDDHANTA

Colebroke procured 2 Manuscript of the Prehizdaka Svami's
Annotation on the Bratmasphutasiddhanca from somewhere in
India. This is also available in the India office Library, London.
Undoubtediy it appears that this Manuscript is a copy from one
written in the Maithia script. Dvivedidescribes a few character-
istics of this Manuscript. For example, on the Folio 11. 7 (9) is
writter: instead of 9 (8) At a few other places also, the sams has
happened. Following 2 visarga, (fra 39) is inscribed instead of
‘Ra’ (5), for example rcfer to Folio 12, line &, At some places
instead of visarga () we find sa (8) inseribed, for example on Folie
12, line 1. Sometimes we find a sandht at the virama or end of
a sententence; e. g in  the GoladhyZya. Folio 21 line 2, sarva-
mupapannamuktamabhandena (G90=gFm@Eaes). At some places
we find nB () wuntten in place of nia (=). In one of the Folios.
Sri Ganeldya namah, OTMEEn: is written in Majthila scriptt
Sudhzkara Dvivedi prepared 2 copy of this Manuscript for Dr.
Thibaut, and this copy was available with Sudhzkara Dvivedt
when he published his commentary with Text in the Pandita.
During the course of binding, on account of carelessness. many
of the Folios got misarranged, and many of them got fragmented.
Sudhakara Dvwived: emphasises in his Introduction the need
of careful research on the arrangement of these Folios and therr
readings. (See Catalogue of the Sanshrit Manuscripts 1n the Lib-
rary of India Office, Part V.p. 893-9%5).

Sudhakara Dvivedi with considerable efliorts could rearrange
the Text :

Golagdhyava-Bhasyam 1 to 45, mutilated at the begmning
Madhyamadbibdra-Bhasyam 45 to 59

{Contifined from previous page)
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In thiss the commentary 1s up to verse 31 In the
Spastddhikara the commentary begins from wverse 29 Folio 60
At the top of the Folio we have the old numbering 1 and 115

After this, 68 folios are misarranged and there the old
numbenng 1s marked 9

After that up to 87 folio we have in the bound volume a
comrmentary up to the verse 6 of Trnpramadhibarea Here the old
numbering 1s marked 28 Then we have the commertary up to
verse 27 of the Triprasnadhbara Here the numbering of fohas
1s marked 1 and 159 (old numbering) and 218 new After ths,
then we have tn the bound volumz commentary up to verse 33
of the TripraSnadhikara On the Iast folio the old numbering ;s
marked 5 and 163 the pew numbering 222 After this begins the
commentary on the Candragrahanadhibara from verse 4 old
numbermg 1 and 297 and new numbering 257 Then follows
the commentary on Sfrvagrahana upto verse 23 The last old
folio nutnbenng 1s 36 and 232, the new numbering 292 This 3¢
the last foho-numbering of the volume in the India Office Library

After this begins the commentary on Grahasutyadhibara verse 11
old numbering 1 and 164 and the new numbering 223

Then follows the Madhyagatyuttaradhyasa up to verse 40
old folio numbering 119 and new numbering 178 Then we have
the commentary of the Madhyagatyuttaradhyaya beginning from
the verse 45 the cld folio numbering 120 and the new numberng
179 Then we have the commentary on Triprainottaradhyayg
up to verse 56 Here the last old folioc number 15 48 and 158
and the new numbering 217

In this way we have the commentary on the mulirtlated
Goladhyaya mutilated Madhyamadibara mutilated Sﬂa;m
dhibire mutilated Trnipramadhikara mutilated Caondrg graha
padmkara, mutilated Sarya grahapadhkara mutilated Grahayyg
tyadhibara Bhagrahayutyadhikara Tantra panikjadhsaya {al
known as Dasanadhkara) Gantadhyaya (Anthretic) mutilared
Madhyagatyuttaradhyaya  Sphutagatsuttaradky@ya mutilaed
Triprainottaradhyaya

{Cont nued gn Bext FJII‘]



&0 MANUSCRIPTS OF THE BRAHMASPHUTASIDDHANTA

Sudhakara Dvivedi says that nowhere in the Brahma-
Sphutasiddhanta Madhyvamadhikara, 1s found the verse

Samisadhya spastataram bhiam nalikadiyantrena

Tat-sansrtagrahebhyah bartavyau mirnayvadeiau

(This verse has been quoted by Dvivediin the Ganaka-
Tarapgini page 19) 2

This verse has been gquoted by Dvivedl from the Trans-
lation of Grahalaghava by Mallar

Dvived: further says that 1n the Manusernipts avalable
there 1s mentioned a Twenty fifch Chapter under the title ¢ Dhyva-
nagrahopadesadhyava Dwived) thinls that this Chapter does not
constitute the B ahmasphujasiddhanta proper, which ends 1n fact
with twenty four chapters® In bis commentary and Edition in
the Pandita, he has published 1t as a separate treatise of Brahma-

gupta Thus e has named his Edition as
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Brahmasphulasiddhanto Dhyanagrahopadetadhydyvaica or
Brahmaphutasiddhanta and Dhyvanagrahopadesadhyaya by Braihma-
gupta (19021

The manuscript of this small treatise was also mutilated,

and Dvivedi took special pains in editing 1ty and he revised the
calculations also mcorporated 10 this treatise

The small treatise Dhyanagrahopadesadhyaya must have
been compased prior to the Brakmasphuiasiddhanta, since we
find a verse in the last Chapter (the 24th Chapter also known as
the Sgmyfiadhyitya of the Brahmasphutasiddhanta) verse 9 a
reference to this book

How could this result be obtained in a simple way has been
shown by me 1n the Dhyanagrahopadesadh aya of 72 Arys verses
and therefore, 1t 1s not repeated here BrdpS: XXIV 9)

In the Dhyanagrahopadetddhyaya, we have a verse 6],
which 15 also found 1n the Khandakhadyaka (KK I 21)

Navatithavah (159) divided by asir (16) paficarasah (65)
divided by vasu (8), 10 divided by 3 each multiplied by the
equinoctial shadow are the (tabular differences of) ascensional
difference expressed 1in vinades (KK T 21 DRGr 61)

This verse then indicates that the Dhyanagrahopadetadhyaya
has been compeosed after the Khandakhadyaka It may also be
possible that the Brakmasphutasiddhanta and the Dhyanggraho-
padesadhyaya were simultaneously written and the above verse
(DhGr 61) was repeated again in the Khandakhadyaka

Sudhikara Dvivedi has taken the help from the commentary
of Prthodaka Svami in the Chapters on Pajiganita (Arithmetie),
and has quoted the ezxamples from this commentary At many

places he has corrected the readings which were mutilated
manuscripts
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Reference

Sudhakara Dvivedi  His Bhomikg on BrSpS: . Pandita
Vol XX1IV, 1902 (New Serics)



Chapter IV

Subject Matter Classified in the

Brahmasphutasiddhanta
& Khandakhadyaka

It needs no emphasis that Aryabhata commanded a great
influence as an Astronomer not only prior to Brahmagupta but
during his days also and we have scen how Brahmagupta quoted
this great authority . his writings som-timxs borrowing from
him and sometimes contradicting bim or improving upon his
calculations Aryvabhatas grear wock 1s known as the Aryabh-
aflvam wrtten iIn 499 A D Aryabhata was bornin 476 A D
( Kaliyuga Samvat 3577) The Arpabhativam 13 also known
as the Aryassddhante For detatls about Aryabhata the reader
1s referred to the Chapter entaithd* Aryabhata lays Foundations
of Algebra (Founders of Scrences in Ancient India 1965 Chapter
X) This great work was written 1n Kusumapura (medern Patna

Bthar)
Duvisions of Aryabhatiyam

The Arsabhkapiyam 1s divided into four chapters called
Pada (1) the Gihka Pada. with ten serses (1) the Ganita Pada
with 33 verses (11) the Kalakriya Pada with 25 verses and (v1)
the Gola Pada with 50 verses

In the Gamta Pada =2 chapter an mathematics. we have
such subjects squares Crarda ) cubet { ghana } ( vers: 3),
square-root (s argamala) (4) cubsreor (ghanamzia) (5) , arex of
a triangle volume of a prism (6) areaz of a circle. volume of a
«phere (7). atea of a quadrilatcral (vigamacaturasra) (8) crrcumfe-
rence of a circle (10) Rsine (radivs x sined) (Ji:a) (11) determina
teort af the Rante aof the zeath distance, the base Batul of & righes
angled triangle and the uprigh® (k1) of a righrangled tria-gle
(16} . hypotenuse (kama) of 2 nigh-angled thiangle and avdkayya
(17). Reversod=in (fara) (18) arcas of sories Bgures (fredhiohala)
(I5). rule of thra Grairanka) (23) reduction of fractidns (51 gre
pibarana of thinnag) (27)  imverserul: of three (13asta) (28),



64 BRAHMASPRUTASIDDHANTA & KHANDAKHADYALRA

evaluation of unknown valves (nRlyg pradarfana of aviakia
mulya (30}, and the theory of pulveriser (Kuttaka) (32, 33) In
this chapter, Aryabhata gives the solutions of quadratic equa
trons and thus he earns for himself the credit of founding the

science of algchra

(111) The Kalakriva Pada with 25 verses. which enumerates
the units of time [1I year (varya)=12 months (masa), 1 month=
30 days (dwasa) , 1 day =60 nadis . 1 nadi==60 vinadc vinadi or
mnddikad 15 the same as vighatika equvalent to our 24 seconds,
nad: or nad:ka or ghaf:1s equal to 24 mnutes]', cotrelation of
time division with the Asetra—division or angular division?
Twelve signs of Zodiac or radts go to constitute a bhagara® solar
day (ravimasa) lunar day (fasi masa) additional month or
intercalary month {adlumasa} various kinds of years the solar
vear 1S human or manusya year , 3 human years=1 miy year,
12 pitr years=1 divya year (divine year) 12000 divya years
constitute a vuga (6, 7 8}, the first half of the yuga s utsarmas
kala and the latter half 15 avasarpios kala and they are calcula
ted from the apex of the Moon {(candrocca) (this 1s not wvery
clear) (9) . a yuga 1s of 60 years. and such 60 vugas thatis 3600
vears had passed away stuce the kaliyuga when the author was
of 23 years of age. (10), the count of a yuga year, month and
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day should begin from the menth Castra Subla Pratipada (the
first day of the brighter half of the month Castra) (11) man

docca (apex of slowest motion) and fighrocca {apex of fastest
motion) (17—24)

(v) The Gola Pada w1ith 50 verses In Verse 1 there is
a reference to & point in the Sun s path the commencement of
mesa (mesady) this must have been vasanta-equinox The ascen
ding nodes (pata) of planets and the shadow of the Earth move
on the path of the Sun (arka apamandala) (23), the angularc
difference 1n relation tothe Sun at the appearance of Moon (12
degree or arfa) of the Venus (9 degrees or 9 vinadikba) of the
Jupiter (2 more than the Venus. 1e 11 minadikas) the Mercury
ot Budha {13 vinadikas) of the Saturn or Sami {15 vinadikas) .
and of Mars or kujg (17 vinadikas)

The half of the Earth Moon planets and stars 1s dark  since
thase parts heppen to be under their own shadow the other
half 1s brrght as it faces the Sun (this 15 not true with respect
to stars—author) (5) The Earth 15 surrounded with an atmos
phere of air and water (6.7} Ia the Brahma Dwase (Brahmas
day) tle spPere of the Earth 15 increassd by one yo ana and
decreased by thrs amount during the Brahmias night (8)  Just
#s 4 person sitting on a moving boat sees the stationary trees
etc on the bank of a river moving in the opposite direction
similarly the stationary stars are seen moving from Lanks (or
equator) moving towards the West{(9) Cn accountof pravabaidyu
(air) the naksatra system and planets rise and set receding towards
the West (10) The dimensions of Sumeruw Parvata (North pole)
is g1 ¢n to ke one sojanag and 1t shmnes like a ewel (11} and n
the nextverse 15 piven the position of Sumeru and the Bada
» amubka (South pole) (12) The four c<ities situated at a diffe
rence of G0° each on the equator are given (I3}  The distonce of

Uspayinl from Latks Ghus goiing the latitade of Uz ayinl) s
fiven (14)

On account of the thickness of the Earthsphere the
Krap~la (celestial spl erd) 5 wen less than the hemusphere (15)
The next verse deskmtes how moving appears the Khzpola on
the North and South poles (16) Then is gtven the measure of day
and night of daas (gals) ritar (fathers) asura (demons) and
manuja {mem){(17) Thm are gonven o fon technreal dehmtions
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of celestial mathematics (18—21) like drsh sthana Gntersection of
horizontal and vertical axis—pars avardiggatn rebba and adha
trdhva-diggatd rebha) Dm-mandala drghsepamandala (dyghsepa
15 the z¢nuth distance of that point of 2 planets orbit which 1s at
the shortest distance from the zentth) Then the Bhtibhagola
mstrument 1s described (22, 23) ‘Then follow the formule for
caleulating lagna (the horizon ccliptc point in the East) Frala
e*c comprising the Triprafmadhibara (24—33) In the next
verses, we have fambala or Rsine of colatitude (34)  drk Barma
(35) and ayang drk-karma (36) Then follow the calculations of
lunar and solar eclipses (37--47) Verse 48 descmbes the coord:
nates of the Sun which arz determined by the conjunction of hort
zon with the Sun of the Moon by the con unction of the Sun and
the Moon of plancts by the conjunchion of the Moon and planets
or stars Verse 49 describes how this jewel treatise has been pro
cured outof anocean of true and untrue knowledge with the
help of a boat of intellect This means that the author has taken
special pams 1 discnminating true hnowhdge trom falsehood
with respect to the prevalent notions of astronomy In the last
verse he says. that he has not miven anythingnew he has given
that very knowledge which was imparted by the Svavambhu m
the earliest tmes (50)

Th= Pasichangas prepared aceording to the rules and for
mula of the Aryabhapiyam are still regarded with reverence by
the Vaishaias 1in the South Brahmagupta was a great cnitic
of Aryabhata but finally he wrote tus treatise the Khandakhad
saba on the basis of this very Aryablal va {this treatise 15 a kgra
nagrantha1e one contmmng a punapal element of the Indian
Calendar) The four commentaries of the Aryabhatiya available
m Sanskrit are of Bh#askara I Suryadeva Yajvd Parameévara and
Nilakamba Two Enghsh translabhons by PC Senagupta (1927)
and W E Clark (1930) are also avatlable

Mpzjor Landmarlks

[ndian astronomy which reached 1ts zemith in the times of
Aryabhata and Brahmagupta shows 1ts evoluwon in the following

stages
1 Rudiments of astronomy in the Vedas and Brakmapa
Fooks hke the Taittiwsya Samhita and the Satapatha
Brahmapa This penod 15 associated with the dis
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covery of the Vedic era some of the planets the twenty
four naksotras cycle of seasons concept of leap vear
the dimensions of a yuga solar and lunar yeats and the

Like

11 Astronomy of the Pedanga also known as the Vedanga
eJyeizz  Lagadha 1s the most promanent figure of thas
period (1400 BC ta§50 BC ), he1s the first compler
of a text on astronomy Inhis work we for the first
time 1n history find a referénce to the Ji*va Rast (the
knowable or the unknown guantity) and the J#Hana-
Ras (known guantity) He lays the foundations of
astronomucal ealctulations In his treatise we find a
mention of such subjects as  Solstices (northern and
southern journey of the Sun) increase in days and
nights in the avanas or solstices. solstinal fithts omus
s1071 of tithis parva rafi acceptable and non acceptable
parvas addition of day dcceptable parvas concept of
yoga {(a term applied to the joint space which would
be travelled by the Sun and the Moon m a given period
of time on the presumption that these two bodtes have
travelled 11 directions oppostte to each other) method
of finding out a nabsatra on any parva day, distinction
between parva nagkbsatra and tithi-naksatra correlatton
of solar and lunar datess measure of a nadikba (vt of
teitte} rrakiatra of the Sua juge and 18 ralbyalra parva-
bhafesa and equivalent kalads solar year lunar revolu
tions (rsings of ngksatras) deities of nakstras luner
and savana day differences (aba masa) divisions of
a savana day and length of day mn two aygqnas This
author probably belonged to Kashmir

IIT The pericd of Siddhantas  Varhaomuhira in his well
known treatise the Paficanddhantiba refers to five
Siddhantas or systems of Astronomy Paitimaha
Vaastha Romaka Paulida and Sarya (Saura)  Asrte
gards its mportance he gives the first place to the
Siryasiddhinta places next the Romaka and Paulisa
and declares the remaining two to be defimitely mferior

to the for ner We do not possess the full treatise of
these Siddhantas except the Sarianddhdnia Here too
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we have dificulty The Stryasiddhanta. as summarnised
by Vardhamihira 1n hs Paffcasiddhantika in many
essential features differs from the system preszribed ty
the Text of the Stiryasiddhanta now available So we
have two versions, the one with which Varzhmilura was

{familiar and the modern one

The present Siryasiddhanta comprises of fourteen chapters
called adhidsas We have an authentic commetary on it by
Parameévara The first two chapters of the Strvasiddhanta have
no special name  The classification of chapters 1s as follows

Modemrn Surya Siddhanta
Chaopter Name of the Number
Chapter of verses Subject
1 . 69 Mean longitude of
planets
I —_— 68 True motion and true

longitude of planet
and elemtents of farf

cadnga
341 Triprad$nadhyaya 50 Directions place
and time
v Candra grahanz 29 Lunar eclipse
dhyaya
\Y Sorya grahanadh 17 Solar echipse
yaya
VI Chedyakadhyava 24 Projection of eclipse
on a plane suriate
VII (Graha sam3gama 24 Conmnction of one
vuddhidhyaya planet with another
VIII TarIvisavodbyava 21 Conjunction of a
Planet with the june-
tion star of a naksatra
IX {Udayastamaya vi1 18 Heliacal rising and
savodhyiva setting of planets
X Candristamayad, 16 Moon rise and eleva
visayah tion of Moon horn
XI Vyatipata visayah 23 Pita (vyatipata)
XII — 87 Cosmogony and  geo-

graphy
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bhata Is midnight system In this connection 1t must be
remembered that Varzhamihira nowhere expresses his indebted
ness to Aryabhata [

The JStryasiddhanta undoubtedly 1s the most popular book
on Astronomy 1n this country It has been so for the last 1000
years as1is s*an from the [ist of commsntators on 1ts text (K S
Sukla has given a hist of 28 commentators includiug those who
wrote commentaries i the South Indian languges like Telugu and
Kannadea )

Allansrya Sura Maheévara

Amaredya Mallikarjuna Sar: (3178 A D)
Bhattotpala (866 A D) NZriZvana

Bhuodhara (1572 A D) Nrsinha Dawvagiia (b 1586 A )
Bhtitvisnu Nrsimhadeva

Cande$vara (1178) Parameévara (1432 A D)

Cola Raghava Sarmza (1552 A D)
Dadzbhat (1719 A D) Ramalkrsna Aradhya (1472 A D)
Devidasa Ranganatha (1603 A D)
Kamala Kara Daneévarah Sirvabhauma

(1618 A D)

Kamabhatts Tamma Yajva (1599 A D)
Krsna Daivajnia Yallaya (1472 A D)
Madanap3ala Visvanatha (1628 A D)
Miadhavacarya

A large number of astronomical books n this country were
written on the basis of the Si@ryanddhanta as the Ganakananda
by Sarya (13871447 A D)}, Gamiadarfa by Dharmapathin
Aabaranda Sdrisy by Makaranda (1478 A D), Grakgcakra by
KucanX¥carya (1259 A D} laispukarana by Vitnu (1556 A D)
besides many others with indefinite dates such as the Strya
siddhdnta nayana prakdraf  Strvasiddhdnia ganita Striasid
dhimta samgraha by Vidvaniatha Sar1 and SoryastddhiInta Sarmnt
by Ramadatta Dawvajna K S Sukla has piven a hist of this
literature m Ihns Introduction to the Sturyasiddhdnta

(iv) Period of Bhiaskaral  The author or the compiler
ot the Stryasiddhanta 1s not known nor 1ts date of composition
Bhashara and Brahmagupta are the brilliant names of 2 contem
porary period  Bhaskara I Iived in the seventh century of the
Christian era and was a contemporary of Brahmagupta (623
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A D, He wrote three works on Astronomy whih were most
likely compoesed 1n the following order (1) the Aaha Bhaskaria

(11} 2 commentary on the Aryabhafiya and (1) the Laghu

Bhaskariva His commentary on the Arygbhatina was written
in 629 1e only one year after the Brahmasphujaniddhanta His
commentary on the Aryabhativa was wrtten 1n 629 AD,1e

one year after the completton of the Brahmasphulasiddhanta

Undoubtedly Bhiaskara was the follower of Aryabhatal Shukla
says that his works provide us with 2 detailed exposition of the
astronomical methods taught by Aryabhata I and throw light on
the development of Astronomy 1n India during the sixth and
carly seventh centuries A D which was the most brilliant
period 11 the fustory of Indian Astonomy Shukla has brought 1
critical edrtton with English translation of the Mahabhdskaroa
and the Laghu Bhaskariya and he proposes to bring out a volume
on the life and works of this great astronomer

Division of Mahabhaskar,ya

The Makabhaskariya 1s divided 1into Chapters called the
ﬂdﬁ}ﬁjas The ddﬁjﬂ}as have not been named as some of the
Chapters of the Sturiauddhanta or the Biahmaspuhbtanddhanta
The number of verses 1n the Alakabhaskariya 1s as follows

Subject Number of

3 2rses

Adhyaya T Mean Longtude of a

Planet and Planetary

Pulyveriser 52
Adhyiaya II The Longitude Correction 10
Adhyiya III Direction Place and Tim+

Junetion-stars of the

Zodiacal Asterisms and

conjunction of Planets with

them 7D
Adhyaga IV The Longitude of 2 Planet 64
Adhyiva V Eclipses 8
Adhyiya VI Riung Setting and Con

iinction of Planets 62
Adhvaya VI Astronomcal Constants 35
Adhyiya VIII Examples 27

These titles to the subect matter given in the above table
Lave been cssigned by Dy heipe Shanker Shukla i hus enitiaal
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edition The total mumber of verses 1n this work 15 403  The
Stryasiddhanta bas as stated above 500 verses in all

Laghu-bhaskar,3a

The Laghu Bhashariva s also divided 1nto eight chaprers
each chapter 1s known as Adlsaya  The subject matter in the
book has beers dealt «ith as follows

Subject Number of
verses
Adhyaya I Mean longitudes of the
Planets 37
Adhyrya II True Longitudes of the
Planets 41
Adhyaya III Diyrection, Place and
Time from Shadow 35
Adhyaya IV The Lunar Eclipse 32
Adhyaya V The Solar Echipse 15

Adhyaya VI Visibihity, Phases and
Rising and Settyng of

the Moon 25
Adhyiya VII Visibility and Con

yunction of the Planets 10
Adhyaya VI1II Congunction of a DPla

net and a Star 19

The total number of ve-sesin this text ts 214 The Laghu
Bhaskarivam 1sthus an abridged edition of the Maha Bhaskarpan
From the closing stanxa of this work 1t1s clear that the author
wrote this work for the berefit of yvoung students with immature
mind by condensing and simphfving the contents of his larger
work the AMaha Bhasariam (also known as Karmanibandhe)
Thus we b a little of the parallehism Brahmagupta after
Anishing his bigger treatise the Brahma sphutaniddhanta, wrote
a mnor abridged work the Khawla Lhadsaka as o Parapa
grantha This latter work of Brahmagupta hosaver mncorporates
somne original tdeas not mcluded mn the earlier wvork  Shukla
has g1ven an anafytical table indicating the rules of the Afaka-
Bhaskarinam mmcorporated 10 the Laghy Bhaskariyam also an an
abridgud or modifed form and also n list of the rules which have
baon omitted 1n the Laghu Blasakrisa There arc a few reles
in the Laghu BRaskarisa also « hich have na counteepart an the
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Maha-Bhaskariva  Shulla further says that the arrangement
of the contents of the Laghu-Bhaskarsya 15 more systematic and
logical than that of the AMaha Bhaskariva, and 1s, at the same
time, 1n keeping with the general practice followed by the other
Bindu astronomers Numerous quotations of this work occur
in the annotative wotks of Saryadeva (b 1191 ADD) Yallaya
(1480 A D) Nilakantha (1500 A D) Raghunatha Raa (1597
A D) Govinda Somayai and Visnu Sarmz and :n the Prayoga-
racand an anonymous commentary on the MaRa-Bhaskariyam
We find the commentaries of this abridged work 1n Malayalam
and Tamil also Al this speaks of the great populanty of this
wotk

There are circumstantial evidences to show that Bhaskara I
had associations with the countries of Asmaka and Surastra
Bis commentary on the Aryabhatwya waes probably written in
the eity of Valabhiin Surastra Perhaps Bhaskara I was born
and educated 1n Admaka and later on he magrated to Valabhi
where he wrote his commentary on the Ariyabhatiza or that he
was 2 native of Valabhi and got his education 1n the Aémaka
country Perhaps there was a strong sthool of Astronomy m
the Aémaka country which was founded by the followers of
Aryabhata so much so that at places Bhaskara I has also called
Aryabhata as Afmaka Ius Aryadhatizam by the name Afmaba-
Tantra or the Aimakiva and the followers of Aryabhata &s
Afmakiyib This Admaka country or Aémaka Janapada 13 men-
viomned i the Buddhist hiterature also It was somewhere esther
in the north-west of India or Was sicnated between the rivers
Narmada and Godivarl Bhaskara I was evidently 2 reswdent
of the latter Aémaka (whitch was between the NarmadI and

Godavarl)

Brahamagupta and Bhaskara I were contemporaries Both
of them developed their systems tn the carlier part of the seventh
century A D (3700 years of i alisuga) Brakdmasphutasiddtanta
wasy mitten n 623 AD and the commmary o1 the Arya
bhativam by Bhishirz I wascomposd 623 A D Bhikara
closly follow.d Aryabhata tut Brabmagunta had the juts 1o
opposc the views expressed by this grear Maswh and he not eonls
contradicted him  at places bus also prepcurced many new ydeay
methods of caluulation and costants of groater accuracy
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The clessification of the contents of Astronomy m adfularas
appaars to be the original concept 0f Brahmagupta , this system
nas to sone cxtent adopted mn the modem St@ria Siddhanta
10 the case of a few chapters The Vafesvara-Siddhanta by Vates-
vardcaryn (bom 802 Saka or 880 A D in Anandapura city,
Pun ab son of Mahadatta) also adopts the terminology  Afadhya
madhikara Spasiadhikdra and Tripratnadhibara We owe this
type of cﬂpﬂﬂn;nﬂmenr:lﬂ ture to Brahmagupea

Contents of the Brahmasphotasiddhanta

Now we shall summarise the contents of the Chapters of
this great treatise and  also cnumerate the number of verses tn
cach chapter The author has himself given the total number of
verses in the Chapter 1n the ending ver<e of each chapter Some-

times the verse specifving this number 1itsclf 1s not taken into
account while giving the tota] number of verses 1o that chapter,

and therefore, there cectirs a minor discrepancy in the actuql
number and the number specified by the author himself The

following table records both these numbers separately

Number of Actual num

Chapter Title verses 1ndy ber of verses
coted by the
author
PURVA DASADHYAYI (First Ten
Chapters)
I Madhyamidhihzrabh MMedh
yamagati-radhyIyvah) 63 63
IT  Spastrdhiharab (Sphugigan
ridhvIyih) 67 3
194! Trnpratnidimkarah (Tripras
nidhiyIyah) 66 66
1V Candragrahantdhiksrib 20 20
{(Candragrihanidhyiyah)
\y Saryarrabanadhikieat 26 27
{Arha grahanam or Ravigra
hanidhyIyah)
VI Udavastadhhanb 12 13

{Udoyastemayidhydyah)



VII

VIl

IX

X

b4

XII

AJLE

XIV
AV
VI
XVII

XVIII

Candrairngonnatvadhkzrah 18
© (Candrasrngonnat: adhyaysh)
Candracchavadhikarah 9
{Candracchzya adhyiyah)
Grahayutvadhikirah 26
(Grahamelanadhyayah)
Bhagrahavutyadhikarah 70
{(Bhagrahayutih adhyayah)

Total (or Dadadhyzyi) 377*
Tantra PariksIdhyayah 63
(Dusanzdhyiyah)

Ganitadhy3ayzh
Misraka vvavahirah 116
Sredhi vyavahirtah  17—20
Ksetra vyavahirah  2]1—39
Vrttaksetra panitam  40—43
KhTta vyavaharah  44—46
Catt vyavaharah 41—
Kakacika vyavahare
karanasttre 48—49
R#s1 vyavaharah 50—>1
Chava vvavaharah B52—66 66
Pratnadhyivah 49
(Madhyagatyuttaradhyavah)
Sphutagatyuttarddhylyah 54
Triprainottaridhyavah 67
Grahanottaridhsivab 46
Sragonnatyuttaridhyayah 10
Kuttadhyiyah 103
(Kuttakadhyayah)
Kuttakarah 1—29
Dhanarna $0nyInim

samkalanam 3042

Fkavarnasamikarans
bijam 12—=0

Anekavarni-samikarana

CONTENTS OF THE BRAHMASPHUTASIDDHANTA

i3

9

26

70

350"
&3

& &

a5
60

7
10

162
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bijam 51—53
Bhiavita-bijam 60563 "
Varga-prakrtih 64—T4
Udaharanani 75~—102
XIX Sankucch Ivxdinanadhyivah 20 20
XX Chandascityuttaradhyayah 20 19
XXI Goladhyayah 70 70
Siminya-golaprakara-
nam 1—-16
Ivi-prakaranam 17—23

Sphutagati-visany  24—30
Bimba-sXdhanam 3135

Grahana-vasanx 36—413
Golabandhidhiks-
rah Lo=—T70
XXII Yaptradhy3yah 53 57
XXIII Manadhyzyah 12 I2
AXIV Saninzdhyayah 13 13
Tutal 1016 1022

In one of the verses. Brahmagupta states that he has composed
the treatise containing 1008 verses, Sudhakara Dvivedl has
riven the total as 1021, whereas he says. this number according
to Brahinsgupta’s own statement should be 1020, If one de-
ducts the concluding 12 verses of the SaijHanadhyaya, the num-
ter should be 1008,

Sedhikara Dvivedi. in his addition of the Brakma-sphata-
siddhanta {putlished inthe Pagpdita, 1801 and 1002} gives ata
supplement a small treatise of Drahmagupta known as Dhyana-
grakancpadetddhs ayra or Diyénagrakanadhiboral which has 72
verees.

It would be worthwhile to give here the detailsof the
Khandalkedyata also, a book of Brahmegupta about which we
have spoken 3o much. The titles to the chaprers have no? been
indicated in the Text ; most likely they have been assigned by
she commentator. Prthuodaka Svami known as the Kéandatha-

dyakbaviy aranam.
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Chapter Title Nuomber of
Yerses
I Tithy naksatradhikaradhysyah 32

(On tithls naksatras ete)

It Grahagatyadhyayah 19

{On the tmean ard true places
of star planets)

IIT TriprasnidhyIvah 16
{On the three problems relat
ing to diurnal motion)

IV Candragrahanadhyayah g
(On lunar eclipses)
V Suryagrahanidhyiayah 6
(On solar eclipses)
vi Udayastadhikatah 7
(On the rising and setting of
planets)
VII Candrasrigonnatyadhayah 4

(Cn the position of the
Moon s cusps)

VIII SamIgamIdhyTyah 5
{On conjunection of planets)

UTTARA KHANDARKHADYAKA—APPENDIX

IX Corrections and new methods 14
X Cn conjunctjon of stars and planets 16
Total 127

‘___.-_r—-.——__——__--“-_—_‘-__-
Bhattotpala m his commentary on the Khapdathads aka hos
civen several additional verses 1n the main or propet tleqtise
and also i 1ts Uttara portion or the Appendix PC Sengupta s
edition (Sanskrit Text 1941) has given at the end of this pub.-
\icarion the account of these additional verses  The Englsh
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edition (1934) classifies the Uttara Khandakhodyaka into two
chapters (which the author calls as Chapters IX and X) the
Sanskrit edition gives 3 verses 1 Chapter IX 21 verses 1n
Chapter X and 24% verses in Chapter XI' Of these thres
chapters the Chapter X has been given the 1nitle  Patadhibara

and Chapter XI the title Parilekhadhyaye by Bhattotpala

TABLE

Arrangement of contents 1n different treatises

Topic BrSpS:| SaS: | MBhL ] S YR ICYAY

—a - S p— L — —— A a—

Mean long:
tudes of the
planets i XTI I i Iy rLm I

True longi-
tudes of the
planets II X1V I1 v IIY I 1F

Direction,
place and

time HLXV 111 111 IV IV | Il

Computation
of a lunar

eclipse IV.XV IV Vv Vv V,VII [IV.V

Computation
of a solar
echipse V XVI \Y vV VI vi} VI

Pro ection of
an cclipse AVI VI \Y VIII Vv

Conjunction
of a planet
with another
nlanet IX VIl VI N | N | X

Comjunction

of a planet
with a star A VI MI XIT [ &

Heliacal ris-
ing of pla-
nets VI I VI IXX 1% 1\}’%‘1{
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HM

BrSpS: | SaS: ' MBh 1 MbS: II S5i8e | 515

Tome

Moonrise and
elevation of

lunar herns \WILXVI] X VI WII VI = IX

Pata XIV X1 VII XIIm| VIII| XII
Cosmogony

ﬂptf::r BeOA XXII XII VI IT 111
P;itliiiit;m XXII 1 XIII Il XIX 11l x1
T ck

fﬂ? R xxv | X1V , I

e

Aryabhate and Brahmagupta Controversy

The scientific [ndian astronomy was more ot less created hjf’
Aryabhata T(476 A D) 1tas said that he was the teacher o

two distinet systems of astronamy On< of which nsbcalledtﬂ:
audavikba system and the other the ardharatr: ::t Ej’ﬁﬂ: "
In the first the astronomical day 1s taken to begin nd m},;: ;
at Lanka and in the other the same bepins at the m :ug o
the same place In the K handakhadyaka Ernhm;gup 1“311:;:
compendious rules for the calculation of lﬂngflt;‘ es hr:a S
planets according to the ardhardtrika system O thr:ﬂfu“nz.;- .
In this connection he refers to Aryabhata 1n £
werds In e hﬁ‘;nd:fgii;i:iu God Mahzdesa who 18 the freat
Hhne mif‘ihlﬁ woerldsrise 1 e creation) existence and
Z:;::fuctmn [ shall declare the KFandabhady aka which

w1l y1eld the same 1;:511!:5 as the great astronomical

hata

A tr:a:;:‘:;fg,iri:::culatmn by the great work of Arya
S {or (the tnowledge of tume and loagitode of

R erc at) marrmage nauvity and the hike =
FIE;:;:H:JEI.: for common Ut cuvery day thissmaller
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o

treatise (i e. Khandakhadyaka, literally meanming food
prepared from sugar-candy) is made so as to vield the

same vesults a5 that 2

The mean saturn diminished by 3 seconds. the Siwhrocca
of Mercury diminished by 22 seconds, the mean Mars
increased by 2 seconds and the mean Jupiter increased
by 4 scconds are equal to the respective mean planets

of Aryabhata's mdnight system

In the Bralmasphutasiddhanta, Brahmagupta accepts the
astronomical day to begin with the sunrise at Lanki. and the
calculations of days. months, years, Yugas, and Kalpas all begin

from Caitra Sukla Pratipada Cthe first tith; of the month Caitra
in the bright-half of the Moon) and the first day is regarded as

Sunday?

Varahamihira in his epicyclic cast to the Stryasiddhianta
in his Pancasiddhantiba adopts the ardharatnka system or the
systettr of recloning days from midnight. The question why
Brahmagupta who was so bitter an opponent of Arvabhata I
in his younger days (628 A.D,) claimbed down to describe and
teach one of the systemsof Aryabhata's astronomy in his sixty=
seventh year (665 A DD.) is difficult to explain, In fact so great
was Aryabhata's reputation and fame that 10 spite of Brahma-
supta's severe rticticisms of the former 1n Chapter XI of the

Brahmasphupasiddhianta, it perhaps was undiminished and it
was Arvabhata who continued to be universally followed.

Some authorities have thus expressed the view that to meet
the popular demand Brahmagupta 1n the Khandakhadyaka took
upon himself the task of simplifying Aryabhata's grdhardirika
system and in this task he became eminently successful. Burt it
has been supposed that in this tash he could not ke a mere

simplifier or expoutider.
TRTTA R 53e . A gaswEd: |
FXETIATNLY SEwv- sFadi+ {1 1
frgfin: wREmy sifdnan st anara |

2l sz afEEve 7 5w
SAfcTREl SE58 s CRE.L127
1. SRR e STTEes: |

— Brd3pS: 1.4

T Al g9 SE Bassd
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The mmor work of Brahmagupta known as Khandabhadyala
has two distinct parts . Khandebiddyala proper and the Uttara
Khandakhadyaka 1In the first part the astronomiczl constants
are the same as those of Aryabhatas ardhardirika system, but
the methods of spherical astronomy, caleulation of eclipses and
other topics are almost the same as i tbe Brahmasphutasidd-

hanta The cotreetions for parallax i calculating a solar eclipee
15 here an important illustration !

In the Uttarakhandakladsaba, Brahmagupta gives correc
tions to the KFrandakkddyaka proper In 1t are to be foand the
neat and orifinal methods of mterpolation and correctron to the
longitudes of the aphelia. as also to the dimensions to the
epicyeles of apsts of the Sun and the Moon?® while a few add:
tional chapters supply what else 1s necessary to the first seven
chapters of the first part, to make the whaole a complete treatise
en Indian scientific astronomy It was perhaps through the i
fluence of ths supplementary part of the Khandabhadyaka that
Brahmagupta's great work, the Brahmasphutasiddhanta came to
te valued among a distinct school of Indian astronomers For
long 1n this cotmnery India, this Siddhinta of Brahmagupta has
been forming the basis for the calculation of almanacs by astro-
nomers of the orthodox school of Rajasth#n, Bombay and others

We might at this stage take up the gquestion - WWas
Aryabhata the author of two distinct systems of astronomy?
Undoubtedly ke was Several authors have wntten on thys
subject I may specially mention the name of Prabodhz
Chandra Sengupta (Journal of the Department of Letters
Caleutta University, vol XViIl Bualletin Ca’cutta Mathemat,-
cal Seciety vol XXI Nos 2and 3} The reasons advanced by
him may be restated 1n shght details thus In his Brikmea-

1 =rra faem vmfeRa 937 Tt asy
SR AR Jigael e T
CERTAT T AR RE A §
R WA T e
ey 6 agf fmd T E W0
qfprgars Srea fiaar g T g0 |
—BrS5pSt X1 23-25 also KK, v

2, See UKK. 9
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sphutasiddhanta, Brahmagupta thus speaks of the two works of
Aryabhata

As 1t both the works the number of the Sun's revolutions
1s spoken of as 432,000 years their planetary cycle is
clear, 1 e, of 43200006 years WWhy then 1s there

difference of 300 civil days in the same cycle of the
two books 2

Again he says.

In 14 400 years elapsed of the Mahayuga there 15 produced

a difference of one day in the agudayiba and ardharat
rika systems?

Yarahamihira 1n the Paficasiddhantiba writes

Aryabhata mamtains that the begmnnming of the day s to
be reckened from midmght at Lanka, and the same teacher
again says that the day bepins from stunrise at Lankd ?
Thus from the watimgsof Brahmagupta and Varabamibira st
15 clear that Aryabhata I was the author of both the gudayika
and ardharatriba systems of astronomy In Vardhamihira's
verse the phrase sa evag (853 meanmng “he undoubtedly™ 15 of
spectal significance It removes the least doubt as to Arya-
bhata’s authorship of bath these systems The aqudasnka and
ardharatriba astronomeal constants are respectively to be found
from the Aryabhativa and may be deduced from the Khanda-
thadyaka aswell The following 1s the comparative view of the

constants of Varahamihira and of the present day Strya-
siddhanta

TABLE I

Planetary revolutions wn a mahdyuga of 4320000 years,
areoraing fo s arous aulforities

1 Fréomrn e 91 SR ;L g a o |
Frorft U et g o

—BeS-Si XTI >
o qft TizTH ges wtus. |
Yo TSR T W I3
SRR TS —EB, S5 XI I¥

3 eyTrEy far sy i |

3 TYYT arTHN
T H L EETER —I51L XV, 2
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M
Planet BrSpS: Aryabhapya Khanda Varaha Later or
bhadyvaka  Strya  modern

siddhantea Sarya

(PS1) siddhanta

s s Seeapel S - S [ S ————— T T S —

Moon 57 753300 57753336 57753336 57753 336 57 753 336
SUn 4320000 4320000 4320000 4320000 3320 000
Mars 2206828722 2206824 2296824 20206 824 2206 832
Jupiter 364 226 455 364924 364220 364220 364220

g?turn 146 567903 146564 146564 146564 145568
DOIL S
apogee — 198219 488219 488219 488203

Venus 7022380 402 7022338 7022388 7 022388 7022376

Mercury 17 936 698 984 17 637 020 17937 000 17,937 000 17 937 060
Moon s

nodes 232 311 168 232 226 032004 232226 232,238

_/—

TABLE II
Longitudes of the apogees of the orbuts of Planets

_'__—’——'—__—

Aryabhaftva Fhanda  Varaha Modern

Planets khadyaka OUrya sid  Surya siddh
dhanta anta

— S _ _
Sun, 78° 80° 80° 77° 07

Mercury 210° 220° 220° 220: 26"
Venus ()* ED° EU: 79 u 49

Mars 118° 110° 11(1& lanﬁ 00"

Tupiter 180° 160° 160 171¢ 167
Saturn 238° 240° 240° 236° 37

TABLE I

Dimenswons of the emcycles of Apsis
Khanda Variha Modern
Planets Arsbhaiiva Khanee  Sarva e

siddhanta  siddhanta
Sun 13° 30 14° 147 137" 147
Moon 31° 30 317 31: 315- 3121:
Mercury 223 31% 28° 23- EBF SD.,
Venus 6° 187 14 14- llu 125
Mats 63°-8 1° TO: 70 \ 721: ?5-5
Jupiter 315 363 32 o2 52" 3

Saturn 40} 583 €0° 0 45" 49°
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Table IV
IDimensions of the Sighra epicyeles G e compunctions)

Planet Aryabhatiya Khanda- Varaha Modern

——

Khadyaka Sirva- Stirya-
B B siddhanta siddhanta
Saturn 3p1°- 40° 40° 40° 39°%- 40°
Jupiter 67L°- 72° 72° 72° 70°- 72°
Mars 1°.2301°  o34° 234° 2°235°
Venus 2561°2655°  260° 260° 2E2°-260°
Mercury 1302°-139;° 132° 132° 132°-133°
Table V

Longitudes of the nodes of the orbits of planets
Planets  Aryabhafiva  Khanda-  Vardha  Modern

hrhadvalka Stirva Stirya-

siddhanta siddhanta siddRanta
Saturn 40° £0° Not stated Have to be
Jupiter 20° 20" in the calculated
Mars a0°” £0° Text from the
Vents co® 60° data of the
Mercury 1007 100° toxt

Table VI

Orbital inchinations (ceocentr.c) to the echiptic

Planets Aryvibhatiza Khanda- Varaha Modemn

khadyaka Starya- Stiry a-
siddhanta  siddhanta
Mars og’ o0’ 10" cp'
Mercury 124¢ 120 135 120
Jupiver &0 60 1017 &0’
Venus 120 120’ 101" 120
Saturn 120 120" 135° 100°

e ———— e e e e e e e e e e ey S e~

The Mahabl dskarlya of Bhaskara I (F22 A D.) contans
a passage which corroborates the fact that Aryabhatr I wes the
~uthor of both the auiayika and the ardharatrika <ystems of
Indian  Astronomy According to  Prthodakasvimin, whose
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commentary on the Brahmasphujaniddhanta we have the
privilege of presenting to the public it 15 clear thatn certain
respects Bhaskara and others may be wrong but the Aryabhata s
suthenticity cannot be questioned Prthudakasvamm while

commentmng on the Brahmasphutas ddhanta XI 26 writes

Quch a mistake may have been made by Bhaskara and
others they have not understood his (Aryabhata s)

iIntention

The passage 10 the Mahabhkdshariya giving constants of the
ardhardiriba system runs as follows (we are giving the translation
from Eripa Shankar Shukla s =dit1on on the Makabhaskariva)

The astronomical processes which have been set forth
above come under the sunfis® day reckoning {audayika
system)} In the midnaght day reckoning {ardharatrika
system) too all this 1s ¢ound to occur the difference that
ax1sts 15 being stated (below) *

The next fourteen stanzas relate to the mudmght day

reckoning of Aryabhatal

() Civil days and omitted lumar days 1n 2 yuga and

revolution numbers of Mercury and Jupiter are thus

given

(To get
day-reckonimg) add

s corresponding elements of the midmght
300 to the number ot civil days (n

a pugay and subtract the same (number) from the number
d lunar days (1n a vuga) and from the revelution

numbers of (the ¢ahrocca  ©of) Mercury and Jupiter

subtra t 20 and < respectively 2

Thus eccordmng 10 the mudmght day reckonmg we  ge
= 1577917 800

civil days m @ yuga

omitted lunar days i a yuga = 25.082 280
revolution aumber of the f1ghracca of
Mercury = 17937 000
revolution number of Jupiter = 364 220
1 F-;ﬁ Rl ST Acrrirzfe @R
o oY Ay ga A B g werT | —ABA VII 21
oy S € A AT |
2 B 3 ~-MBh VII 22
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(i) Diameters of the Earth. the Sun and the Moon are
thus given :

(In the midnight day-reckoning) the diameter of
the Earth is ( stated ro ke) 1.600 yojanas; of the Sun
6,480 (yojanas) and of the Moon. 480 (yojanas)\

(iii) Mean distances of the Sun and the Moon are as
follows :

The (mean) distance of the Sun is stated to be 659,358
(yojanas). and of the Moon 51,566 (yojenas)?

(iv) Longitudes of the apogees of the planets are as follows:

160, 80, 240, 110, and 220 are in degrees the longitudes
of the apogees of Jupiter. Venus. Saturn, Mars and
- Mercury respectively®

(v) Manda and Sighra epicycles of the planets are as
follows

The Manda epicycles { of the same planets ) are 32. 14,
60, 70, and 28 (degrees) respectively: and the Sighre
epicycles are 72, 200, 40, 234, and 132 (degrees)
respectively. The 3Sun’s apogee and epicyele are the
same as those of Venus (1. e.80° and I4° respectively).

The Moon's epicycle in the midoight day-reckoning is
stated to be 31 (degrees), *

(vi) The positions of the so called manda and fighra patas
of the planets are given below:

( The following directions for) the degrees of the
(manda and $ighra) patas of the planets as devised
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(under the midmight day reckonmg) should be
noted carefully by learned scholars

Add 180° to the longitudes of the mandoccas
(apogees) apd fighroccas of Mercury and Venus and
subtract 3 signs from the mandoccas (apogees) and
Sighroccas of the remaming planets Then are
obtained the longitudes of the manda and fighra patas
of the planets (Also) add 2 degrees to the longitudes
of the manda patas and sighroccas of Venus Saturn
and Jupiter, and 11 degrees to those of Mars and
Mercury (It should be noted that) the fighra pasas
have been stated for all the plancts excepting Mercury
(Mercury does not have a fichra pata)®

That 1s to say the longitudes of the manda patas of Mars,
Mercury Jupiter Venus and Saturn are 21.5. 415, 72. 262 and
152 degrees respectively and the longitudes of the sighra patas of
Mars Jupiter Venus and Satuen are (sighrocca—~B3 2°) (sighrocea
-88"), (fighrocca+182") and (sighrocca—B8’) respecuvely

(vit) A rule for finding the celestial latitude of 2 planer s
&s follows

(From the longitude of a planct severally) subtract the
longitudes of 1ts (manda and fi1ghra) potas and there-
from calculate (as usual) the corresponding celestial
latirude of that planet Add them or take their differ-
ence pceording a9 they are of like or vnlike directions
Then 1s obtamed the true celesttal fatitude of thas
rartsicular planct  The true cefesnial [autude of any
other planet 18 &lso0 ottained 1in the same way The
rematng (astronomcal) determinations sre the same
ox stated before. This allsin bref the difference of
the other tant-a (embodying the midaight dayreckon-



%0  BRAHMASPHUTASIDDHANTA & KHANDANHADVARA

the nodes of the planets to be the same asin the Arsyabhatwa.

All these are the same as given by Brahmapgupta in the Khanda-
2hddyaka.

In the stanza 33 we have rules for finding the geocentric
longitudes of planets which may be taken to be the same asin
the Khandabhadyakay; compare these values with those in the

JRryasiddhénta of Varghamihira in the Paficasiddhantika, XVII.
6. but slight different from the Aryabhatiya?

The last stanza of the Mahabhaskariva (35) gives the dimen-
sions in tojanas of the orbits of planets : these are the same asin
the modemn Sarvasiddhonta.

Thus we find a great semblance in the constants as given by
the AMahabkaskanya of BhZskara I, of tbke Sacyasiddbinta as
given by the Paiicasiddhantiba and understood by Varzhamihirg,
and also the constants as given by Brahmagupta 1n his treatises,
specially the Khandakhadyaka. It must not be forgotten that
the same Arvathata I who is the celeberated author of the
Arvabhahsa is also the author of another treatise wvery often
referred to as the Tantra

i shall quote Prabodha Chandra Sengupta in connection
with these similarities, and the great infltence of Aryabhata on
Indian Astronomy. He writes in bis Introdoction to the
Khandakhadyaka as follows :

e have shown that there is much resemblance in the
constants between the Saryasiddhianta of Varzha and
the Khandakhadyaka and for the matter of that with
the Tantrantara of Aryabhata . In my papers "Arya-
bhata and Aryabhata’s Lost Work™, I have establish-
ed the fact that the Saryvasiddhania as it existed
before the time of Vargha, was made more accurate
by him by borrowmng the constants from Aryabihiata’s
ardharatriba system  That there was a Saryasiddhanta

b
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before the time of Varaha, 1s seen from Section 6 of

the Table on page x1t given before This pomt 15 made
clear from another constderation wviz, the star table
in the modern Stryasiddhanta, which unmistakably
points to the conclusion that the longitudes of some
stars, e g, opica eic, correspond to a time much ante-
rior to that of Aryabhata I The great fame of Arya
bhata I induced Varzha the first maker of a neo Surya
siddhanta to use the elements of Aryabhata s ardia
rdirika system to supplant the older materials mm 1t
No wonder therefore that there 1s an opinion 1n
favour of the hypothests that Aryabhata I was the
author of the Stirvasiddhianta If there were a shadow
of truth 1 1t Varzha would have adontted 1t Albe
run: indeed says that the Sarvasiddhanta was compos
ed by Liaja (Alberunt s India translated by Sachay
Vol Ip 153) We now know that this Lata or Lara
deva was one of the first puptls of Aryabhata I He
was the expounder of the Romaka and Patli$a Siddhantas
as we learn from Varzhamihuras Poficasiddhantiba
(I3) As Alberum s statement 1is not corroborated by
Variha, we are not inclined to take 1t as correct Nope
of the earlier writers suggest that the Sarvasiddhantg
was 1n any way modified or changed by Arya

_bhatal

It has now been established beyond doubt that the
same Aryabhata was the author of the Arvabhating and
another Tentra which 1s now lost  There 1s reason m
support of hypothesis that this Tantra itself was the
first work of Aryabhata I and that the Aryabhafiya was
the second work from the order 1In which Varzha
mentions them 1o the Stanza quoted earlier If this
hypothesis be true the stanza in the Aryabhatiy g

which was translated by me as

“Now when sixty fimes sixty vears and three quareer
yugas also bave elapsed twenty increased by three
years have elapsed since my burth

-1 wet aaT] e T |
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—

should now be translated thus :
“In this Mahayuga when sixty timessixty years and

three quarter yugas also had passed. twenty increased
by three years had elapsed since my birth."

Now Bhuaskara I the author of the Malabkastarivae and the
Lagubkaskariya, wrote a commentary on the Aryabhativa. The
auther commenting on this stanza observes that :

“Or this was addressed by Aryabhata when expound-
ing the science to Pandurangasvimin, Latadeva
Nik$anke and other pupils.t!

This direct pupil of Aryabhata I also says that this stanza
does not show that the Aryabhative was composed when Arya-
bhata I was only 23 years old but refers to the time when he
probably began his career as a teacher of Astronomy.

Senagupta out of his discusston coneludes that we are not
justified in accepting that the Aryabhativa was composed when
Aryabhata was only 23 vears of age. This treatize as it exists in
the present form must have been the composition of a mature
age: it 1s a treatise highly fimished in form; the date mentioned in
this freat work refers to a date wien its author became a
reputed gurn or teacher.

Alberuni and Brazhmagupia

Dr. E.C. Sachau in his translation of Alberuni's India (vol.
II. p. 304) speaks of Brahmaguptz in the following words:

Brahmagupta holds a remarkable place in the history
of Eastern civilization. It was he who taught the
Arabs astronomy before they tecame acquainted with
Prolemy: for the famous Sindhind of Arabian ltera-
ture, frequently mentioned but not yet brought to
light, is a translation of his Br@hmasiddhanta; and the
only other book on Indian astronomy, called Atarkand.
which they knew, was a translation of his Khapda-
bhadyaka.

Brahmagupta, the celebrated author of the Brahmasphuja-

siddbanta: has another great work as we have said before to his
credit which goes by the name Khandakhodyaka., This has

1. oREERE RTS8y 9 Rglreitrntafer g
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already been said that perhaps to meet the popular demand,
Brahmagupta 1n this treatise took upon himself the task of sim-
plfying Aryabhata's agrdbardiriba system or the system of
midnight day reckonmg  Alberun: the author of the Indika has
made several references or quotations from the Khandabhadvaka
proper and also 1ts supplement, known as UFitara-Khanda-

Ehadyvaka

(a) There s a reference to the accepted cwrcumference of
the Earth, as given 1n the Khandakhadyvaka (Sachaus
Alberunt, Vol Ip 312

Multiply the difference 1n longitude (Ffrom Ujpjayini) by
the (mean) daily motion of a planet (in minutes) and
drvade by 4 800 apply the quotient taken 28 munutes
negatively tn places east of the meridian line of Upa-
vini and positively m places Iying west?*

(b) The rules for inding the akargana as given m the
Khandabhadyvabain I 35 (Sachaus Alberumt Vol
II 46-47) to which Dr Schram adds a valuable anno-
tation the constants bemng taken from the Ilater
Paulifa Tantra as known to Bhattotpala Thus Paulifa
astronomy 15 derived from Aryabhata I's ardharatrika

system 2

(¢) A gueotation from the Uttara Khandakbhadyaka
(Sachau's Alberuni Vol IT pp 84-86) which Sengupta
has given i his translation Chapter X pp 148 152

(d)} A quotation also probably from the Uttara Kkandabhg-
dyaka (Sachau s Alberumy Vol II p 87} These stanzas
are ‘ound 1n the Brahmasphutassddhanta, XIV. 47 52
also quoted by Bhattotpala as occurring 1n the Brahma
S,ddbkarta 10 his commentary on the Brhat Sambats,
IV 7 The maguseripts which Senguptaused did not
show them as occurring in the Urtarg Khandabhadyaka
These relate to the dimensions of the naksatras as seen
as distinguished from the same as calculated

1 SeAR-qraTet-tard SIg v T
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(e) Two quotations from the Uttara Khandakhadvaba rel-
atmng to the celestial co-ordinates of Canopus and Sirrus
(Sachaus Alberumm Vol IT p 91) Present manus
cripts do not show these stanzas which are probably
the same as stanras 35-36 and 40 of Chapter X of the
Brahmasphutasiddhanta

(f) Two quotations from the Khapdakhadyaba proper as
alleged by Alberunt (Sachau s Alberuni Vol II p 116)
According to AmarXja the first 1s a couple of stanzas of
which the author 13 Bhattotpala and not Brahmapgupa
The second quotation cannot be traced These relate to
finding the possibility of an eclipse whether of the Sun

or of the Moon

(¢) Two quotations from the Khandabhadyaba proper as
asscrted by Alberun: [Sachaus Alkerunt Vol Il p
118) These relate to inding the Lords of the year and
of the month According to Amarma the rules in
question were given by Bhattotpala and not by Brah
magupta Prthudaka in his commentary on the first
chapter at 1ts concluding portion says

In this work the Khandakh2diaka the teacher
(Brahmagupta) has not given the rules for finding
the Lords of the vear and the month?

1 snosy iﬁﬂ;m”-ﬁi TR TRTEIE | SR maa |
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Chapter IV

Brahmagupta’s Originality
in the Khandakhadyaka

Sengupta 1n his Indroduction to the Gommentary of the
Khandakkadyaba bas discussed this pomt  We shall reprodnca
here some of the points mentioned by him

Brahmapopta’s Khandakhadyaka

(1) Brzhmagupta does not accept the system of Aryabhata
but has simphfied it in the Khapdakh2dyaka proper , and here

he has given the system which he thinks to be correct
Uttar Khenda Khadyala

()} In the [Tetara-Khandabkhddyaka, he has further correc
ted some of his results, given earher in the Khandakhadyaka
proper  In the propet Ehandakhadyaka Brahmagupta assignes
to the longizude of the Sun’s apogee the value 80% whereas in
the Uttara text he corrects it to 77° (UKK 4)

As the process of finding the apparent placesof planets
as given by Aryabhata docs not make them agree with
observation, I shall, therefore, speak of this process

0Of the Sun the apogee 1sattwo signs and seventeen
degrees (2 SLETLS 177 =60 p'[u! 17 di!ﬂtfﬂﬂ??qj 1

Compare this with the value given 1 the Khandabhadyaka

proper (113
The longitude of the Suns apogee s B0 EKK LI3] (The

Sun s apogee 1s B0° or two signs plus &0 degrees) inocco means
kil e ke
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mandocca of the Sun). The value given in the Paficasiddhan-
tka, IX.7-8) is also the same.

Let us compare it with the present value. According to
the astronomical constants ns given in the Conn. des Temps., the
longitude of the Sun's apogee in 499 A D. (i.e. 1,400 vears before
1900 A.D.) was

—77° 19°19 44" according to Conn.des Temps'
equation.

—76" 40r37.22" according to Newcomb's equation.

-

The mean of these two valuesis very nearly 77° as given
by Brahmagupta in the Uttara text. Thus the value givenby
Brahmagupta is more correct than the value given by Aryabhata,
The Aryabhatiya gives the value 78° which is less correct,

Brahmagupta more ¢orrect than :&U’abha!a

{11} Brahmagapta datected that Arvabhats had made the
Moon's apogee guicker and nodes slower, than they really are.
In both the cases, Brabmagupta made rather an cover-correction.
We shall give the extract from Uttara-Khandakhadyvaba in this
connection 3

Multiply the ahargana by 110, increase the product
by 511 and divide by 30, 31; subtract the result taken <
as revolutions, ctc., from the mean Moon; the fingl
result is the Moon's apogee,?

Evidently Brahmagupta assumes that the anamalistic
month=3031/110 days. This <¢onvergent to the anomalistic
month was known to the author of the Vuasistha Siddhanta as
summarised in the Paficasiddhantika® (11-2-6).

According to Brahmagupta, the length of the anomalistic
month
= 1582236450000 —4320000000 days, { BrSpSi.115,16,18.
857753300000—488105858 and 20)
= D7.55454641 days which 1s for 1000 A. D,
= 27 5545502 days according to Radau.
= 27554602 according to the Arvabhatiya.

1. o mr @ % ok g srgErs e g )
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Here also Brahmagupta i1s more accurate,
Again, the length of the sidereal period of the Moon's

apogec
== 1577918450000 days

488105658
= 3232732048 days.

Aryabheta's value of the same is 3231.587844 days, and the
modern wvalue 1s 32323754 days. Hence Brahmagupta's resule
15 by 0.3566 of 2 day out. while Aryabhata’s 1s by 03876 of 3

day 1n.

Further in the Untarg-Khandakhadyaba(IX.10) we
have . Deduer 354F from the dhargana, divide the
remawnder by 6792 ; subtract the quotient that 1s
obtained in revolutions etc. from the circle : the
result 15 the longitude of the ascending node! (1X.10)

Here Brobhmagupta gives the approximate period of the
sidereal revolution of the Moon's node to be=6792 days. This

according to his Brahmasphutanddhanta=1577916450000 days
232311168

= 679225396 dave, which according to Lockyer would be

679339108 days and according to the Khandakhadyaka proper

'1s 679475083 days Hence Brahmaguprta's attempt to correction
makes the node quicker than 1t actually 1s

Bral magupta corrects Mars's Aphelion Point

(iv) Again Drahmagupta states that the longizude of Mars's
arhelion should be tnereased by 17° and that of Jupiter by 107,

Evidently here too, Drahmagupta ts more COTICCC than Aryathata
The passage in the Uttara Kkandabbads aka 1s as “ollows in thix

connection .

Of Mars the apogee (the aphelion m"iﬂ 15 to Eo
smcreased by 17% thar of Jupiter by 10", from ¢} ¢
fighra of Venus 74 arc to be subtrscted | Saturn g
cquation of amss ould be decressad by 1ty onefifth -
the fifhra equation of Morcury should be increzwed ty
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one=sixteenth !

This stan=a says thatin 499 A D Marss aphelion pomnt
had a longitude of 127° of Jupiter the longitude of the aphelion
was 170° ( KK.JI &%)

According to Newcomb s rule the longitude of the aphelion
pomnt of Mars m 499 A D works out to have been = 128°28 12
According to the Conn des Temps rule thesame was 125%7 51
Hence Brahmagupta s determtnation of Mars s aphehon 15 correct
within 1°30 and 1s therefore quite satisfactory  Accerding to
the Khandakhadyaka proper 1t was 110° and according to the
Aryabhativa 118°

Of planets. beginning with Mars the degrees of longitude
of the apogees are respectively 11 22, 16 8 and 24 each multiplied
by 10 (KX .II 6)

Thus the longitudes of apogees of Mars = 110 (3 signs 209
of Mercury = 220° (7 s1gns 10°)  of Jupiter = 160° (5 signs 107
of Venus = 80% (2 signs 20 and of Saturn = 240° (B signs)
Compare these values with those given 1n the Paflcaniddhanti ba
XVIE 2 (the Sturva sidahanta)

Again according to this stanza Jupiter ¢ aphehion had a
longitude of 170° iIn 498 A D

According to Conn. des Temps rule the same was 170°25
Thus here too Brahmagupta i1s very accurate According to
the Khandabhadyaka proper Juptter s aphelion had a longitude
of 160° (KK I1.6) and according to the Arsabhatiza the value

was L83°
Brahmapupta First to Use Second Ihfferences

ATl these 1flustrations reproduced here very well establish
the point that the great Indien astronomers from Aryabhata I
to Brahmagupta were aware of the methods of separating the
rap distinet planctary inequalities vi-  that of the apsis and
of conjunction in the cases of the fve star planets (PS: Intro-
duction L) In the Khandatkddsala Brabhmagupra having
fiven the ‘smnes  and the equanons of the Sun and the Moon
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et the mterval of 15° of are of the mean anomaly, 1n the {itara
Khandakhddyaka teaches. for the first time 1n the history of
mathematics, the improved rules for interpolation by using the
second difference This very important feature I am reproducing

hete from the translation by Senagupta of the verse ¢
(UKK.8).

Multiply the residual arc left after division by 900
(1e by 15°), by halfthe difference of the tabular
difference passed over and that to be passed over and
divide by 990 (e 15°) by the resvlt incresse or
decrease. as the case may be, half the sum of the same

two tabular differences, the result which, nhether Jass
or greater than the tabolar difference to be passed, 1s

the true tobular difference to ke passed over (VKK 8

The rule given here applies to the case of all functions

hitherto considered 1 the Khandakhaddyaka, which are tabufated
at the difference of 15° of arc of the prgument They are.

(1) the tabular differences of the Sun's equation
(17) the tabular differences of the Moon's equation
(111) the tabular differences of the ‘sines’.

Sengupta has 1llustrated the rule by an example belongnp
to the table of smines

Iustration—To find the Sine’ of 57°

Brahmagupta’s table of nines in the KAandaliods aka 1s as
follows

Thirty mcreased severally by nine, six and ong, twenty-
four, fiftecn and five are the tabular differences of
cnes at intersals of balf a=gn Forany o1 the “unet
18 the sum of the parts passed over, ancressed by the
proportional part of the tabular difference to Le pased

over Y(RE 13D, also 111 6)
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This can be shown 1n the tabular form thus

N e

Arc ‘Stne” Tabular difer- ’ Second difference
ence

{° 1]

15° 39 39

30° 75 36 —3

45° {¢s 51 —

60° 130 ' 24 —7

75 145 15 —9

00° 150 ! 5 —i0

e e e e e e ———

Now 57° = 3420 munute<=0800 X34-720 Thus three of the
tabular differences are considered as passed over , the last one
being 31 and the one to be passed over 15 24

The true tabular difference by the rule. for arc 57°
o 31424 720 s 31—-24
2 900 2

Hence the 'sine’ of 57°

720 (31424 720 _ 31-241
~39+36+31+ g5 15005 X~ 3

=12576

As worked out from the logarithm tables the same comes
put ta be 12580

Agan ‘sine of 57° from Brahmagupta’s formula

720 31-24 E@_ Eg 31—24
= IGE’J"EE ¥4+ ——2—'}( a0 {gm X 3

1064220 x24+000 (201 ) 23

This an fact 1s the modern form the interpolation equation
up to the term contaiung the second difference Brahmagupta thus
takes a deeidedly improved step here and 15 undoubtadly the first
snan in the history of mathematics who has done this One should
alsa remcmber that 1 the cace where che functon 18 not tabula
eed at o constant intersal Brahmagupta s rule 13 remarkable
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Brahmagtpta First to Introdoce
Sine Role in Indian Plane Trigonometry

In this connection, we shall reproduce the following verse
from the Kharndabhadyaka :

Multply the 'sine’ of the {Sighrq) anomaly by the *sine®
of the maximum Sighra eguation and divide by the
'sine' of the corresponding Sighra equaticn, the rerale
is the *Sighra hypotenuse® when the (Sighra) 2nomaly
1s half a circle, this Sighra hypoteause is eguzl to ths
radius dimintshed by the ‘sine' of the marimem
equation ;: when the anomaly is ejual to tke =hols
circle, the same is equal to the radius increzsed Ly the
sama sine of the mzximum equation?
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126 ) _
Now log (594 | ==1 2265841

The values of the ZPMK and the ZPEM and Brahma-

guptas values as given in the verse® are presented below in a
tabular form

LPMK=| 28°| 60°| 90°f 121°| 135° | 148° | 164°| 173°
ZPEM=}10°58) 23°1r ] 33°1* } 39°567) 40°23 | 37°31425°32} 12°35

Brahma

gupta s
LPEM=| 11°] 23°] 33°| 40°]40°30]37°30'}25°30{ 12°30°

It will be seen that Brahmagupta pives the values of the
cquation withio 1{8th of a2 degree It seems wnexphkcable why
such discrepancies should remain 1n Brahmaguptas calculations
It 15 probable that be wanted to state his cquationsto the nearcst
half a degree

Now we shall take up the Sighra equations of Mars and
then revert to the Sine Rule We have in the Khandakha

dyaka

Mars, by the degrees of Sighra anomaly (1¢ anomaly of
conjunction } of 28 getting at the corresponding equation of 11°
rises (hehizeally) 1n the east by the next 32° gets 12° more of the
equation , by the next 30° 10° more , by the next 31°,7°, more by
next 14°, half a degree , these are positrve by the next 13°, nega-
tive 3°, by the next 16°, negative 12° after this he 1s retrograde
by the next 9°. negative 13°, by the next 7°, negative 12¢°
Afrer this the patts of the eguations occur n the reverse order®

On the basis of this we have the following tatle of the
Sighra equations for Mars .
Depgrees of anomaly Equation of  Phenomena

of conjunction conjunction
0° 0° Motion dtrect
28° +12° Rices it the cost

et do it relis -tk G Latit v ] KX 1165
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Degrees of anomaly  Eguationof  Phenomena

of conjunction conjunction
60° 11+12=423°
SO° 234+10=+433"
121° 33+ 7=+40°
135° 404 §==-+40°30
148° 40°30 —3"=~+37° 30
i64° 37°30 ~12"=-25"30 Retrograde motion
begins.
17%° 2530 —13°=-£12°30
180° 127301230 =0°0’
187° —12°30
156° —25°30 Direct motion begins,
212° —37°30
225 —40°30
oqg° —40°
270° —33°
300° —23°
332° —]11° Sets in the west
360° 0"

Now we come back to our discussion on the verse VI 1

The Sighra hypotenuse spoken of here 15 EP, when SPor
EM 1s taken to be R when ZPEM 15 a maximum PM is 15

‘sine

It would be seen from the figure that

EPtF’ stn PMKXPM
Rsin PEM

This may again be written as

EP _ PM
stn PMK  smm PEM

This 15 equrvaient to the sine rule for a triangle plane
¢rigonometry Brahmagupta is here seen to be the first person
to give it 10 Indian mathematics This expression reminds us

of the famous relattonship in respect to tniangle ABC

a b _c
sinA sinB snC
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L

Brabkmagupta corrects
Dimensions of the Epicycle of Apsis

Brahmagupta corrects the dimensions of the epicyeles of
apsis of the Sun and Moon by—1/42 nd part and 1/48th parts
respectively, The reference may be made to the following verse
in the Jttara Khandakhadyaka :

The Sun's equations are to be made !ess by dwvikrtam-
sonam (1/42nd) and the Moon’s equations, increased by
vasuvedabhdgayutam (1/48th). Multiply the Sun's equa~
tion a planet’s daily motion in minutes and divide by
the nummber of minutes of a whole drcle and this is
called Bhujantarg correction and applied in the same
way to the planet as the eguation is applied to the Sun?

The Sun's cpicycle of apsis has the dimension 147 in the

Khandabhadyaba proper. With the correction introduced here,

the value becomes 14° {1- 1 } =13 40.
The correction to the Moon's equations would make the

epicycle’s d:mensmn changed from 31° to 31° {1+48} =31938'45".

Prthudaka's commentary further corrects st to 31°(L-+ lsé)=3l°35'

Brahmagupta s correction to Saturn's epicycle of apsis
is—1{5th part and that ta the Sighra epicycle of Mercury 1/16th
part as seen in the verse

Of Mars the apogee (the aphelion point) is to be
increased by 17°, that of Jupiter by 107 : from the
Sighra of Venus 74' are to be subtracted ; Saturn's
equation of apsis should be decreased by its one-fifth
snd the Sighra equation of Mercury should be
increased by one-sixteenth ®

In the Khandakhadyaka proper (I16). we have Been given
the Jongitudes of the apogec of plancts: Mars 11°% Mercury 22°,
Tupiter 1607 Venus 80° and Saturn 240° Now with thesz correcs
t1008 mtrndumd i the tara Khandadhaddyaka in the above

1. FpTo Vel g srciorecll
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vetse, the aphelion pomt of Mars in 499 AD had a longitude
of 110 plus 17=127°, of Jupiter 260 plus 20==170°

According to Newcomb s rule, the longitude of the aphelion
point of Mars mm 499 A D works out to have been 128°28 12
The same according to Conn des Temps rule would be 128°27 51°
Hence Brahmgupta s determinatton of Mars s aphelion 15 correct
within 1°30, and may be, therefore regarded as very satisfactory
According to the Khandakhadvaba proper this value was, as

already said, 110°, while accordmng to the Arvabhapiya 1t was
118°

The same may be said regarding Jupiter s aphelion Accord
ing to the Khandakhadyaka proper the value of 1ts longrtude is
160% according to the Aryadlativa ¢ was 180° accordig to
Conn des Temps rule, it would be 1n 492A D 170°25 and the
value given by Brahmagupta in the Uitara Khandabkadvaka, it
is 170°

We have thus shown by many illustrations the important
corrections introduced by Brahmagupta 1t hus Khandabhadyaka
spectally the (fttara part Brahmagupta was lughly oniginal in his
methods of calculations, accuracies and interpolations He intro
duced new 1deas 1n mathematics He went much ahead Aryabhata
1n many details He so many times did not follow Aryabhata
in calculations In the Khandakhidyaka proper, his treatment
of parallax 1n the caleulatton of solar eclipses 1s different from,
that of Aryabhata The methods followed bere are the same as
propounded by him 1n the Brahmasphutasiddhanta

Senagupta 1s right when he says As has already been
rematked these corrections and nnovations m the rara
Khandabhadyaka paved the way for the acceptance of Ius great
work the Brahmasphuiasiddhanta as a standard work on astrono-
my by the western Indian school of astronomers The directness
of the treatment of topics and the simplicity of E&lﬂlﬂatlﬂm
taupht 10 the Khandakhadyaka made it very neat handbook
for the begmner These two works of Brahmagupta were
perhaps the only Jstronomical works in circulations in western
India when the Arabs conquered Sind early m the eighth century

I On Parallaz—
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(712 AD.) and the new conguerers learnr Indian astronomy and
mathematics from these works as has been observed by Sachau.
Alberunt who came to India early in the 11th centuty of the
Christian era, learnt Indian astronomy chiefly by studying the
Khrandabhadyaka and the Brlat Swwhatad of Varzhamihira, and
both of them with the help of commentary of Bhattotpala.

Refecence

P.C. Sengupta : The Khandakhadsaka, 1934,



CHAFTER VI

Indian Luni-
Solar Astronomy

In this chapter, 1t 1s proposed to give an account of astrono
tnical constants and the equations 1n Indian lunrsolar astronomy
and to present a comparative view of these quantities wirh the
corresponding ones 1t Greek and modern Astronomy  This acco-
unt has keen reproduced fromP C Senguptas Appendix I of
the Khandakhadyaka It has been shown that 1n many cases
the Indian values of these constants are more accurate than the
Greek walues ard 1in Indian lunar asttonomy the equations
or inegualities discovered are the most startling

Solar Astronomy

In solar astronomy the length of the yvear was determined
by Aryebhata' from the heliacal rismngs of some bright star at
the mtervals of 365 and 366 davys

{1) The year according to the Aryabhatiya

9
= 15;;2020530 days=365.258:805 days

=365 da 6hrs 12 mins 29 €4 secs
(2) The same
1 17800
= BRI D days=365.25875 days
=365da § hrs 12 mips 36 secss according to the
Khandabkadyaba, the Saryasiddrinta of Varzha

and the modern Stryvasiddhanta
(3) It 1s
1577916450
e - davs=2365 2584375 days
=365 da 6 hrs 12 omuns 9 sewss according to the

1 P C Sengupta Xryabbata s Methad of determineng the Mean Mouons
of Planees  Bullenin of the Caleutta Mathemaucal Socrety Vol, XII, Ny, 3
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Brahmasphuta Siddhanta of Brahmagupta.
Now the mean sidereal year
=365 da 6 hrs. 9 mins, 93 secs. (Lockyer).
The mean anomalistic year

=365 da. 6 hrs. 13 mins. 49,3 secs, (Lockyer).
The mean tropical year

=365 da. 5 hrs. 48 mins, 46054 secs (Lockyer).

Though we take that Indian year was designed to be the
sidereal year, it approached most closely the anomalistic vear :
and its excess over the sidereal vear was about 3 minutes From
this consideration 1t appears that the Indian astronomers wers
justified in taking the Sun’s apogee to be fized.

Against the error of+3 min. in the Indian sidereal year,
we may pcint out that——

(1) The Hipparchus Ptolemy tropical year
=365 da. 14' 48" in sexagestmal units.?

=365 da 5 hrs 55 min. 12 secs, which has an
error of about46 min.
(2) Meton's stdereal year

== [355-!-%-1* ;‘6} days*
=365 da., & hrs. 18 min. 57 sccs. which has an
error of 49 min, 48 secs, nearly.

(3) The Babylonian sidereal-year was 43 min. too long?
Thus the Indian value of 1t is closer to the true value.
Again 1n 150 AD. the longitude of the Sun's apogec
according to the Conn des Temps was

~101° 13* 15, 17-6189", 03 [190‘} 150

1900150
100

=163 ¥ [
=71% 16* 26*. 37
while Ptolemy states it to be 65° 30’ which was wrong
by—5"30"27":
1. Syntaxis, Kail Manious's edition, Vol 1. p 116,
2 Ibkid, p I43
3 Encyeclopaedia Britannica, History of Astronomy,
4. Syntaxis, Vol L p 149, The Romaka Siddhiinta of the Panca-niddhannka,
VI 2, indicates the Sun™s sapofee © be arlongitude of 75", thic was pers
haps a cortection made by Lagadeva to the Greek constant,
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In 500 A D (Aryabhata s time) the longitude of the Sun's
apogee by the same rule works out to be=77°19 10 44",

Aryabhata states this to be 78° m the Aryabhatiya,
Brahmagupta i the Uttaradhyaya of the Khandabhadyaba states
the same to be 77°, while the Khandakhidyaka gives 1t as=80°
Hence the Indian findings of the longitude of the Sun’s apogee

were niore accyrate
Apain as to the Sun s equations of the centre we find that

the Aryabhativa states the periphery of the Sun's epicycle to be
13°30, The Khandakhadyaka gives it as 14° , while according to
the Indian form Prolemy's value of the same s 15° Hence
according to these writers, the Sun’s equations at 90° of the mean
anomaly are .—
According to the Arvabhafsyva =2 8" 54~
Khandakhadyaka=2" 1' 40"
Brahmagupta=2"7 20"
‘ " Ptolemy=2" 23 3°

The modern value =]1° b5 07°

Thus the Indian equationsof theSun are in general by more
correct than the Greek ones The Indian constants wmn sclar
astronomy are thus, generally more accurate than the Greek

ones  We now turn to the Indian Lunar astronomy
Lunar Astronomy

L T

1y 17

Before discussing the constants in Indian lunar astronomy it
15 Necessary {o state qumethmg s to the time when the Meoon

was observed by our ancient astronomers and thc astronomers
from Aryabhata I (499 AD to Prthudaka Svima (864 A.D)
The months were reckoned from the firse vistbiisty of the crescent
at the time of the Makabharata (1400 B C) We have a pass
age in the Bhismaparva where Vyasa speaks of the evil omens

on the eve of the Kuruksetra war thus—

TR R FEIASEE! SAE |
“That the Moon and the Sun have been both eclipsed on

the 13th days of the light and dark halves of the same month ™

The eclipses could not take place on the 13th days of the
month unless the months were reckoned from the first visibiliey
of the crescent This was the custom In Babylonia and 1t hae

n the Mahomedan world Even in the Pgjicq

t111 survived
;:idhﬂm;ka of Varihamifira { 340 A D) there 15 3 special
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chapter on -39 or the first visibility of the crescent, It is
thus clear that the practice was to observe the Moon when very
near the Sun,

Again  Aryabhata says that ‘@=3wr yEiaTEe,
“the Moon was determined from her conjunctions with the Sun."
The Moon was observed by him at the time of solar eclipses, or
at the time of the first visibility of the ¢rescent,

Even up to the time of Prthodaka, the accuracy in lunar
astronomy was chiefly aimed at the time of eclipses, Thus in
his commentary on the Khandakhadyaba IV. he makes the
following introductory remarks :—

“All knowledge relating to (luni-solar) astronomy is desired
by the wise (or cultured) specially for knowing the right instants
of opposition or conjunction : these instants are, however, not
visible to the eye. Of other things such as tithis, naksatras and
Karanas, as the planets, the Sun and the Moon, are not clearly
observed, their teginnings and ends are not visible. Men sce
the agreement between calculation and observation at the times
of solar and lunar eclipses. Hence the word of the astronomers

is esteermed amongst men even in respect to such things as 1this,

' (i

Thus the chief aim of the ancient Indian astronomers was
to calculate the eclipses accurately and the Moon was obscrved
chiefly at lunar or solar eclipses. though the time for observation
refated also to the filnding of the first visibility of the crescent.
This latter phenomena did not perhaps lead them to darectly
observing the Moon's position at such times by using instruments.

Moon's Mean Motlon

The practice of observing the Moon at the time of the
eclipses alene led to the determinstion of the synodic month

with the following results :~—

(17 Mean synodic month according to the Aryabhaiiya

1577917200
= T 57753336~—4320000

=29,830582 days.

1. wrrEm e et rrafingT B | 3t 9 y=mio g
st Ffeerremmt ey 8w ofitaee@ram Frimrg | oRmras
s rLanRg e Bme graty | aery, Prenfrariy 294 o w0k by |

————days,
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(1) The same according to the Khandnbhadyaba
=24 5305874 days

(212) The same accordmyg to the Brabmg-sphuia siddhanta
=29.530582 days

(1v) The same according to Ptolemy=23 da 31’ 50" & 20"
N sexagesimal unaits==229.5305027 days

The modern value according to Newcomb and Radaw
=20.5305381 days

Hence the Kkheoudahhadyaka mean length appears to be
the closest approximation.

The mean sidereal month must have been deduced from the
mean synodic month and the year adopted Hence no compar:
son need be made of this element here

We will now consider the sidereal perinds the nodes znd
the apogee of the Moon These are shown below -

Becordimgto | B et |Aseendime Nods
Aryabhatiya 3231.98707%2 da 6754 745511 da
Khandakhadyvaka 3231 9876844 da 6794 750634 da
N ama sphufa - S| o 73411 da 6792 25396 da
Prolemy 3232617656 da 6796 45571 da
Modern values (Lockyer) | 3232.37543 da 6793 39108 da

W

Here also the Indian values show a closer approxmmation
¢0 the true values, Brahmaguptas figures representing the

nearest approacin
Other Coastants

So far the Indian values of the constants heve been more
accurate than the Greel ones, but asto the mnchination of the
Moon s orbit the Greek value 1s more accurate than the Indiun

value
Inelination of the lunar oxbit
Indizn value=4"30
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Greek value—=5°)"
Modern mean value=5°8 43 427 (Brown)
This discrepancy confirms the conclusion, that the observa

tion of the Moon was restricted to the time when she was near

a node, either at solar or lunar eclipses, where a small error of
cbservation magnified 1tself into about half a degree

We now turn to the parallaxes of the Sun and the Moon -

;Sﬂn"s Mean Hor ]ﬂfmn'amecm Hor

1 Pgrallax _ l Parallax
Aryabhariya 355" 62 52°30"
Kandakhadyaba 3'56%5 5274273
Ptolemy 2'51" 53'34"
Modern values 0 0’8" 806 57279

As to the Sun s horizontal parallax, the ancients were of
course tatally wrong but in respect to that of the Moon therr
values were farrly approximate

‘We next consider the angular semi-diameters of the Sun
and the Moon These are -

Moon's anl Sun's Mean

Semu diameter Semmchameter
Aryabhaflya 15'45" 16'29" 4
Ehandabhadyaba (Brahma-
sphuta siddhanial 16°0° 22 16°15°
Ptolemy 17'40" 15740°
Modern values 15'33° 60 16°1*8

Here also the Indian values are more accurate than the
Greek values
Moon's Equations. The First Equation,

It remams now to consider the Moon s equations 1n ancient
Indian ostronomy As has been pointed out before, obser-
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vation was up to the time of Brahmagupta. restricted to the time
of eclipses perhaps also of syzygies

The modern form of the Moon's equations 13
=377 sin (nt=2)+13" stn 2(Nt—a)Faisceses

L76' cn [20nt—o)y—(nt—a)]+40° s 2(nt—B8). e s o
where nt=mean Jongitude of the Moon, a the longitude of the

rerigee, f=longitude of the Sun.
Here the first two terms. vize, 377° sm (nt—a) -+

13 sin 2(nt—a), are due to eiliptic motion abour the Earth in one

focus, the term 76' sin  [2(nt—8)—(nt—a)] 1s known as the evecs
tion. We combine a part of the first term with the evection

term and the expression for the equatton of centre becomes
=33 sin (ni—a)+13’ sin 2(nt—a)+.  « w0t 152 510 (nt—4) cos
(6—e)-} 40’ sin 2(nt—0)

Now at syzygies and eclhipses sin (nt—o) and sin 2(nt—3§)
will very nearly vanish. Hence according to moedern astronomy
at the syrygies and eclipses. the chief term of the Moon’'s equa-

tion=301" sin(nt-—a).

This according to the Aryabhajlya
=300’ 15" sin (nt=~c)

Khandakhady aka
=296" stn (nt—a)

Utiara Ihandakbhadyaka
e=301%.7 sin (nt—a)

Brahmasphufanddhanta

1" "

T 293 31* sin {nt—a)
" e Greek ast ronomy
= 300" 15° sin (nt—c)

very neaely.

Hence both the Greek and the ancient Indran astronomers
were very near the true value of the Moon s equation at the syzy-
gies and eclipees Godfray 1 s Lunar Theorys page 107,
obeery os. “the hypotheus of an excenind whose apse has a pro-
¢ressiy ¢ motion as conceived by Hipparchusserved to caleulars
with connderable accuracy (he circumstances of echirwes, and
ok<wry ations of eclipses requ
only ones nluch could be male wich suficicnt exactness to e

ﬂ# accurste walues clebe emficients $75edl &3 IR

1of az* 13 Tt 20" and 3 N7
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Greek value=5°0
Modern mean value=58 43 427 (Brown)

This discrepancy confirms the conclusion that the observa
tion of the Moon was restricted to the time when she was near
a node etther at solar or lunar eclipses. where a small error of
observation magmified 1tself into about half a degree

We now turn to the parallaxes of the Sun and the Moon
lI-MM._-_-—-—.“.I_..—_._____-_--_

|
Stan s Mean Hor lﬁfwn smean Hor

L Parallax | _ Parallax __
Aryvabhahwva 3 55" 62 52 30"
Kandakhadyala 3 56"5 52 42°.3
Ptolemy 251" 53 34°
Modern values ) 0 8" 806 57279

As to the Sun s horrrontal parallax the ancients were of
cotrrse totally wrong but in respect to that of the Moon their

values were farrly approuimate

We next consider the angular semu-diameters of the Sun
and the Moon These are

I Moons AMean , Sun s Mean
Semt drameler Sermdiameter

Arvabhaliya 15 45" 16 29" 4
Khandabhildyiaka (Brahma

sphuta ssddhantal 160" 22 156 15°
Prolemy 17 40° 15 40*
Modern values 15 33% 60 1618

Here also the Indian values are more accurate than the

(Greek values
Moon’s Equaticns. The First Equation.

It remans now to consider the Moon s equations 1n ancient
Indian astronomy As has been pomnted out before obser
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vation was up to the time of Brahta gupta, restricted to the time
of eclipses perhaps also of syzygies

The modern form of the Moon's equations 1s
=377 sin (ni-2)+13’ sin 2(nt-a)+....... .

+ 76" sin [2{nt—8)—(nt—a}]+40 s 2(mE—0)riereerersen o2
where nt=mean longitude of the Moon, « the Jongutude of the

rerigee, 8=longitude of tte Sun,

Here the first two tetms wviz., 377" smn (nt—a) +
13" sin 2(nt—a), are dve to elliptic motion abour the Earth in rne
focus, the term 76" sin [2(nt—8)=—(nt—a)] 1s known as the evec-
tion. We combine a part of the first term with the evection
term and the exptession for the equation of ceentre becomes
=3)1" sin (nt—a)+13’ s 2(nt—ad4-. wve e +152 sin (nt—0) cos
(6—a)-+40" s1n 2(nt—46)

Now at syzypies and eclipses sin (nt—0) and sin 2(nt—8)
will very nearly vanish. Hence according to modern astronomy
at the syzygies and eclipses the chief term of the Moon's equa-
t1on=301" stn(nt—a).

This according to the Arvabhativa
=300" 15" sin (nt—a)

“ " Khandabladvaka

=200"  sin (nt—a)
- Uttara Khandakhady aba

=301".7 sin (nt—a)
4 " Brahmasphutasidd banta

=293" 31* sin (n1—a)
“ - Greek astronomy

=300 15* sin (nt—a)
very nearly.
BHence both the Greek and the ancient Indian astronomers

were very near the true value of the Moon's equation at the Syzy-
Eles and E;;llpggs_ Gﬂdfl‘ﬂj i his Lunar Theur}f, page 107.
observes. ‘' the hypothesis of an excentric, whose apse has g pro-
gressive motion as conceived by Hipparchusserved to caleylate
wrth considerable accuracy the circumstances of eclipses, and

aobservations of eclipses, requining no instruments, were then the
only ones which could be made with suffcient eXACLNESS 20 tosk

1 The accurate values of the coefficients appeat to

be 377 10"
12* 57”11, 76’ 26" and 35' 30°, T7' 157 06,
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the truth or fallacy of the supposition.™ We next consider the
second inequality of the Moon, ‘

. Moon’s Second Inequalily or Equation

In ancient times it was Prolemy who first really found a2

second inequality of the Moon. According to Godfray {Lunar
Theory, p. 107) “by dint of careful comparison of olservations
he {Ptolemy) found that the value of this second inequaliry in
guadratvure was always proportional to that of the first in the
same place, and was additive or subtractive according as the first
was sa; and thus, when the first inequality was at its maximum or
5°1% the second increased it to 7° 40" which was the case when
the apse Iine happened to be in syrygy at the same time,"

It is well known that though Prolemy discavered the second
ineguality 1in the Mcon's motion he wasnot able to  ascertain its
truz nature, [His corrections in this case are true when at the
quadrature the Moon's apse line passes through the Sun or itis
at right angles to the line joining the Earth and the Sun! In
the general case his construction does soe lead to  the elegant
form of the evection term as we know it now, nor does it lead
to the nice form in which it was given by later Indian astrono-
mers from the time of Matila {or Munjsla, 854 Saka era=032

ADJ).

As has already been pointed out, the early Indian astrono-
mers from Aryabhata to Brakmagupta aimmed at accuracy in
lunar caleulation only for the eclipses and syzygies, and did not
interest themselves about the Moon’s Jongitude at the quadra-
tures- Hence this second ineguality is absent in the works of
these makers of Indian astronomy, as also in the Pre-Ptolemaic
Greek astronomy. This points to the conclusion that in both
the earlier Indion and Greek systems of astronomy. the modes of
ohsorvation of the Moon were copied from an earlier system of
astronomy whether Babyloman or Chasldean. Even in the
Bomaba & vddhanta of the Pailcasiddbantiba, there is no mention
of evection.t Thus mnspite of the transmission of 2 vague system
of Greck astronomy, Indian astronomy as developed by Arya-
bhata and Brahmagupta must be regarded as independent and

1. Godfray's Lunar Theery, pp. 103-110.
2 Yide the Summaryin PC. Seagupta’s aper, "Aryabhaya the Facher

of Indian Epteyelic Astronomy.” dJournal of the Depariment of letters, wol.
XV Caleucta Unuversity Press,
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original not only from this but also from other considerations
It sought to correct the constants as were obtamned from tke
Babylonian and the Greek systems as has in some cases been
shown already.

Manjula's Second Equation of the Moon (932 A.D )

We now take vp in detay]l Malijulas second equation of

Moon Tt 1s however, hecessary to say something about his first
meguality

This s given 10 the form

A8
S G
6t 150 €08 {(nt—na")

o here nt stands for the Moon s mean lengitude e®~-that of the
apogee

Hence when nt—a'=90" the equation = %iﬁ" =54 =304
show1ng an excess of 4 over the modern value

It 15 further necessary to modify the expression for
the Moons modern form of the eguation by chang

img e to 180°+e¢  as i ancient Indian astronomy anomaly
15 measured not {from the penigee but from the apogee
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‘ As_tn the positive or negative character of the “sine® and
the “cosine” he gives the nile:—

The mean planet diminished by its ucea, the apoges:
aphelion or the Sighra, is called Kendra or mean
anomaly; its “sine™ from abave sit signs (180°) arises
from half cireles and are respectively positive or
negative, and its “cosine™ in different quadrants are

rpxpicﬁvely positive, nepative, negatives, and posi-
tive.

The convention tollowed s that the “sine" is negative from
D° to 180° and positive from 180° to 360° of the arc and that the
cosine is positive betwen 0° and 90° nepative between 90° and
270° and positive between 270° and 360°,

We may now symbolicafly express Matijula's second ineg-
uality thus:-

— (137 11*' 35— 11 % & B’ cos {0 —a) X B® 8 sin (D —§) where
D stands for the Moon as corrected by the 1st equation: we leave
out the correction to the Moon's daily motiopn as given n the

stanzas quoted above,

The moon's new equation comes out to be
= —143'538" ¢cos (8=a) 5sin (D—5).

This. it will be seen. is exactly the modern form of the
evection as combined with & part of the equaton of apsis shown
be'ore. The difference in the main is that Mafjula's constant
is 144", a guantity less by 8" In form the eguation 15 most perfect,
2t 15 Far supenior to Ptolemy's, it 15 gbove all praise. It is from
this inequality. we trust. that Mafijula should have an abiding °
place 1n the history of astronomy. The next writer who gives
the second equation 1s Sripat: (1028 A.D.).

éripnti’ﬂ Second Inequality of the Moon

The following stanzas from Sripati's Siddhanta Sekhara, it is
sa1d. were communmicated to Sengupta by Pandit Babua Misra.
Though they are probably not very correct still the general
meanmg 1s clear. They carry the following sense :

“From the Moon's apogee subtract 90% diminish the
Sun by the remainder left; take the *'sine” of the

1. T%: @G i ORE 31 5
T TN Siieaet) geiTer 1)
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result, multiply 1t by 160" and divnide by the radius
the result 1s called caraphala  Pot it down in another
place, multiply 1t by fara(te. R vers (D —e) or versed
sine of the Moon s distance from the apogee) and
divide by the difference between th> Moons distance
(hypotenuse) and the radius the resultis called parama
(caral phala which 1ste bz considered positive of
negative accordmg as the hypotenuse put down 1in
another place 15 less or greater than the radins  Muln
ply the sine of the Moon which has been dimmnished
by the apparent Sun by the apparent paramaphala and
divide by the radius the final result 15 to be called
caraphala to be applied to Moon negatively or post

tively as the Moon minus the Sun and the Sun munu.
the Moon s apogee (diminished by 90°) be of opposite
S1ET1S if thesa latter quantities be of the same #1 gns the
nRew equation should be applied 1 the inverse order by
those who want to make the calculatton of the appa-

tent Moon agree with observation ?
Symboliecally —

160" R Em[i; (a— gﬁg-}-]ﬂcamvh ala
T 160" R sin {§— {a— 9‘0“}]K R vers {(D—a)
B H—~R
= paramaphala according as H>or<R
The new equation

=1 R smjgﬁ:ﬂ x paramr:!p‘mf-:z

-___"_—-
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160' R sin {0 —(«-80°)] R vers (D-a) % R sin (D-6)

R(H—R)xXR
:;:160' R cos(8-a) X R sin(D B) R vers (D-u)?
EXR T H-B

This equation 15 a shightly modified one but practically the
same 11 ‘orm as that of Mafijula, except that the constant here
1s 160" greater than his by 16 The constant s 160 also
Candra$ekhara’s form as we shall see later on 'We next cons
der the Moon s megualities as given by Bhiskara Il in his Bijo-
panaya ® aspecial work on these mequalities composed m the
wsaka year 1074 (=1152A D ) two years after he had composed

the Siddhanta Siroman:
Bhaskara IT ou Moon’s Inequalities

His preliminary statement runs thus —

112/ postive or negative representing the maximum
difference have been found by me in the daily obser
ved Moon (as calculated and as observed) at that
point of the ecliptic where the arc from the tadamba
(1 e 1ts pole) passing through the zenith cuts 1t.?

Thus for observing the Moon ke selected the nonagesimal
as the suitable point where the uncertainty about her parallax 1s
~ero and found F112’ of arc to be the maximum difference bet-

ween her calculated and observed piaces

Mallabbatta verhaps a contemporary of Bhaskara II
ascribed this difference to a supposed Sighrocca of the Moon
Bhzskara 1n stanzas O 13, refutes the exsstence of the Sighra 1n
the case of the Moon the substance of his argument
begins (13 that 1e 15 against the teaching of the S@rye siddhanta
and other accepted authorities {11} that chere 15 no variation
of the apparent angular diameter of the Moon corresponding to
this alleged Sighra and () that planets having a Sighra have
retrograde motion swhich 1s never the case with the Moon.

L S P o S

*There 13 some uncertzinty about this pew fraction introduced by
Snipati

1 e Bl st T vpi s g )
g AT AN SR SR SR 1l

— B jopanaya stapza B
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The 10250ns for his pew equationsare stated as follows—

When the Moon 15 situated at & quadrant ahead of
the apogee and with the Sun 2t half a quadrant ahead
of her the mazimum discrepancy (of 112 ) 1s seen1n the
negative character

When the Moon 15 situated 2t three quadrants ahead
of the apogee and with the Sun athalf a quadrant
behind her the maxmmum discrepancy (of 112 ) 15 seen
in the positive character

When the echipses of the Sun and the Moon take
place 2t the apogee or the perigee of the Moon the
Moan as corrected by the equationof apsis 1sseen to be
without any new correction called bija

When the eclipses of the Sun and the Moon take
place at the ends of the odd quadrants of the Moon s
anomaly (measured from the apogee) the discrepancy
1s seen to be less by 34

When the Moon 15 at the apogee whether the Sun be
ahead or behind her by half a quadrant. the discre-
pancy amounts to be 34

The same discrepancy of 34 15 observed when the

Moon 1s at the perigee and the Sun s ahead or behind
her by the same distance

Thus by znalysis and synthesis and by repeated obser
vations thrs vanable correction has been devised by
me let it be sertously considered by the learned ®
Bhaskara hete speaks of stx cases and we consider them one
after another —
‘The Moon ¢ equattons as modified to suit siddhanias are

given by
—501 sin (nt—a)+13 sin 2{nt—a)

--154? Almn {ﬂt"B} COS (ﬂ‘—ﬂ)—-{o S1n Efut—ﬂ)-j-.
Accordng to Bhiuskara s Siddhanta  firomams  the Mood s
equation of apsis

31° 36
= —575 ¥ 3433 sin (nt—a)

=-301 46" 8 sin (nt—u)
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this agrees well with the correspending term of the modern

equation. As Bhaskara takes 1n all the six cases nt—a=9.°,
[ o

270°, 0" or 180°% the second term of the equation of apsis

vanishes

Case ]
nt—a=00° nt— f===45°, f—a==]135°
Here the total equation of the Moon
=—301’'—(76’+40')=—301"—116
This fairly agrees with Bhiaskara s observation. the difference
being only of 4°
Case I
nt—a=270° nt—8=45°, f—a==225",
the total equation of the Moon
=301'+76'+40"=301"}+ 116"
This also agrees with Bhiaskara s ol servation

Case [IT
nt—a=0° or 180° nt —@=0" or 180°% ¢—o==0° or 180%
the total equation=0" this also agrees with Bhaskara s

observation

Case IV,
nt—a=90" or 270°% nt—&=0° or 180° g—a=G60° or 270°

1 SERIATIREE, IRT w@iza
wd FETY mOad gy 20 U

T T TR DT W a |
wti S=aTE @ Tad gWmaT n 21 0

X3@ 9 R W mueoE 9% |
TECTRTE)  felaees g i 22 1

ST WRITEIEUET =6 4%
33T T 39 g e e 1 23 1

Y o geal s G eZiE

AEaEy <A waryEaT 24 1
vy welageasl ama wEdw oo
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the total equation= ==301’. This does ot agree with Bhas-
kara’s statement that the total equation
=z=(301'==78").
Case V.
ni-—a=0, ﬂt—ﬂ=$45¢1 ﬂ‘-ﬂﬂﬁ:‘i5ui-
the total equation
=('—76 -} 40’ =—36* ot O/ -+76'—40"= 136",
This fairly agrees with Bhaskara's observation.

Case VI

Ht— =IBﬂﬂ1 ﬂt_ﬂ =i‘15c}| E_ﬂ=180ﬂ3345¢
the total equation

= +76"+40'=0"-$116" or 0—76-+40'=0"—30".
This does not agree with Bhaskara’s statement,

Bhiskara then states his first system of 24 equations COrres—
sonding to 24 sines in & quadrant to be 6% 13" 21", 27" 33° 39°.45",
51%, 56', 61', 654 68', 70', 7o, 4%, 75", 75, 76 760 TN T 8% 78
782

These equations. he says—"are negatively added to the
equation ot apsis when that 1 negative and posttively added to
the same when that 1s positive”. In other words his new equar
vions are complements of the equation of apsis, the two together

betng represented by
—1301’ 45°. & sin (nt—a)—78 sin (nt—a)

1 . by—379" 46". 8 sin (nt—a).

Hence next states his second set of equations depending on
g—D, to be 6,97 13, 17*. 22°, 24% 27', 30° 32°, 33/, 34% 34" 34', 33"
211, 29°, 26', 24", 20" 16% 11, 8" 3% 0™ and says:
wwe in the odd guadrants of the
ther quadrants.®”

nt 1s 15% the equation 15 177,

vThese minuteés are negat
argutnent and are positive 1IN0
When the value of the argume

" b 45: T 3‘; *r
: . * gg - [}"
el — -
1. Bijepanaya, 2625,
2 n-ﬂqﬁ ﬂ-a m !

ﬁwm‘aﬂ' Eratll 28 |

a  PBijopanaya S9-3% ]
4 o lmiﬁ'ﬂﬁﬂ‘ﬂﬂwm“fﬂ‘ﬁ: |
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Hence the new equation=—34" sin 2 (90— D).
=34’ sin 2 (D—@).

Here the symbol D stands for the Moon as corrected by the
ancient Indian equation of apsis and its complement as  given by
Bhiskara. It isreadily seen that Bhaskara is ¢he ficst of all the
indian astronomers to detect the equation known as “Variation™
His constant, 34" is less than the modern value by about 6, and
cannot be considercd as a serious error.

We now see that the sum-total of the Moon's egquation as
given dy Bhiskara

= —379" 45”8 sin (nt—a)+34* sin 2(D-0).
tlic evection term being totally absent. This is a serious
defect, and Bhiskara's new equations would make the Moon
generally more incorrect at the syzygies and eclipses than what
the ancient Indian equation of apsis would do.

Perhaps late in life when he was 69 years old in 11035 of
Saka era (==1183 A.ID.) he discovered the inapplicability of his
new cquations at the times of eclipses and 1n his Kgrana-kuin-
hala he altogether omitted these new equations which he had
given in his Bsyjopanaya.

As to Bhaskara's second inequaliry which js really the com-
plement of the eguation of apsis without the evection term, it is
far inferior to that of Matijula and of Sr}pati: as we have seen
their form of the second inequality combines the complement of
the equation of apsis and evection in the mathematically cor-
rect form. For the discovery of such a form of the equation as
of these authors. very patient, careful and frequent observation
must have been coupled with very careful and nice comparison

af observed facts.
As to “variation” it was first discovered by Abul-Wefz in

076 A.DI!which was gquite forgotten when Tycho-Brahe redis-
covered 1t in 1580 A2 Hence Bhigskacas fn 1152 A.D., cedic
covered it it India four centu ries before Tycho.

Candraehbara of Orissa on the Moon"s Inequalities

In connection with lunar mmequalities 1t 1s nesefsary here
to record what were the eguations discovered or verified by
M.M. Candratekhara Simha of Or1ss3 in the Iater half of the

1ast century. He was educated in the orthodox Sanskr:t fashuon

1, Gﬁf:y's Tunagy Theory, . 114,
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and had no acquamtance with English education His work
Siddhdnta darpana was edited by Prof Jogeschandra Ray, late of
the Cuttack College, in 18691 Candradekhara in his wotk gives
four equations of the Mcecon which are -

(1) The equation of apsis

(2} The Tungiantra equation or the complement of the
equation of apsis 1n combination with evection

(3} The fortnightly equation or variation

(4) The Drramsa equation or the arnual equation 1 e L
of the Sun’s equation}

(5) The first equation 13 of the form
_[31° 30°—30" cos (nt—a))3438 Xsin (nt— o)
360°
==300 49"5 sin (nzt—a)+-4 46" 5 smn (nf—) cos (né—=)
=300 49° 3(sin nt-e)+2"' 23725 sin 2 (nt—0)

It 1s seen that Candradekhara wanted to correct the equa-
tion of apsis to the second order of small guantities as in all the
Indian authors from Brahmagupta but Candrasekharas form is
correct though his contant 1s wrong

(2) His second equation 1s of the form

160" x 3438 stnle—(6 +90°)] 3438 sin{D~—9)
3438 3438

MD-DH s appt dairly motion®
— Moon s meéan motion

—=-160" cos (—2) sin (D—48)
Moon's appt. daily motion
Moon's daily mean motion

Here the constant 1s the same as that of Srlpati discussed

before The symbol tte Moon as corrected by the
equation of apsis It mread:lf seen that the constant of the

first term of the equation of apsis 13 increased by 80 and that
the constant of evection 1s taken at&) Tn both the cases the

error 15 ahout+4

(3) Candradekhara's thuird equation or Variation

_ 3438 srgﬂ?—(ﬂ 9 =33 12° 510 2(D ~ p) 3

1 5 idhanta-darpana, V 1X-114
= 1ibd V] 79 a
3 S ddiaata-darpana VI 311 1%
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where D means the Moon as corrected by the Jst and the 2nd
equations Here the constant 1s wrong by —1' 15°

(4) His fourth equation or the annual equation
==+ of the Sun s equation of apsis,’

=i—1-><-12>{34385m (Suns distance from the

10 360

apogee)

=+11] 277 6 stn (Sun sdistance from the apogce)

The modern value of the constant 1s 13" 10" Tycho found
1t to be 4 30" Horrocks' (1639) co eficient was 11° 51"

As CandraSekhara was aware of Bhaskara's Bijopanasa as
also of the work of Sripati, his merit here lies in the discovery
of the annual eguation and correction to the constant of

vatriation

Thus we hav e seen that so far as the lunisolar astronomy
15 concerned Indian astronomy 1sindependent of Greek astronomy
in respect of astronomical constants that Indian asgonomy 1s
generally more accurate than Greek astronomy and that Indian
astronomers were not mere calculators 2 There were observers
who venfied and corrected the old astronomical constants as
they came down from Aryabbhata and Brahmagupta. who also
found mdependently all the principal equations of the Moon

3 S1d:ih5n:a darpana VI, 13
2 GR Kaye Hwndu Astronomy p £

Reference

PC Sengupta The Khandakhadyaka 1934

Farl Manttiussedition  Syntats
Godiray Lunar Theory
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Greek and Hindu
Methods in Spherical Astronomy

Here we shall reproduce from Sengupta’s paper a compa-
rative account of the Greek and ancilent Indian methods 1n
Spherical Astronomy and to bring out the independence of the
Indian Astronomers on this sub ect The views on this subvect
would necessarily differ from those of many Europzan scholars
suck as Colebrooke and Bentley (early 19th century) to Kaye
(early 20th century) Kaye wrote as follows in the dournal of
Asiatic Socrety of Bengal 1919 No 3

The methods by which (the rules) were obtained are
buried 1n obscurity Braunmuhl' hasstated “that the
Indians were the first to utilise the method of pro ec
tion m the Analemma of Ptolemy ' It 15 intended to
present the Hindu methods as clearly as possible and
to show that Braunmitthl has not done sufficient justice
to the Indian astronomers

As to Kaye, we shall show that his remark quoted above
15 due to the facr that he had to rely mostly on the English tran-
slation of the Saryvas:ddhanta of Burgess. and perhaps he had no

access to the works of Bhiskara 11 (1150 A D ). who was the first
to explam the ancient Indian methods clearly

Greek and Hindu Methods 1o Spherical As{ronomy

Of the Greek methods n Spherical Astronomy, the
history begins with elementary principles only from Euehid (300
BC) EveninTheodosius Sphaerica® (about 153 B C) * there
ts nothing that ¢an be called trigonometrical ™ Heath again says

1 Heath Greek Maibematics Vol ILp 290 Boaunmukl, Gesclichre oy
Trgonometrse pp 35842,
& Heath Greek Mathemencs, Vol 11, p 230,
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“the early spheric did not deal with the geometry of the sphere as
such, stall less did it contain anything of the nature of the spheri-
cal trigonotnetry. (This deficiency was afterwards made good by
Menelaus’s Sphaerica).t Hence the Greek spherical trigonometry
began with Menelaus (90 A.D ). His theorem in geometry is
well-known—"I{ the sides of a plane triangle be cut by a trans-
versal into six gsegments. the continued product of any three
alternate segments, 1 equal to the continued product of the
rematning three." From this proposition he deduced the so-
called “regula sex quantitatum or the theorem. if the sides of 2
spherical trrangle be cut by an arc of a grest circle into six
sefments. the continued product of the chords of the doubles of
any three alternate segments is equal to the continuved product
of the chords of doubles of the remaining three segments ™ In
plane geometry if the sides BC, CA, AB of 2 triangle be cut by
any transversal at L, M, N, respectively, L

then we have

BL CM AN_, N
LC*"MA " NB
In spherics the theorem is ¢ C N

Chord 2 BL. Chord 2 CM
Chord 2 LC * Chord 2 MA °
Chord 2 AN __ B
- Chord 2 NB
Both these theorems are proved in A
Ptolemy's Syntaxis ( Karl Manitius’s eds- Fig. 5
t1on, Vol I, pp. 45-51).
if R be the radius of the sphere on which the spherical
triangle ABC 1s constructed, then the chord of the arc 2 BL=
2 R sin BL Hence Menelaus's theorem in spherics may be expres-

sed as follows,

Sm BL SmmCM  Sin &N_,
SmLC"® Sin MA " Sin NB
This theorem 15 true for any spherical triangle
If /B=AN=AM=90° and L the pole of AR, then LMN
15 a secondary to the arc AB. There are four ares of great
circles, taking any three as forming a spherical triangle and the

fourth as the transversal we readily get for the night-angled

1. A.A. Bjornbo, * Studien Uber Aenclacs’ Spharik ' 1n Abhandlun-
gen 2ur Geschichte der Mathemanschen Wi<senchalren for 1002, pp. &9 2t
seq , also Heath, Greek Mathematics, vol. 11 p, 261-73,



GREEK METHODS IN SPHERICAL ASTRONOMY 127

triangle ABC the relations —=
(1) sin ¢=sm bsin A
(1) s;n c=tangcot A
(i1} cos b==cos a cos ¢
(iv) tanc=tan bcos A

The above are some of the Namer s rules for a right angled
spherical triangle deducible from Menelauss theorem® They
are generally sufficient 1o the case of such tmangles In any
spherical triangle however this theorem of Menelaus does not
in any single step lead to any of the equivalents of the time
altitude or altazimuth equations tn spherical astronomy The
ancient Indian methods thovgh none of them are =5 highly
fitisked as Menelauss theorem yet are not less powearfol in
tackling the problems that arise 11 astronomy 1n connection
with the apparent diurnal motion of the heavens The Greek
or Ptolemarc method presents nn further points of mterest except
inits application We now proceed to 1llustrate the ancient

Indian methods and shall refer to the Piplemaic method as
OCCasion arises

Ancient Indian Methods
n Spherical Astronomy

In the Indiant methods there 1s no general rule to follow
It 15 by properties of stmilar right-angled triangles that a farly
complete set of accurate formulze are obtained These right
angled plane triangles are classified under the names — Kreanta
ksetras (triangles of declination} and Aksa ksetras {triangles of
latitude) We consider the following problems —

Problem To find the time of rising on the equator ofa

fength [ of arc of the ecliptic measured from the
first point pf Artes

Let » be the obliguity of the ecliptic and R, A the night
ascens on corresponding to the loagitude { and 3§ the correspond
ing declinatton  The Ind:an form of the egquation 13

1 Thiee mo ¢ can be deduced sum 1a ty pamely

v} snc=snbsnn O
(vYsna aanc¢ccotC
{vi} tana=cos Ctan b



128 GRIEER AND HINDU METHODS

X
*RsnR A= R 51%1&}51;111:!' where R 15 the radius of

the sphere
Note — If R be the radius of the circle of reference the
Indian trigonometrical functions for the are #, are
(1) the "sine,’ (2) the *¢osine and (3} the versed
sine They are respectively equal t3 Rsmm 4,

Rcos 0 and R vers #

In the adjoming figure O 15 P
the centre of the armillary
sphere, YO YO are quadrants of
the equator and the echptic
respectively P s the celestial
pole PCO the summer solsti-
t1al colure  Jomn OY, OQ OF
and OC

Let ¥YS be=I, YM=RA,
CO=/SYM=—wu SM=$5

Join 05, OM PSM 15 the
secondary to the equator Fig 6

From € draw CK perpendicular to O3 From 5 dtaw Sm
and Sn perpendicuiar to OM and OV, respectively Join MN

and from M draw MN perpendicular to OY

Then the triangles Smn and CKO are similar  They are
called ‘Kranti-ksetras® or dechnation triangles,~similar right-
angled triangles having one acute angle=w.

Sm Sn=(0CK 0OC
or Rsind Rsmmi=Rsine R

R sn EEB-E%LM . o (1)

The Aryabhativa Gele 23 Varobamihira in tbe Pahicanddhantita

(1V 92) sratesat in the form IR o /(R¥ §p 2))—RZ Sin %
' 2R cos b

=RSm RA which 18 evident from the figure Brabmaguptas
equation 15 identeal wieh that of Aryabhata (BripS: 1L 15 STUrya siddhanta

111 <40-11
Alsp Bhaskarq I1 Grahaganita cap VIII stan-ax 54 55 1s 1n pgreement

with Varihamshira's forms
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Greek Method

In the same figure® let PSC be the triangle and YMQ be
the transversal Then Menelaus's theorem gives

810 PM 51N S? sin CO -1
sn M5 - sin 7G> sin sin QP

1 sn! |, sine
or SN X 1 T 1 =1
or sin de=smn [Xsin &
Indian Method

Agan by the Indian method from the same twe sim
lar triangles we get

mn nS=0K QC
gr., mn Rsinl=Rcos» R

Rsin IXR cos »
o
Arain MN mn=0M Om

1ec, RsmR A mn=HE Rcosé

R sinlxXR cos o
Resn R A o= R coc s

Greek Method
Take POQM for the triangle and ¥5C for the transversal

sin PC_ sn QF sin MS_
Then, sm CQ sin¥M” s SP 1

oS 1 o 510 8 S ]
un & stn RJ'L cos &

or sin RA=tand cot &

The Indian form of the equation s different from that of
Molemy s, It s also better for the purpose of calculation

Note —From the sime two smlir tnangles we have
On ON=RemdE R

On Rm[-m&y_cm . (3)

or

Tmn
Agan tan R.A, = on

Rani=h oo
“TRxRcal (4)

Apzn mn Sme=QN KC
1 "hlum o3 E..! conof Sratasz 1,51 7,
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1 0
o mﬂ:=R S1NS ‘:f:R COS

Rs.tlr:q;}

. . _ . R R sind X R cosw

. Rsin R. A, Hmn}{mn Rcﬂsﬁmeamm {3)
Probven IT -—

Sidereal Time-intervals
Indiany Method

The problem discussed above provides the method of find-
ing the sidereal time-intervals in which the signs of th: zodirc
rise on the equator. To find the corresponding times at any
latitude @, it is necessary te calculate and apply what s the
ascensional difference due to the elevation of the celestial pole.
This ascensional difference is called ‘carakals’ or the variation in
the length of half the day. The 'sine’ of this ‘carabala® 1s called
‘carayya.’ It ck denotes this ‘carakala

4 _RsingXRsin §XR
thﬂﬂ: R. -SHI EJ!‘ R_Eﬂﬁ- ¢HR¢Q3 5

Just as 1n the solution of the previovns problem. the dec-
Unational triangles or 'Krdnti Kietras' were constructed and
used. so in the solution of this and other problems another set
of stimilar triangles were conceived and constructed and were
given the namec “Aksa ksetras?

Let NPZH bethe mers-
dian (Fi1g 7). NOH the north-
south Iine passing through
the observer O P the celestial
pole, OQ) the trace of the
cquator on the mendian
plane, Z the =enith. Join OZ,
From Q draw QM perpends-
cular to OZ, Then the
triangle QOM 15 an ‘Absa
kietra’ or a lataitudinal right-
angled triangle. as ZQ0M=
& the Jatitude of the station Fig 7
Another 'Aksakicira 1s thus

conceived, 1n the same figure, let P, P° be the notth and
south celestial poles, N, the north point. AB A’B" the dwurnni

1. dryatissira, Gola, 24 Palra-siddhantids, IV, 3 Brabmarshufzrnddbants,
11, 57.53, SUrpa-siddhants, 11, 91, Gratkagomita, VILL 4317

» Fhxskars. Calsdhyara ( Wilkinsen and Rapodevs Saeen™s 02, ) BT, 173 76
also, FEXskar, Grataganiya, Ch 1X. 13-17,
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arcleof a heavenly body with dechnation & NEHW the
horizon PEP W the six O clock circle Here AA’ the Line of
imntersection of the diurnal circle with the horroni1s called the
‘udayasta stitra * {or the thread joning the rising and sething
pomnts) SS' the line of interesection of the drurnal circle and
the six o” clock circle 1s the horirontal diameter of the diurnal
circle  From S draw SK and SL perpendiculars respectively to

AA' and EW Join KL

Now since PN=¢ the latitude of the station in the small
night angled triangle KLS the / KLS 15 also=¢

SK SL=0M MO
SLxOM RsméXRsindg
ot Sk~ MC? T Rcos 9
Now SK2:5 2 “sune i thesmall carele AB A'B' of whieh
the radius 1s R cosd thas sine reduced ta the eguator{radus R)
15 the sine of cara
R sin ch=R sin EPA

_Rsm §XR an ¢ xR
R cosPXcos

Greek AMethod
Let? the nre PA be produ.ed to meet the egquator at C

Take PCQ {or the triangle and EAN for the transversal Then

we get
SN Pﬁ St CE mn QN —1
51T A.C sin E¢) sm NP
cos &, st CE cos 3P
of sin 5 —1 $1n ¢
SN § Xsin &

an CE=:n tﬁﬂm ¢ = CC;E 5

Note—~The perpendicular distance between AA" and Ew 15
called the sire of (he zmplhitede or the Agra which 15 thus

calculated —
KI, L.5=00 OM
‘R san amplitude= Agra =KL
_L5xQ0 _Rsind xR
OM R cos ¢

!t wnow evident that the ancient Tndian methed 15 & iflerent

}! I_ll_lﬁmk:n lfﬁfg 39 b -
15 14 calle ihe name Dniyd OF #5123 @ 2 anek
Oola 26 Brabmagupta IL 57 SUrya-niddhanig 1l I‘Elr::;mt Aryabhaga
2 Mampus,ibd, p 84
4. Aryabhata Gola 30 et
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from the Greek method in this case also, As the triangle XLS
is difficult to show in the diagram. it is shown in its projection on
the meridian plane in DBurgess's translation of the “Sarya-
siddhanta.”"(page 232)and also in Wilkinson and Bapudeva Sastri's
translation of the ‘Siddhanta Siromani” p. 175. This has Ied
Brauvnmuhl to assume that the Indian method of arriving at the
equation of ascensional difference and some other equationg of
spherical astronomy has its origin in the Analemma of Ptolemy.
A careful study, however, does not justify the identificahon of
Indian methods with the graphic method of the Analemma,
which is deduced from the projections of the position of z heav-
enly body on the meridian prime vertical and the hordzon. It is
being presently shown that what was done out of diffculty in
drawing the figures properly has bezn taken by Braunmuhl asa
Greek connection.

Problem II1I* :—

r

To find tle “Time-sltitude’™ Equation

If from any point S on the diumal circle a perpendicular
be drawn to the Udyasta-Sutra spoken of before, this perpendi-

cular is called the cheda or “sstahrii. The perpendicular from S
on the horizon s called ‘Sanku? the sine of the altitude, The

line joining the foot of the *Sanku' and that of the perpendicular
on the ‘Udavasta-Sttra’ goes by the name of ‘Sankutala® and this
Sanbutalalies to thesouth of the "Udavasta-Satra’ during the day.

In t his figure (Fig 8) if AA’ be the *Udayasta-Sotra’ or the
intersection of the divrnal circle and the horizon, and S a point
on the diurpal circle denoting a position of the Sun. SK. SL
perpendiculars on AA’ and the horizon respectively: SL is called
the ‘Sanku.’ SK the ‘cheda” and LX, the ‘Sanbutala’. In this
triangle KSL. the angle KSL was recogaised to be the {atitude of

the station.

Thus the triangle SKL is not taken in its projection on the
meridian plane. The side SK is taken as formed of two parts,

1. Aryathata could not arnive at the true equation, Cf Geolz 28, The comrece
rules occur in PavicasiddRansika, IV, 42, 3, Brahmasphupanddhanta, LI
26-35, 2640 ; SWryasiddianea, 11, MH-35.

2 Bhiskarz says : RESITEIR I | IRm e v g
“Gola, VIIE-33-11, Aryathaga uses the cemm yrppanst? Gola, 29.
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Let CC? be thedine of mter-
secteon of the diurnal ¢ircle
and the *six o'clock *carcle
EPW. Let SK cut CC’ In
M Then

SK=SM-+MK

Here SM, the ‘sine'in
the diurnal cirele of the
complement of the hour angle
15 given a distinct name
‘Kala' and MK as explained
. Fig 8 tefore 1s known by the name
RKupsa * This ‘Kala 1s construeted from the pornt S in the diurnal
circle  Thus the triangles Iike SKL were not taken in ther
projections on the menidian plane as Braunmuh! would suggest.

From the triangle KSK, we get
‘Cheda’ ‘Sunku'=R R cos ¢ where $ 13 the lantude of the
obscrver,
‘Sanku 1s here ':rRR cos Z. Z bemng fhe Sun‘'s zench distance.
’ . cos ZxR
cheda'= R cos &
Now ‘Cheda’=radius of the diurmal caircled Kujy a—versed

sine of the hour-angle 1n the diuenal cirefe O B+ 0’ V—BR,
RaunixRund Rverr HXR cosd
=R cos 3+ == ovd =R
- - .
As in the previous problrm RH.FMHSL-E—&?E ;;RJHL?

Reos ZXR_Reosd§ n  RunIXRang
ot Recose R { Reon ¢

2
thmI“RwHH]

The atore eguation simphibiad becomes

cos oaggnd sin ¢+ cos 3 cos $ cot H

In this connectiont we conyder the altazimuch equation by
the Indian method

i Fomsiary e Grathagse t VL 33 '
O tethe e g roint o O ox tr wtbecerrte of the & urssl cor Ze

ARl
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'Problem IV =

Indiad Methed The Altazimuth Equation

Let e denote the arzimuth of the Sun from the south. In
the same triangle SKL in the same figure, we have.

LK :SL=R sin ¢;: R cos ¢

or. ‘Sankutalg' :‘Sanku'=R sin ¢: R cos ¢

RleosZxRsin é
R cos ¢

Now ‘Sankutala’ 1s made up of two parts, namely, ‘Bahu®
and ‘Agra’ of which the former is the distance of L from the
observer's East-West line; the *Agra’ has been already found.

S ‘Sankutalg' =

' , Rsin ZXRcose : ,_Rsm $XR
Here 'Bahu -—————-———-————'-R and Agra R cos &

‘Sanbutala’—='Bahu'--'Agra
R cos ZXR sin 95=R st ZX R €os u.+R cin Xk

or R cas ¢ R R cos &
) Recosg R cosZXRsin¢ RsmZxRcoza
or Rsind="R R cos ¢ ¢

which 1s easify scen to be equivalent to
sin 8=cos Zsin P—sinZcosd, cos &

Greek Method .

Ptolemy? has also 2 method of finding the Sun's altitude at
any hour of the day. His methed 15 as follows :—

P
C () Hewould find by

means of his tables for the
tymes of risings of the signs of
the zodiac, the orient eclipric
pomt., () He would then
H N  &nd the culmmating pomt of
the echiptie. (1) He would
finzlly  apply Menelaus's
theorem n spheries thus:—

Let ASC beany position
Fig. 9 of the echiptic (Fig. 9ONZC the

1. The equivalent ol ttis 1n 2 pasncular €aks, 1d {:::ﬂ{mﬂtﬂ izg_gi'n ﬁ:;::;

sphufatiddhanta, Cho U1, 3356 Ci. Staryandd
Dhiykara Grahafanizta 1X R-53,

2 Maniuus, ihd, rp 11319,
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meridian, NAMH the horizon Z, the zenith and 8§ the Sun

Here the celestial lonpgitudes ¢f C, Sand A are taken to be
known, hence ZC and CH are also known

Now take ZCS for the triangle and HMA to be the trans
versal , we then have by Menelaus's theorem

S1fL Z_l-I__xsm CA sin SM_,
sn HC "'sin AS sin MZ

cos CZ Xsin AS
sin, CA
It 15 thus clear that Ptolemy had no direct method for
connecting the Sun’s altitude ad the hour angle This method

13 workable for the problem “piven time, find the altitude™ bur
15 not wotkable mn the converse problem , besides

tion of the lonpitudes of A and C 1s very cumbrous.

or sin ShM=

the calcula-

Again when EA has been found out, taking ZHM for the
tniangle and CSA for the transversal we get

sin HA sin MS sin ZC
o AmNean 52 Xan e~ I whence and thence HM,
the ammuth can be found The method 15 here alo cumbrous,

there I:temg na direct conhechion between Eﬂtl.tu_‘le and annmuth .
besides the tfime element 1s not avouded

The Analerama of Ptolemy
and the Indian Method,

When the Sun sdechnation 1s zero and his hour-angle, 1s
H Zeuthen' following the method of the *Analemma* of

Prolemy, as explained by BraunmuhI? has deduced the following
equaticns

(1) cos Z=cos H cos &

tan Fl
{2} tan =

To these two, Heath following Braunmuhkl adds
(3) %anZ0 _tan H

cos ¢

1. Heath Greek Afathemat cs Vol 1L pp 290-91
weauthen Bidliotheca Mdatuematice 13 1900 pp 2327
2 Brauvamibl 1bid, pr 12 13 . R &n Hx R
% The Indian fotmof th 5 equatiom s R Sncld # e ——

o/ RE« RicoaTHIX RE Sinfd
R

Phiskars s Geladhadra, Com. on VIII ¥
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where Z is the zenith and Q 1s the point of ntersection of the
prime vertical and 1ts secondary passing through the Sun and
the north-south points

Zeuthen® pomts out that later 1n the same treatise Prolemy
finds the are 28 described above the horizon by a  star of given
declination 8* by a procedure equivalent to the formula

(4) cos B~tan &' tan ¢

With regard to the ‘Analemmma’ of Ptolemy 1t may be
noted, as FHeath® says that “the procedure amounts to a
method of graphically constructing the arcs required as parts of
an auxthary circle in o> planz ° Many thiig, may be, in
practice done grapiucally far more easily than by the theoret:-
cal method Besdes, no theoretical calculations occur in the
‘Analemma’ Zeuthen?, following the methed of this work, has
deduced 1n the general case, the two equations

(5) cos Z=(cos § cos H+smn & tan &) cos ¢
cos $ sin H

(6) tan a=—r——

sin
—r +flcos Scos H¥sin Stan @) sm ¢

These equations are suggested to a modern reader from &
study of the figures in the “Analemma * But nesther tn this work

nor 1n the ‘Syntaxis® are they to be found With r1egard to the
first four formulae, it 1s possible that they were recognised by

Prolemy With regard to the last two Zeuthen? remarks “‘mats
Ie texte nen conticnt rien * and they were certainly not recog
nised by Prolemy

Besides the tangent functon iswholly absent 1n Greck
trsgonometry They are olso different in form from those arrived
at by the Indian method as explained before Thus, 1t 18 clear
that the Indian methods »re 1n no way connected with the
method of the *Analemma’

Even taktng for geanted that the Indiens followed 2 method
of projection much allied to the method of the Analernm* there
13 no adequate reason for assuoung that therr method 1o deris ed
from any Greek source  Analogy and precedence do not neces
sanly consarute onginality —there 1s sufl the chance of a remoter
origin from vwhich both the systems drew thar inspiravon  The
mecthod of the Analomma  as has been aleeady stated presents a

] 2. Mo nba lec, ¢ir p Eb
% Truthen lov ¢t p &
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the secondary to the equator cutting it at E'. Both the above
astronomers were content with the idea that AE=AE', or that
AE=the declination of the point A of the ecliptic which is90°
ahead of S in the above figure. This idea continued till the

time of Bhaskara [I (1150 A.D.}) who found out the correct
equation. -

He recopnised that CS. the declination of S=PP: PEH is
then the horizon of the station whose north geographical lztitude
1s CS. Also, the %ine’of EAis the'Agrd or the sine of the
amplitude of the point A for the latitude CS.

Rsin AE'XR_ R sin (80°-+7S) XR sin @
RecosCS R

LK sin EA=

-'—-'—Eu.—-_
X R cos C8
- _Rsin (G0°-L) XR sin @
or Rsin EA= B cos 5
where I stands for ¥S and § for C5.

Greek Method -

We give below the Ptolemy's method in a  slightly modified
form®. Lect SHA be the trinngle and YCE be the transversal :
then we have

sin SC sin HE sin A‘)’_::l

sin CH “s;n EA  sin 7S

sin & _sin_90°_sin (90°+0) _

I cos Exsin Eﬁx sin ¢ 1
: __sin $Xsin (90°+D
. « 31N EA -_—___CDS}EXSIHI
which is readily transformed into Bhaskara's cquation. The
originality of Bhiiskara would be readily admitted.

Problem VI—

0O

*

To filad the Anple befween the
Ecliptic and the Horrizon

Indian Metkod -
(A) Aryabhata's methed. It consists of the following®
steps .~
(1) Determination of the orient point of ecliptic.

(2) Finding thesing of its zmphitude,

__._#_._-—.—_-l—‘
A anirius, Hd. Bock 1, pr. 14,04
% Aryathata, Gela, 33 : SUryariddranta, V. 36,
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(3) Determination of the culminating pomnt of the ecliptic
from the houtr-angle of the Sun

{4) TFindiag the declination of the culmtnating pomt of the
ccliptic

Having obtained the above elements his rule can be follow-
ed thus

In this Fig 11 NZH 1s the menidian HMEAN tlie horizon
CN'A the ecliptic  Tf N be the nonagesimal or the highest pornt

of the ecliptic. the altitude of N 15 the inclination of the echiptic
to the horizen

Z

o / Let ZN M be the vertical

through N, meetmg the honzon
at M

174
\Vhen the time 18 given the
’ tongaitudesof A ond C can be
fsund out, from which CZ the
wonith distance of C and EA the
o, armplitude of the orent echiptic
a

point can be determned

H

Fig 11
Here HM=EA
According to Aryabhata.
Rsin CN —25in CZXR sin HM

R
and R sin ZN =v/(R s CZP—(R sin CN)?
This 1s only an epproximate rule A;_! t;:;rrrcsmﬂ here
CZ ™R cos
R sin ZN HB'—EI—‘L—-—- R ~——approximately

IR 11y CZ_E_E- cot H'_‘J.?':, F‘a ccurately

=~ RxRcos CN'
sin CZ X R cos HM
- R cos CN’
2
The method of Brahraguma
g:‘:hm:;uptn aould also first descymine the 071t celipric

—rea e AW

1 This correct
in bhis copmeer

3 PefpSi v 3

yom wos Pethape fres noticed by Raaganziia {140y A D)
rary 0 the 2B PPTIR R Y LA
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point A. Then he subtracts $0° from the longitude of A. Thus
having the longitude of N, he next finds the part of the day
clapsed of N ; from which by the time-attitude equation discussed
above, he finds ZN'. This is of course more accurate than that of
Aryabhata. Bhiskara® hete follows Brahmagupta.

Greek Method :

Let the ecliptic CN'A cut the lower half of the meridian at

F, Ptolemy takes AK along the ecliptic=860° and AR along the

horizon=00" then the great arcle passing through R and K passes

through the nadir Z'. Now take Z'FK for the triangle and ANR
for the transversal, then by Menelaus’s theorem.®

sin FN xsin Z’Rxsin KA

sin NZ' " sin RK “'sin AF

. sn RE=SB EN_ cos FZ' _cos CZ sin CH

.t sin AF stn AC sin AL sm AC

: . _sin CH
or sin MN STAC

=]

Iere Prolemy's equation is stmpler ¢han thae of Aryabliaca;
hence they must be independent of each other,

Problem VI —

To find the Angle made by fhe
Vertical through any Point of the
Ecliptic with the Latter

This problem is considered
by Prolemy but it is not consider-
ed separately in Indian AstTonomy.
but from the rule for parallax in

longitude. the rule for its calcula-
tHon can be deduced.

Fig. 12

Indian Afethod -

fn Fig 12 S represents the true posiion of che
Sy and S the Sun's position as depressed by parallax. N'SA is
the echptic. 1f from S', 5'Q be drawn perpendicular to the ecli-
ptic, then, if P is the horizontal parallax.

1. Grakafanita, X1I, 3-4.
o Aameztus, imd, pp. 13104111,
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_ qary R COS 35Q PxRsin Z5 R cos S350

P
1=—-
R (R sin Z78¥— (R sin ZN')

P
t— L v Rsin NS®Rcos ZN where N'1s the nonagesimal

The Indian method s fully deseribed by Bhaska.a wn his

'Goladhyaya V1II 1225 The truth of the Indian rule for R cos
S SO 15 easily szen from the spherical trnangle NZS where VIS

the pole ot the ecliptic,

Greek Method
*Prolemy takes SK and SL= 00° each along the vertical

cirele ZSEK and the echptic N'OA The great ctecle through K

and L cuts the horzon atR which 1sthe pole of the vertical

ciccle.  He takes SKL for the epangle and EAR for the trans-

versal, then

51N SExsln KR sIn Lﬁ.ﬂl
sin EK“smn iR an AS

o5 23 XCOS AS
or sin LR_sm Zexan  AS

or cosS 5Qe=cot Z3Xcot AS=tan SE X cot AS,
The Indian and the Greck rulesate altogether dufferent
both tn form and method There & rherefore, be no question

of any connéctien betwee

Problem VI = .
To convert the Celestial Longitude of a Heavenly
Body Into ifs Polar Loogitude
1f o be the position of a (Fig.13} 7K and oK are the celestial
longtude and  the celestial lantude respectisely . Y™ and oM

are the polar longitede and polar lagrude . YN and oV are the
right ascennon and declimation o the star

Indian Method _
rronoOmess arzemp” at fnding MK which, sub-

All Indian 83
Lia IX M RSSO XL

1 Xryalhaia G La. 38 Patcaniihis
A AeSpsa V i, ﬂrﬂhﬂhttm\ - & (o.askars, Gralageoita %11 &

53 Mazinus. o3 o 117
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tracted from or added to, YK the celesttal longitude gives ¥M
the polar longitude

Accﬂrdmg to A ryabhatal.

MK oK XR versR?;’K}CR s @

Brahmagupta® makes 2 dis
tinct improvement on Aryabhata

) and gives his rule for finding the
A proection MK on the celestial

equator

If P be the celestial pole PKH

the secondary to the equator
Brahmagupta says that

F,g- 13
_ OKXR sin (YK+90)XR sin 2

NH 9
I from ¢ oR i1s drawn perpendicular to PKH 1t s evident

that

R s @ R=R sin & K}:RR sin ¢ KR

According to Aryabhata and Brahmagupta as explained

before 190" xR
R sin ﬂrKR=Rsm 94 +R_L ALLSL

Hence Brahmagupta 1ntends that

ok %R sin oKR
NH'“—"HR"" R .

which 1s rather a big assumption  He then directs the finding of
the part of the ecliptic of which oR or NHis the projection on

the equator thus approximately to MK

Aryabhata Brahmagupta® and the modern Stryanddhanta
tal ¢ the declination oN=7K+KH where ¢k 1s small They
do not consuder the case where oK 1s large

Bhaskara alone gives us faicly correct rules for this trans-
tormaton of co-ordinates
1 Aryabhata Gola %.

2 BrSeSi X 17
% BrSpS X 15 SUrjas ddhanta II 58
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In order to find oN, he would multply

oK bij ED; EKP; according to ham,

ON = MEEUS oKP +KHL

Thisis & decided improvement on Brahma
ponding rule. The declhination o obtmned w

nearly accurate.
Having obtained

NHI thuﬂ..
NH= el X R sin ek P
R cos oN

He then directs the finding of
NH is the projection by means of the times of rian
of the zodiac on the eguator.

Thus the Indian mcthods show &

ment only. The Greck method as given
matically agccurate.

Greek Method®

_ To transforns the celesnial longitule anl ccl
right ascension and dechination
r at 4. Polemy

Let the great circle Jigk mest the equato
~a and aK{by

would then from the given valuc of ¥K, find
using his tables for the rising of signs of the -od1ac on the equas

tor. He then takes JPo forthe cryangle and YN A Q for the
rranscersal.  The Menelaus' Equations then, 13

341 ] J'ngsm PN,.:EE_FE&-]LI
sin QP sin Neosin AN o
Here Q0"+ o, QP=90" =00, 78 ~¢K+Ka

La=90"+Ka. whence INg s ob
He next takes PNQ for the errangle a0

gupta's corres
ould be wvery

oN, Bhiskara® then directs the finding of

ME on the ecliptic of which
g of the signs

bepnning and develop
by Prolemy is matho-

sstpal lartude to

tasned.
1 mea for the tranr

o "ﬂnll
~ain PRU_sn Qﬁx!!l_{'l_ﬂf —1
"t sin nﬂxnn AN sun "

Hee PRmen. Q=00+ Qo= 78
pves him aN Do

Hence the above aqution

YN YA AN
_-__-——l———"_'_-
1, Rhksiara, Grabafomitd XIIL X
» 104 XL £
11 Achees Dok 87 a-i

N Alaridos, B3, Ve,
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tracted from or added to, YK the celestial longitude gives YM
the polar longitude

According to Aryabhatal,

Brahmagupta® makes a dis

tinct :mprovement on Aryabhata

! and gives lus rule for finding the

A" proection MK on the celestial
Q equator

If P be the celestial pole, PKH
the secondary to the equator.
Brahmagupta says that

Fig- 13

NH= ZEXR sin ('}’I;-}-Qﬂ“)xR sIn @

If from o, R 1s drawn perpendicular to PKH. 1t 15 evident
that,

RsnoR Run o KxﬁR stn ¢ KR

According to Aryabhata and Brahmagupta 2sexplaied

before . N
. w
R sin CEKR== W

Hence Brahmagupta intends that
# gl
NH=0R — CFI\.HRRsln KR '
which 1s rather a big assumphon  He then directs the finding of
the part of the ecliptic of which oR or NH 1s the projection on

the eguator thus approumately to MK

Aryabhata, Brahmagup+-a® and the modern Stryanddhidnia
t1le the dechnation oN=7K+KH where oK 15 small They
do not conader the case where oK 1s large

Bhiaskara alone gives us fairly correct rules for this trans
tormaton of co-ordinates

_I-Hﬂahhsm Gols 36,

2 BrSpSv X 17
3 BrSeSs X 15, SUrsauiddhanta I1 58,
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In order to find oN, he would multiply

ﬂ.K bj’R CUE gKP

{IN=£K.KRI§".35 okP _!_KHI
This 1s a decided improvement on Brahmagupta's COPICs
ponding rule. The declination oN obtained would be wvery

nearly accurate.
Having obtained oN, Bhaskara® then directs the finding of

NH, thus.
_ 9KXR _sm_o¢KP
NE R cos oN

He then directs the finding of MK on the ecliptic of nhich
NH 1s the projection by means of the tumes of rising of thesigns
of the zodiac on the equator

Thus. the Indian methods show a begn
ment only The Greek method as given by
matically accurate.

Greel Method®

To transform the celesnal |
right 2scension and declination
Let the great circle JXoK meet the
would then from the given value of Tk
using his tables for the rising of signs of t
tor. He then takes JPe forthe tran
transversal. The Menelaus' Equation then, 19
sin_JRQ)_sin_ Pl'jxgn ca .1t
sin QP "sin Ne s An i
Here Q=007+, QP «=90", PN =90°, ca=mal+RKa
It A0’ +K A, whence INo 13 obtained
He next takes PNQ for the ¢riangle and gl for the tran¥

vorsal. N
1
.t anmn Qa Hw*’“;ﬁ —
I To M 1T AN D

- according to him,

qmg and develop
Prolemy 1s mathe

ongitule and celastial Tantude to

equator at &, Piolemy
find YA and aK{by
he zodiac on the equar
Elc ﬂﬂd YN A Q for the

Here Pri=e, RQ=90"+o. Qe=%"-Y86 y
tience the abose equation fives hm als o%.
YN=Y A —aN
-
1. NhEakara, Crahdfomtd KIIl

o g XL A

3. Manttius, i d, vol 10 Acdier Ruch, TV xi 3%
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Let E represent the centre of the Earth(Fig 15) APM the Sun's
circular orbit or concentric, let A and P be the apogee and the
perigee respectively From EA cut off EC equal to the radius of
tiie Sun s cpicycle With centre C and radius equal to EA describe
the eccentric A'PS cutting AP and AP produced at P and A’

Here A” and P" are the real apogee and penigee of the Sun's orbat
Let PM and P S be any two equal arcs measured from P and P

The 1dea 13 that the mean planet M and the apparent Sun S
move smultaneously from P and P° in the counterclockwise
direction along the concentric and the eccentric aircles  They
move with the same angular motion and arnive simultancously
at Mand S

Flere EM and CS are parailel and equal hence MS 1s
also cqual and parallel to EC  Let SH be drawn perpendicular

to EM

The angie PEM 15 the mean anomaly and the angle PES the
true anomaly, the angle SEM 1s the ¢equation of thecentre 1sreadily
seen to be plus ( ) from P to A’ and minus (—) from A’ to P
Thus as regards the choracter of the equanon the eceoentric cirele
15 quite right  We now turn to exmune how far 1t 1s true as to

the amount
Let the angle SEM denoted by E and the angle L PEM

= / P'CS=#, EP=CP'==qg EC=MS=p then
SH pem 6
tan EﬂHE a—peos P
-2 . i p’
E a sin @ &Ijﬁln 25+3ﬂ: =11 3 g .. ’

Now the tree value of E 1n elhiptic motion 1s gn cn by
E‘=( 2e— ) 314! E—I—é-r sin 29+ —- mn 3a2°, ..

It wa now put 45- = 2 -f;* as 2 hrst appoximation E*-.?e

thmz—g;'—‘- 2% o hich 1s greater than ;5 e by -43— e? In the

ca<e of the Sun 1if the salue of p be carrecely taken the eeror in the
cocticient of the second rerm becomas+3 . simylarly 1n the case of

+he Moon the corresponding error becomes+8°

“Godiray ¢ Asrronemy p 149



APPARENT MOTION OF THE SUN AND MOON 149

Agamn 1f -E-= 5., what 15 the centre of the eccentric curcle 1s

the empty focus of the ellipse or that the ancient astronomers
practically took the planets to be mowving with uniform angular

motionn round the empty focus This was not a bad approxi
matron
Also ES=r=EH approxnmately

r=g ( 1—-2. cos -E)
a

but 1n the elliptic motion
r=a{l—eccosh)”

Hence the error is not very consitderable here also

This 15 the way m which the ancient astronomers both
Greek and Hindu, sought to explaimn the inequalities 1n the motion
of the Sun and the Moon In th;: case of the Moon these astro-

e
nomers took the coeffictent 2e==—x =300 nearly, the modern valug

1s 377 nearly The reason for this has been potnted out to be
that the Moon was observed correct]ly only at times of cclipses
At the eclipses of sygygies, the evection term of the Moon s equa
tion dimushes (numencally) the pnncipal echiptic term by
about 76’

We have thus far explamed the 1dca of planctary motton of
the ancients under the eccentird citcle costruction  The same,
hﬂ“ﬂvﬂl‘, 15 Eﬁﬂlﬂlﬂﬁd under the Epl‘-'-!”;hf; construction

Ler AMP be the circular orbit of the Sun. having E the centre

of the carth for the ¢centre (FIE Iﬁ)
U Letthe diameter AEP be the apse
Line A the apogee and P the parrgee
f.ct M be the mean position of the
Sun 1n the orbit. With M as the
centre describe the epieycle UNS
et EM cut the epicyele at N and U
Now the construction for finding S
the apparent Sun s thus given. —

MF'I:E EEMS"' AEA the &rc US 15 mewsured clockwice
ake

A oM m asured counterclockwase
chergmthe e A MRS 1 rc e
o

us of the ericycle, al
MS the radns o .along EA o
mensured oqual 19

41
s apliray® Asirparmy T :
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w.'{rds the apogee, then CS is a constant length and C is 2 §xed
pomnt. Hence the locus of § is an equal circle with the centre &t
C. Thus both the eccentric, and the epicycle and the concantric
combined. [ed to the same position.

It was thus usual to expiain the planetary motion undar
both the assumed constructions; and both gave the positton for 2
planet. The eccentric circle construction appaars to be theearler
1n the history of astronomy and the latter was later. If the
former construction can be traced to Apollonius of Perga who did
so much to develop the “conic sections™ as science, the reason why
he preferred the eccentric circle to the ellipse. appears to be that
either that this planetary construction was always deep rooted n
the minds of men or that he was carried by the idea that “the
circle was the most perfect curve.” We are inclined to the view
that the eccentric circle idea was transmitted from Babylonia 0
Greece. We now pass on to consider the Indian construction for

the possition of superior and inferior planets.
Superior Planets

With regard to the five planets. Mercury, Venus. Mars
Jupiter and Saturn, the Indian astronomers give only onc constru-
ction for finding the apparent geocentric position. Each of
these “star planets” is conceived as haviag twofold planetary

inequalities : (1) the inequality of apsis, (1f) the ineguality of the
sighra. With regard to the superior planets, the sighra apogee or

the Gghrocca coindded with the mean position of the Sun. As
Varxhamihira observed. of the other planets beginning with Mars.

+he Sun is the so-called fighra. (PS:. XVII. 1) .
fhe

Lot AMSP be the concentric of which the centre E 15
came as that of the earth(Fig.17)

A'MLP the eccentric arcle of
apsis of a superior planet, of
which the centre 18 C:A,M.S.P be
respectively the apoged, the Macs
planet, the direction of the
aghra and the perigee of the
eoncentric: A'M:i P ke the

apogee, the planst as eorrected
by the equation of apSs P the
periger in the ceeentric. The aze

Fig, 17
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which 1s faultless?

This science of dhghkarma has not been 1mparted by great
teachers for blasphemy One whe would be using 1t tor this
purposs would lose all good name ®

Brahmagupta uses the term garmita only for those calculations
which are of arithmetical 1n nature The science of algebra the
foundations of which was laid by Aryabhatz I was namad as
kuttaka or buftakara by Aryabhata and in the Brahmasphuta-
siddhanta also 1t 1s separately dealt with under Kuyiadhvaya or
kuljakadhdva (Chapter XVIII) Later on the term Bijaganita
was spacifically given to the science of algebra

The Kufrddhyvaya of the Brahmasphujasiddhanta deals with
the {1} concept of kuptaka (pulverser) ., addition of posttive and
negative as well as cere quantities. equations in one unknown
(eba-varpa samibarapa) eguations mr several unknowns (aneka
1arpa samibarana), equations mmvolving products of vnknowns
{(bhata) snd quadratic equations(varga prakrtsh) (Chapter XVIII
of the Brahmasphutasiddhanta)

Aryabhatz, Bhaskaera and
» Brahmagupta use Place Value Notations

In Furope the first definite traces of the place-value nume-
rals are found in the tenth and eleverth centuries but the

numerals came mnto general use 1n mathematical text books only
in the seventeenth century In India. however Aryabhata I
(459) Bhastara I(522) Lalla {c. 598) and Brahmagupta (626)
all use the place value numerals ‘There 1s no trace of any other
s¢stemn 10 their works  Perhapsin this country we had the place
value system as early as 200 BC if not earher The use of a
symbol for zero 1s found in Pitigala’s Chandah Sttra (pechaps of
0 BC) Inliterature we have an indication of the place
+alue fram about 100 BC and later 1o the Pouranas from the
cecond to the fourth century A D The Babhasalhh Manuscrnipt
{perhaps of 200 A D) wuses the place-value notattons The
earliest use of the place value principle with the letter numerals

1 myasry aygirmitmfrses |
g7 iy frant a3 wel 0 —BripSt X 66
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hence 1t means the science of calculation which requires the Lses
of wrtting material (the board) The word pat 15 not Sanskrit
(it criginated in the non Sanshrat hiterature 1o Indja) the eoldest
term 1n Sansheic for the board 1s Phalaka or patfa However this
term got currcncy m tbe Senshnit hiterature alse about the
besmning of the seventh century Brahmagupta does not use
the term patigan t2 be favours the use of the term dhilibarma or
writing figures on dust sprend on 2 beard or on the ground The
word pafigamta was translated into Arabic as i#lm husab af takht

{calculation on board) and the word dhel:barm a as hisab al ghobar
(caleulation on dust)

Brahmagoupta, 1n the very first verse in the Chapter XJI
(Ganitadhs2ya) refers to twenty operations (parikarma) and
e1ght determmations

He who distinctly and severally knows the twenty logistics
addition etc and the eight determinations (vyavahara)

mculding {measurement by) shadow 1s a ganpaka (mathe-
matician) !

The commentators have given the list of these Jlogistics
(parikarma) and determinations {(#yvavahdrg) as follows,

(A) Panikarma or logistics

bk ok
RN N T RO LR U

16
17
iB

Samlalitam (addition)

Vyavakalitam (subtraction)

Ganhanam {multiplication)

Bhagahicah (division)

Vargah (square)

Vargamalam (square-root)

Ghanah (cube)

Ghanamolam (cube root)

13 Five standard forms of fractions (Panca- ati)
Trairasikam (the rule of three)

Vysta troieaéikam (the inverse rule of three)
Paiica radikam (the rule of five)
Sapta-rifiham (the role of seven)

Mava rasiham (the rule of nine)

1 973 fara 5 Jelame g fam
w2 | [URI T HWA 15§ 0 ~—BrSpSy XiI 1



MULTIPLICATION

17 Ekadqia rasikam (the rulz of elevin)
20 Bhinda pratibhandam (karter and exchange)

{B) Vyarahara or determinations

1 Miérakah {mixture)

2 Sredhl (progession or scries)
3 Ksetram (plane figures)

4 Khiatamn (excavation)

5  Citih (stock)

& Krakacikah (saw)

7 Rzaith {(mound)
8 Ch=e? fshadnw )
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also occur 1n the Bakhaszlhh Manuscnipt.

Aryabhata I does not mention the everyday methods of
multiplication 1n his Arvabhativa protatly because they were
too cletnentary to be meluded in a2 Siddhinta werk Brahma
gupta however in a supplement to the section on mathematics

in his Siddhanta gives the names of some methods with very
briet deswcniptions oi the processes —

The multiplicand repeated as in gomitri1ka as often as
there are digits in the multiplhier 1s severally multzplied
by them and (the results) added according to places
this gives the preduct Or the muluaplicand 1s repeated

as many times as there are component parts in the
multiplier?

(the word bhedag occurring in the verse has been translated
as ntegrant portions by Colebrooke p 319 Again by the term
Lheda are meant portions which added together make the whole

or aliquot parts which muleiphed together make the entire
quantity

The multiplicand 1s multiplied by the sum or the differ
cence of the multiplier and 2an assumed quantity and
from the result the product of the assumed quantity
and the mulaplicand 1s subtracted or added

(Colebrooke thinks that this 1s 2 method to obtain the true
product when the multiplier has been taken to be too preat or

too small by mistake? Datta and Singh think however that
this 15 not correct &

Thus Brahmagupta mentions four methods of multiphica

tion (1) gomutrnida (u) kkanda (1) bheda and (1v)i5ia The com

mon and the well known method of kapaya sandh hos been omitted
by him

1 WI{WEFE’I_ m?l?r[ﬁrtrﬁr tpical B

22 e sareRTEI=R A | — BrSpS: X1l 55
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3 Colebrooke T Ho, Hindu Algebra p 320

4 Datta 8 and Sngh A N Hutory of M nlu Mathematics Pr 1
(Anthmenc) p 135 (1962)
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(1) Gomftriba method or z1g zag method The word gomp-
trika means 'similar to the course of cows urme™ hence
“zigzag ' This method in all essentials 1s the same as the sthing
Rhanda method The followmg 1llustration 15 based on the
commentary of Prthudaka Svam:

Example To multiply 1223 by 235
The numbers are written thus

2 1223
3 1223
5 1223

The first Iine of figuces 15 ¢ hen multiplhed by 2 the process
beginning at vnuts place thus 2X3=6 315 rubted out andé
substituted 1n its place and so on  After 2!l the horizontal lines
have been multiplied by the corcesponding numbers on the left
tn the vertical line the numbers on the pifr stand thus

2446
3669
6115

_?H

287403
after being added together as 1n the present method

The sthdna Eranda and the gomftrikad methods resemble
modern plan of multiplication most elosely

(11} Khanda DNMethod of Parts Multiplicatian Method
Since the days of Brahmagupta, this method of mulnuplication

alsp became vory popular  We have two methods under chis
hexd

(14 The muleiplier s broken up into two ot mere parts
whose sum 15 equal to it The mulnplicand 1s then mulyyplhied
severally by these and ehe results added

To take an example
13%158=(6+7)x158=(6x158)+ (7 x 158)
204341106
=2(54
(1) The multiplicr 1s broken wp into two or ore aliguot
rarts. The multiplicand s then multiplied by one of these, the
resulting prodoct by the second and so oa ullall the parts are
exhaustmd The ulzimate ptﬂduct ts the tesult
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Thus for example :

Q6 X 237=(4 x4 x6) %237
=(4¥e37IX4X6=C48 x4 X6
= (4 x4 X 6=3792 X &
=22752

These methods of multiplication are found among the |,
Arats and the Ttalians. having obtained from reople of India.
They nere known 25 the “Scapezzo” and “Repicgo methods -
respectively amongst Italians.,

(ii1) Ista-gunana Methed or the Algebraic Methed.

We have already quoted the relevant verse from the Brah-
masphula-sidd! anta 1 this connection; (X11. 56) :

. The multiphcand 1s multiplied by thesum or the
difference of the multiplied and an  assumed quantity
and frem the result the product of the asvmed guan-
tity and the multiplicand is subtracted or added.?

This method is of two kinds according as we (i) add or (b)
subtrace an assumed number. The assumed number 15 <o chosen
as to give two numbers with which multiplication will be easier
than with the original multiplter. The two ways are illustrated

Eclow :

(1) €3 X13=(c3+7)X13—-7X13=1200—91=1209,

(ii) 93> 13={€0+3)13=C0X134+3x13=1170+39
== 1209

This mcthod was in use among the Arabs and in Europe,
obviously having pone out from this country.

Thts process has been regarded as an inverse of muleipli-
aation The terms used for this operation are bragakara, bl ajana.
karana, chedana, etc. all these terms more or less carrying the
sense “to kreak into parest. “to divide™ cte., excepting “harana*
w hich denotes “to toke away*. This term shows the relation
of division to the operation of subtraction. The dividend
ts wermed as Phdyya. kharya cte. the divisor is known as

1. [E G0 TR TS T 17T |
MEREA A g7 N TSN S 0! —BrSpSi. XI1. 56
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bhaiaka bhagahara or stmply hara quotient ss known as fubdhi or
labdha (or what 1s obtained )}

» India never regarded this operatioy as a difficuls one, in
Europe this operation was regarded as& tedious one t1ll the
15th century or so  Dhvision wassucha common operation that
Arvabhata did not regard it as worth being included m his
treatise  But since he has given the methods of extracting
squaretoots and cube-roots. which obviously depend on division,
we conciude that the method of division was known to him
Most Siddhanta writers have followed Aryabhatad in omitting
this operttion from thelr texts this bemng regarded too Slemantary
to be mcluded  Brahmagupta does not give derails of this
operation The later treatises on Anthmetre as Srdhara s
Trisatika and the Pajiganita (I 20) and Affﬂbhatn II(cO20 AD)
have given the detarls of this operation

Sqeare

The Sanaknit term for square 1sarga or bets (varga hite-
tally means rows'® or troops of similar things) In mathema-
tics, 1t usually means the square power and also the square figurs
or 1ts Area Thus we find 1n the Arsabhanya

A square figure of four equal sides (and the number

representing its area) are called varge The product of
the tw.o equal quantitics 1s also vargat

The term kris means ‘domng’, makmp” or “z2ction . It
carries with it the idea of specific performance probably the gra
phical representation

For the first time we have a dehnite Tule lor ~quaring in the
writings of Brahmagupta But it does not mean that prior to him
it was not known It must have been known to Aryabhata [

sinee he has given the squareroot rethod
Brahmagupta gives his methed of squarmg briefly as

follows
Combmmg the product twice the digit in the fess
{lowest) place into the severa]l others (digies) wrthats
(1e of the digit 1n the lowest place} square (repeatedly)
fives the square *

1 lﬁTﬂfTF-H TAY I AT BT | ~Arya Il 3
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The method has been more clearly enunciated by Mahivara
(850 A D) in the Ganitasarasamgraha

Having squared the last (digit) multiply the rest by
the drgits by twice the last {(which) is moved forward
(by one place) Then moving the remaimng digits con
tinue the same operation (process) This gives the
square !

Brahmagupta s method of squaring i1s shown by the follow
1ng examnple
To square 125
The number 1s written down
125
The square of the digit in the last place 1 & 55=25 1s set

over 1t thus
25
125

Then 2x5—10 18 placed below the other digts and 5 1s

rubbed out thus
25

12
10

Multiplymng by 10 the rest of the digits 1 ¢ 12 and setting
the product over them (the digits) we have

1225

12
10

Then rubbing out 10 which 15 not required and moving the

rest of the digits 1. ¢ 12 we have
1225

12
Thes one ound of operatons 15 completed

Agamn as before setting the square of 2 above it and 2x2—4
below 1 we have

1625

1
4

1 GSS P 12
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Multiplying the temammng digit 1 by 4 and setting the
product above 1t we have

Bo23
1
Then noving the remaining digit 1 we obtain

o025
1

Thus the second round of operations 13 completed
Next setting the square of 1 above 1t the process 13 comple
ted for there are no remaining figures and the result stands thus

15625
Algebraic Method of Squaning

Brohmagupta in his Brahmasphutanddhanta gives a mnor
method of squaring thus

The product of the sum and the difference of the
number (to be squared) and an asstined number plus
the square of the assitmed number glve squart‘

This may be represented by the following wdentity
n'={n—a} (n+a)+a’

Tlits 1dentity has been used for squarnng by most of the
Indian mathematicians Thus
155=={15—5}) (154 5}45 =223
We arenot piving here other identities which have been

used by latter mathematicians of India in getting the squares
of numbers for example when Mohldvira says

The sum of the squares of the two or more portions of
the number topether with theit products cach with the

others mulnplied by tno gives the square?

he obvipously refers to the identarty
{a+b+¢ Jo=q? 57+ 7+ +2ah 4
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bhai a
The continued product of three equals and also the
solid having twelve {(equal) edges are called ghana®

A method of cubing applicable to numbers writtenr 1n  the
decimal place valve notation has been 1n use in this country
from before the 5th century AD Aryabhata I (499 A D) had
the familiarity with this method he however does not give the
method of cubing in his treatise though he describes the inverse
process of extracting the cube root

Brahmagupta gives the method of cubing in the following
verse

Set down the cube of the last (antya)} then place at the
next place from 1t thrice the square of the last mulyy
plied by the succeeding then place at the next place
thrice the square of the succeeding multiphied by the
last and (at the nmext place) the cube of thesucceeding
This g1ves the cube ®

The rule may be illustrated by an example

FExagmnlp To cube 137

The given number has four places 1e four portions Fireg
we take the last digit 1 and the succeeding digait 3 1e 13 and
apply the method of cubing thus

{1} Cube of the last {1*)

{11) Thrice the square of the
last (31") multiplied by
the succeeding (3) gives
(331") = O (placing at the

next place)

1

(111) Thrice the square of the
succeeding multiplied by
the Jast gives (337 1)

|

27 (placing at the
next place)

(1.} Cube of the succeeding (3% = 27 (placing at the

next plac=)

A

Thus 13 15 the sum 2197

1 wegrsysE Tl gereat Eanaear 1| —Arya I 3
2 WSS NIRRT = 361 |
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After this we take the next figure 5 1c the number 135.

and 1n this consider 13 as the last and 5 as the succeeding Then
the method proceeds thus

(1) The cube of the last
(13%) as already obtained = 2197

(1) Thrice the square of the
last multiplted by the
succceding te 3135 == 2335 (placing at the

next plase)
(111) Thrice the square of the

succe ding multrplied
by the last 1¢ 35°13 = 875 A{placing ¢ the

next place)
(1n} Cube of the sucreeding
1e 5 - 125 (placing at the
n.<t place)
Thus 135% 15 the sum 2460375

Now the remnining figuse 7 15 taken, so that the number 15
1357 of which 135 1= the last and 7 the suceceding The method
proceeds thus

(1) Cube of thelast 1 e
(135} as already
obtained w 2460375

(1) Thrice the square of
the last into the succee
ding 1e 3 (135 7 = 382725 {(plactng arthe
next place)
{(113) Thiiwce the square of
the succeeding tnto the

last, te 37% 135 = 198453 (placing a1 the
next place)
(1v) Cube of the succeeding
1e /° - 343 (placing at the
next placed
N
Thus (1357)% 1s the um 2405348200 -
E11dently theee methods of cubing are hased o the tleam v
(a~b)Y=a’ 3"+ Iab?+ b

and kevpmg in mund tbe place values of nureraly 1 & £ o
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number (this accounts for Leeping the results of ¢ach of the four
operations at the next place)

Square-Root

Indian synonyms for squarcroot are vargamila or pada
of a Byt The word mfila means the *root  of a tree wlhich may
also mean the foot or the lowest part or bottom of a thing and

hence pada or foot also became 1 synonym of ro t+ Brahma
(upta dehnes square root as follows

The pada (root) of a Lyt (square) 15 that of which 1t 18
the square !

While the word mnula for root 1s the oldess in Indian litera
sure (it occurs 1in Anusogadedra sitra ¢ 100 BC) the word
nada for root probably for the first time occurs in the writings
of Brahmagupta The term malag ws borrowed by the Arabs who
translated :t by gadlr meaning basis of square  The Latin term
radix also 1s o translation of the term m@la In the Sulba litera
ture and i the Prakrta boxts we find a term baran; for square=-
root In geometry this term karani meansa side In later days.
the term karani was reserved for surds 1e. a squareroot which

cannot be exactly evaluated but which may be represented by a
line

We wonld like to quote here a rule for determining square
roat of numbers from the Aryablativa

Always divide the even place by twice the sqgunare-root
(upon the preceding add place) after having subtracted
from the odd place the square (of tle quotient) the

guotient put down at the next place (in the line of the
root) grves the root®

As an sllustiswion we shall progeed o find the sguase-zoat
of 18225

The odd and even places are marked out by vertical (I) and
hori=ontal (—) Iines The other steps are as follows

1 9wl a1 BrSpS: XVIII 3>
2 u gt a md aaae |
T Y2 @51 TAFET 3 ) —Arya I 4
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P -1 -1
18225
Subtract square 1 root = )|
Divide by twice ———
the root 2) 8 (3 placing quotient at the
5 next place the root=13
22
Subtract square of
quotient g
Diwvide by twice 26)132(5 placing quotient at the
the root 130 next place the root=135
Subtract square 25
+ f the quotient 25

The precess ends The square root of 18225 1s thus 135

It has been stated by Kave that Aryabhata s method of
finding out the square-reot 1s algebrarc in character and that 1t
resembles the method piven by Theon of Alexandria  Arya
bhatas method 1s purely atithmetic and not algebraic is the
view of Datta and Singh who do not agree with Kaye on this

POt
Cube Root

The Sanskr t term for cube-rcot 1s ghanamila or ghanapada
The first mention of the operation of cube-root 1s found in the

Arvabhat ya of Aryabhata I (493 A D), though the operation
15 given m only a concise form

Dyvide the second aghana place by thrice the square
of the cube-root subtract from the first aghana place

the square of the quotient multiphed by thrice the
preceding (cube root) and (subtract) the cube (of the

quotient ) from the ghana place (the quotient put
down) at the next place (in the line of the root} gives

(the root) *

As has been explamned by all the commentators en the
Aryabhapva the units place 15 ghana the tens place 15 first
aghana the hundreds place 1s the second aghana the thousands
place 1s ghana the ten thousands place 1s first aghana the hun

il

1 wes, waR R Fadm e A |
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dred thousands place 15 sccond aghana and so on Thus to find
out the cube root on. hias to mark out the ghana, first agiana
and <econd aghana places then the process of findmg out the
cube root begins with the subtriction of thegretest cube num
ber from the figures up to the last ghana place Though this has
not been explicitly mentioned in the rule the commentators

«av that i1t 15 implied 1t the expression  ghanasya milatardera
cete { by the square of the cube-root cre )

We re reproducing here an llustration given by Dattn
and Singh

Examle Find thie cube-root of 1933125

The places are divided into groups of three by marking
thom as below [gfana (}) first agl ana (—) and sccond aghana

(—)1

1
Subtract cube 1 (c) Root=1
Thvide by thrice
square of root
1e 3)° 392 (a) Placing quotient
Subtract square _6 after the root 1
of quotient mul 35 gives the roor 12
tiplied by thrice 12 (b)
the provious reoot
1e 2231
Subtract cube of 233
guotient 1. 2° 8 (c)
Divide by thrice
square of the root
t¢ 3127 432)22-1(5 (1) Placing quotient
Subtract square of 2160 after the root
guotient multiplied 12  gves the
by thrice the pre 812 root 125
v 10US root 1 e
5312 - 900
Subtract cute of 125 (b)
quotient 1e 57 125 (c)

Thus the cube-root=125
From the details given 1t would be clear that the present
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method of extracting the cuberoot 15 almost a contraction of the
method first given by Aryabhata T (489 A D)

The method of Aryabhata has been invanably followed by
Indian mathematicians Brabhmagupta in hrs Brahmasphuja
seddhdnia repeats the method n the following words

The divisor for the second aghana place 1s thnice the
square of the cubetoot, the square of the guotient
multiplied by three and the preceeding (root) must be
subtracted from the next {aghana place to the right)
and the cube {of the quotient) from the ghana place
(the procedure repeated gives) the root?

Sridhara and Aryabhata II have further imptoved on the
method of extracting cube root proposed by Aryabhata I and
followed Oy Brahmagupta Rule for finding the cube root as
given by Sridhara 1o his Patiganita 15 as follows

(Divide the dipits beginning with the units’ place into
periods of) one ghana pada (one * cube * place) and two
aghana padar {(two '‘non-cube places) Then subtrac-
ting the (greatest possible) cube from the (last) ghana

pada and placipg the {cube) root undecneath the
third place (to the right of the last ghana-pada)

divide out the remainder up to one place less (than
that occupied by the cube root) by thrice the square
of the cube-root which, 1s not destroyed Sctiing
down the quotient (obtatned from division) in the
hine (of the cube root), (and designating the quotient
as the ‘Airst  (adima) and the cube root as the ‘last

(antya) subtract the square of that guotient. as multy-
plied by thrice the last® (antya) from one place less
than that occupred by the quottent (uparima rafi) as

haiﬁ;fﬂre and the cube of the first (2dima) from 1its own
plzce

(The number how standing in the line of cube-root 15
the cube-root of the given number up to 1ts last but
one ghana-pada (cube place) from the left)

Again apply the rule, (placing cube root) under the
tonird place etc (provided there be more thantwo
ghana-padas (cube places) 1n the given number and

1 &7 W A wems e prast |
Tt BranRen e, e i g L —BrSpS5 X1 7
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continue the process t:ll 2ll ghana-padas (cubs-places)
are exhausted). This will give the (ecube) root (of the
given number).!

E.S Shukia in his translation and commentary of this book
has given the illustration of extracting cubke-root as

follows :
Example - To find the cute root of 272167308,

Let us indicate ghana-padas or ‘cube’ places by *c" and

aghana-padas or non-cube places as *'n’ :

numecnncnnc
277167808

Subract the greatest possible cube (je. 6° or 216) from
the last ‘cube’ place (1.e. from 277) and place the cube-
root (i e, 6) underneath the third place to the right of
the last *‘cube’ place, thus we have
NNCRANCHNBC
61167808 (remainder)
& (line of cube-root)
Dividing out by thrice the square of the cube-root (e,
by 36" or108) the remainder up 1o one place Jese
than that occupied by the cuberpor (je. 611) and
setting down the quotient in the line &f the cube-raot
(to the night of the cube-root), we haye
nnecnncAnc
7167808 {remainder)
65 (line of cubc-root)
I et now quotient 5 be called the ‘*firger (adima) and
the cube-root 6 the ‘last’ (antya). Then subtracting
the square of the "first® (adima) as mulgisnlied by thrice
the ‘last’ (antya} {i e. 3x6X5* or 450y from one place
lass than that occupied by the quotiene (1 2. from 718).
we pet
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nncnuncnnc

2667808 (remamder)
65 (line of cuberpot)

And subtracting the cube of the first (adima) (1e 5°
or 125) from 1ts own place (1 ¢ from 2667} we get

HACHRBLCHNMC

2542808 (remamnder)
65 (line of cube-root)

One round of the operation 1s now over and the num
bor 85 standing 1n the line of the cube root 15 the cube-
root of the given number (277167808) up to 1ts jast but
one cube place ( ghana pada ) from the left (1e of

ar7led)

As there 18 one more ‘cube’ place {(ghana pada) con the

right the process s repeated Thus placing the cube-
root {1e 65) under the third place beginning with the
last butone cube’ place (ghana pada) we have
HRcRANnCHANL
2542808 (remainder)
&5 (line of cube-root)

Dividing out 25428 by 3 65 {(=12675) as before and
placing the quotient o the line of the cuberopt, we
have
MACNRCNNKC
7808 (remainder)
652 (hine of cube-root)
Subtracting I X65 x22 (=780) we fet
nncnnennc

8 (remainder)
652 (line of cube-root)
Finally subtracting 2°=38 from 8 we get
nnenncnngc

0 (rematnder)

652 (line of cube-root)

Teesecond round of operation 1s now over There
Leing no more of ghana-nada ( cube’ place) on the
right, the process ends  The quantity in the line of
cube oot 112, 652 1 the cube-root of the Siven
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nuinkter. Tle remainder bteing zero the cube root
15 €xact,
Fractions

The con-ept of fractions in India can be traced to very
early times In the Rgveda! we find such terms as one-half
Cardha) and three fourths (tri-pada) In a passage of the
Matrayani Samhita® are mentioned the fractions one-sixteenth
(kald), one-twelith (kustha), one cighth (S§apha) and one fourth
(rdada) 1In the Sttlba Satras® we have not only a mention of
fractions but they have been used mn the statement and solution
of problems of geometric nature Here i the Sulba, unit frac-
tions are denoted by the use of cardinal number with the term
bhaga or arifa, thus pafica dafa bhaga (Lterally “fifteen parts’) s
equivalent to one fifteenth, sapta bhaga (literally, “seven parts’)
1s equivalent to one seventh, and so on .. The use of ordinal
numbers with the term bhaga or arifa 13 also quite common
thus paficama bhaga stands for one-fifth The composite fractions
like 2r1 85jama stands for three-eighths and dvi-saptama for two-
sevenths In the Babhasali Manuscript, the term tryasia occurs

for 3/8 and 33 18 called trayastrayasta (three three-eighths)

The Sanskrit term for fraction 1s bhinna (hiterally meaning
broken"}) Otviously the FEuropean terms as fractio. fraction,
roupt, rotto or rocto are translations of the same terin, they are
denived from the Latin fractus (Ffrangere) or rupius meaning
'broken’ The Indian term bhinng has a tew more connotations,
it stands for such numbers of the form ¢

-+-) (b of -) ( == of —%)m(ai -if—)

These forms were termzd 134" 1¢, ‘classes', and the Indian
treatises contain special rules for their reduction to proper frac-
tions Sridhara and Mahavira each enumerate six jatis while our
author Brahmagupta gives only five (Bhaskara II gives only
four) The need for division of fractions 1n ‘classes' arcse out
of the lack ot proper symbolism to indicate mathematical opera-
trons (Datta and Singh Arithmetic, p 188) The only operational
Sjrmbnl 1 use was a dot standing for the negative sign

1 Ru X 904

2 Mau 5 II1.7.7
3 B Darta Sulba, pp 2126
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and the form
pr, r . v  t (P T P ares
q+ p of q +u n{( p +5. ﬂfq)‘?‘---m .

1S written as

D r ,p t p_r . BPyN__
and the form a3 uf‘qr——-unf(q sﬂf II) . susesn ’

1S writtell as

Iﬂ

0
r

]5
r
£

e

{v) Bhzga bhaga . The form

b L __ T
(ﬂ'——&*—) UI( q P )

There does not appear to have been any notation for divi-
sion, such compounds bemng written as

a r
blor| g
1 IT

J

just as for bhaganubandka That division 1s to be performed was
krown from the problem, e g, 1—3 was written as sad bhiga-
bhiga, 1e. “onesixth bhaga bhaga’” or *“one divided by one-
siexth™ It 1s only in the Bakhezli Manuseript that the term bha
ts sometimes placed before or after the quantity affected

(vi1) Bhaga-mair,1e, combinations of forms enumerated
atove. Mahivira, the author of the Gamtasdrasarigraba (850
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A D} gives twenty six variations of this class We shall 1llus
trate 1t by the following example from Sridhara
What 1s the result when half onefourth of one fourth,
one divided by one-third, half plus half of 1tself and
one third diminished by half of 1tself, 2are added
together 2 (Trifat:ka p 12)

A modern writer would have wrrtten 1t as
s+ G of DH(I—-PDHFCH3 of 3)3—L of 1)
In the old Indian notation it 1s written as

And therefore the original meaning 1s mferred from the
context or from the enunciation of the problem

The rules for reduction of the first two classes {bhaga and
praobhdga) are those of addition or subtraction and multiplica
tton ‘The rule for the reduction of the third (bhaganubandha)
and fourth (bhagdpavdha) classes are given by DBrahmagupta mn
the Brakmasphufa siddhdnta thus

The (upper) denominater 1s multiplied by the deno-

minator and the upper numerator by the same {(deno-
minator) increased or dimimshed by tts own numera

tor?

* Nlumerator 1s known as amfa and the “denominator”

as 'cheda

We give here frotn Sridhara s Panganifa Gabout 900 A D
according to KS Shukla 750 A D according to Datra and
Singh) a rule for reducing o fraction of the bhaganubandha clacs
(1e.awnhbole number 1ncreased by a frection or a fraction ncre-

ased by a fraction itself)

1 st qreETErerteT Cat ganRdt |
SR Aty WOTNTEET I L —BrSpS1 XN o
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Iti the bhaganubandha class. the whole numkbter {rfipa
gana) 15 multiplied by the denoeminator (of the frac
tron) should be mcreased by the numerator (of the
fraction) or the uprer denominater having been
multiplied by the lower denominator the imtial
numerator (1 e the upper numerator) should be muln

plied by the sum of the lower numerator and denotit
nator? .

(Patiganita, 39 ¢f BrSpS: XIT 9 (1) GSS (1) 113
This means that

b . ac+b
(1) at Pl
(u) _%+% nfi;—- (which was wntten by Indrans 1n
the style
15 equal tuﬁ(d-[_c)

bd

Addition and Sabtraction of Fractions

In the Brahmasphula-siddhanta Brahmagupta gives the
rule for the addition and subtraction of fractions

If the denommators (cheda) of fractions are different
then reduce these fractions to a common denomina
tor Now for the additions. unite the numerators and
take their difference 1n case of subtraction ®

Brahmagupta and Mahivira give the method under Bhaga-
1at;

Multiplication
Brahmagupta says
The product of the numerators divided by the pro-
1 mnlaﬂ'-'ﬁfh TG T8 _T g |

2 RraTmm orEnETies §Rs3T |
dsfasm g A Rdsmr wda —BrSpS: XII 2
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duct of the denominators s the (result of) multiplica-
tion of two or more fractions.t

While all other writers give the rule in the same way as
Brahmagupta, Mah3vira in the Gamtas2rasarigraha refers to
ctoss reduction 1n order to shorten the work ¢

In the multiplication of fracttons the pumerators are
to te multiplied by the numerators and the denom:
nators by denomrnators. after carrying out the pro-
cess of cross reduction, if that be passihle 2

Division of Fractions

The Aryabhafisa does not exphatly give the rule of divi
s:on, but under the Rule of Three, wehave an  indication of

fx1

thisoperation The Rule of Three states the result as .

where f stands for phala 1 e “frunt™, 1 for 1cehad, e, demand or
reqursttron, and P for pramdpa 1e  argument, When these
quantities are fractional, we get an expression of the form

a e

b d

m

;

n

for the evaluation of which Aryabhata I states :
The multipliers and the divisor are mgleiplied by the

denominators of each other
These quantities are wnitten 1n the following way

=

Transferring the denommators we have

a m
n b |
c d

an
Performing mulaphcation, the result 18 ’-ﬂ% The above

interpretation of the obscure hine in the Arsabhanya s based

[ enisiy mareiogm S i 01
sl sy wrRAesTe —BrSpSi XII 3

2 GSS p 25 (D
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on the commentaries of Suryadeva and Bhaskara I (the commen-
tary of Paramedvara on this line is wvague and misleading).

Sarvadeva in this connection says :

Here by the word gunagkdra 1s meant the multiplier
and multiplicand, i.e, the phala and iccha quantities
that are multiplied together. By Bhagahara is meant
the pramipa quantity., The denominators of the phala
and 1ccha are taken to the praméina. The denominator
of the pramauna is taken with the phala and {ccha. Then
multiplying these, i.e., {(the numerators of) the phala
and 1ccha and this denominator, and dividing by (the
product of) the numbers standing with the pramana
the result is the quotient of the fractions.

Brahmagupta gives the method of division as follows ¢
The denominator and numerator of the divisor having
been interchanged. the denominator of the dividend is
multiplied by the (new) numerator. Thus division of
rroper fractions is performed.t
Square and Square-Root of Fraciions

Brahmagupta says as follows in this connection —
The square of the numerator of a proper fraction divi-
ded by the square of the denominator gives the

squatet,
This rule of Brahmagupta has been followed by other

avthors also. The rule regarding the sguare-root as given by
Brahmagupta is as follows:

The square-root of the numerator of a proper fraction divie
ded by the square-root of the denominator gives the square-

raat?
The Rule of Three

The Indian term in Sanskeit for the Rule of Three is Trai-
rasika (literally, “three terms'), The term occurs in the Babhe
tah Manusenpt also. and also in the Aryabhapiva. indicating the

1. SR SRR €% qgmsig: |

w ST WIS W00 SR —Br3pSi. XII. 4
2. BITTITaTE TR Wl & —BrSpS;. XIL. 5 (1)

3 o ey ) —BrSpSi, XII 5 (2)
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antiquity of the term Bhiaskara in his commentary of the
Arsabhapya gives a justification of the use of this term for the
Rule of Three thus -

Here three quantrties are needed (ia the statement and
calculation) so the mathad 15 called trarafiba (meaning
thereby the “rule of three terms )

The problem of the Rule of Three has the form

If p {pramana) yields f (phala), what will 1 (iccha)
yield ?

Aryabhata Il (the author of the Makasiddhanta, 950 A D)
uses the terms manag, vimmaya and iccha, mstead of pramana.
phala and 1ccha respectively It has also been pomted out by
stveral authors that the frst and thurd terms are stmilar, 1¢, of
the same denomination

We shall give here the Rule of Three as given by Aryabhata
I and Brabmagupta

In the Rule of Three, the phalg { ‘frut™), being multi-
plied by the ccha (Mrequisition’) s divided by the
nramdna ( ‘argument™). The quotient s the frot
corresponding to the iecha The denommators of one
being multiplied with the other give the multiplice
(1 e, numerator) and the divisor (e denominator) '

In the Rule of Three pramapa (“argument’), phala
("irmt"} and 1:(‘:«&&! ("rqulliitlﬂﬂ") are the (EWEH)

terms, the first and the last terms must be similar. The
wochy multiphed by the phala and divided by the

pramana gives the fruit (of the demand}?
Sridhara elso gives the Rule of Three almost i the same
words. Bhaskara I[, Nirayana and others follow Brahmagupta
and Sridhara m the Traranika operation Sridbara in his Payiza-

rilq s2 %8

1 Scfree o M w1 |
. e gaprRid TR Wiy
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In (solving problems on) the Rule of Three. the argu-
ment (pramagpa) and the requisition (1echd), which are
of the same denomination, should be set down in
the first and last places; the fruit (phala), which 1s of
a different denomination, should be set down in the
middle, (this having been done) that (middle quantty
multiplicd ty the last quantity should be divided by
the first quantity.!

We shall illustrate the Rule of Three by 2an example from
the Paligamita (Example 23) :
Example, [f 1 pala and 1 karsa of sandalwood are obtai-

ned for tenn and a halt panas, then for how much will
nine palas and one karga (of sandalwood) be obtai-

ned 7
Here in this Example.
argument=1 pala and 1 karsa=11 or 5/4 palas; fruit=
10} or 21{2 pangs;
and requisition=9 palas and 1 karsa=9% or 37/4 palas.
According to the Rule we shall write them as:

1l 10 9
1 1 1
4 2 4

Converting these into proper {fractions we have

5213?|
4 2 4

Then applying the rule, (ie, multiplying the second and the
Jast and dividing by the first), we have

21 5 2l 37
2 4 274
37 = 5
d 45
Or trans{erring denominators 21 5 21487  pala
; E 52 4

1. sre=giforanafesrn mmafeeg )
TANRAANY et fesar —Panganita 43.

2. ST gy erNatr T ghipht |
TN AT el oY Ty U —Pafigamita. Ex, 25.
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=4 purina 13 panas 2 kakimis and 16 varatakas (One purina
1= equivalent to 16 panas one pana 15 equavalent to 4 kakius
and fne kiakini 15 equivalent to 20 varitakas or cowries

Inverse Rule of Three

This 1sknown as vyasta-trairanika (Iiterally meaning inverse
rule of three terms)  After having deseribed the rule of three

Brahmagupta proceeds to give an account of this maverse ruls
of three

Divide the phala with wccka and mulaply by pramona
this gaves the vyasta trairatika mverse rule of three?

Here pramana 15 the argument also known as the first term
and, and phala 1s the fruit also known as the middle term and
tccha 15 known as requisition or the last term As Bhaskara II
clearly states this rule 1s applied where with the increase of the
1cch2 the phala decreases or with its decrease the phala increases
(Lilavar)

Rule of Compound Proportion

Brahmigupta and other writers call the rule of compaund
Proportions as  padicardiika  sapta rahka etc  meamng the
tule of five terms rule of seven termsetc. depending on the
numbter of terms involved in the problems The<e are
sometimes grouped under the general apphication of the "Rule of
Odd Terms® Aryvabhata J ({99 A D} though actually gives the
rule of three appears to have been quite familiar with the rule
of compound proportion also  In fact the difierence between

the rule of three and compound proportion 13 more or less arta
ficial  This view was Elptﬂﬁed by Bhaskara I G255 AD Y in hys

commentary on the Aryabhafiya
Here Acirya Aryabhata has descnbed the Rule of

Three only How the well known Rules of Five ete aye
to be obtamed ? 1 say thus  The Acarya has described
only the fundamentals of anupata (proportion) All
athers such as the Rule of Five ete. follow from thag
tundamenta) rule of propottion, How ¥ The Rule of
Fyve ete. consist of combinations of the Rule of Three

In the Rule of Five there 2re two Rules of

Ay s REpdarey o ~B:5p5 Al 11
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Three, 1n the Rule of Seven three Rules of Three and
so ot This I shall point out 1n the examples

Brahmagupta gives the following rule rélating to the solw
tion of prablems in compound proportion

In the case of odd terms beginning with three terms
ap to eleven the result e obtambed by transpOsing
the fruits of both sides from one side to the other

and then dividing the produet of the larger set of
terms by the product of the smaller st In all the

fractions. the transposition of denominators in like
manner tazkes place on both sides?

This may be illustrated by taking an ecxample from the
commentsry of Ppthodaka Stimi on the Brahmasphufasid-

dhimta -

Example —1f there 1s an increase of 10 in 3 months on
100 (niskas) what would be the wnereaseon

60 (riskas) in 5 months

Here the Pramana paksa (the first set of terms) :s
100 niskas 3 months 10 niskas (phala)

The second set or the 1cehad pakia 13
60 niskas 5 months x neskas

The terms are written 1n compartments as below

100 % 6D
3 |é_
i0 10

In the above 10 (wnitten Jowest) 1s the fruit of the first side
(pramdna paksa), and there 1s no Fru:t on the second side or the
1cc pakya Interchanging the fruits we get

100 [_Q_U_

3 5
D 10

The larger set of terms 15 on the second side (iccha pabksa)
The product of the numbets 15 3000 The product of the

1 = SRR Tafiegr v SRR |
TuftmiRg w7 RRisRsEmaEy
TR Fg TR TISeTaat $5 |
TR B g Tay, —BrSpSi XII 11 12
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number on the side of the smaller set of terms.1s 300 Therefore

the required result i 3%==10

Rule of Three as a Particolar Case

According to Brahmagupta, the above method of com-
Pound proportion* may be apphed to the Rule of Three. Taking
the cxample solved under the Rule of Three

If one palaand one barsa of sandal wood are obtained
for ten and a half panas, for how much will be obtam-
ed nine palgs and one karsa ?

(4 karsas=1 pala)

We shall represent them according to the Rule of Com-
pound Proportion es

Framapa paksa 1 pala 1 barsa. 11 pasa
or 2 pala ¥ pana
Iccha paksa O pala, 1 karsa . x pana
or 37/4 pdla » X patia
This w e shall represent as

> J7
4 4

2l 0
&

Transposing the fruits. we hase

5 3/
44'

U 2l
2

]

Transposing dehominators

d 4

A .

v 21
.

[ =

The product of numbers on the side of the larger st 1y
divided by the product of the numnbers on the nde of the smalles
wt Dinthiscascisnot a number It i the symbol for {4

unknown or absence, Hence the resulr o

"3
3; ::lmr-.:.l
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The above method of working the Rule of Three
1s found among Arabs although 1t does not seem to
have been used 1n India after Brahmagupta

Problem Contapning Quadratic Equation

Perhaps Aryathata I1s the first man in the history of
mathematics to give 2 solution of a quadratic eguation (499
A D) In hus Aryabhafita, he gives a rule for the solution of the
following problem (I am reproducing 1t as described by Datta

and Singh)

The principal sum p (=100)1s lent for one month
(interest unknovn=x) This unknown interest 1s then
lent out for t(=six) months After this period the
original interest {x) plus the mterest on this titerest
amounts to A(=16) The rate interest (x) on the

principal (p) 1s required

This problem requires the solution of the quadratic
equation —
tx"+px—AP=0
—pl 25V (p12P + A
4
The negative value of the radical does not give a solution
of the problem, so that the result 1s

p M Aptt(p[2)*—p[2
t

This solution 1s stated by Aryabhata I mn the follow:ing
words

which gives x=

Multiply the sum of the interest on the principal and
the interest (4) by the time (t) and by the pnpcrpal
{p} Add to this result the sguare of half the principal
(pf2)* Take sguare-root this. Subtract hkalf the
prinapal (#/2) and divide the remainder by the time

(t) The result will be the (unknown) interest (%) on
the principal !

Here the Sansknit terms are mala for principal and rhala
for interest

1 FErwa €6 SR |
Tt e S ArEET U Arya IT 25
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Brahmagupta (628 AD) givesa more general rule He
enunciates his problem thus

The principal (p) 1s lent out for 1 months and the
unknown interest on this (=x)1s lent out for £; months
at the same rate and becomes A To find x

This evidently gives the quadratic

a2 Al

v hase solution 1s .
Apl rtiN'  ph
l=$ — - —
-t [x T z:i) 2!,
The negative value of the radical does not give a solution
of the problem so 1t 1s discarded

Brahmagupta states the formula thus ®

Multiply the principal (p) by its time (1) and Jivide
by the other time (¢2) (placing the result) at two places

Multiply the first of these by the mixture (A} Add to
thts the square of half the other Take the square-root of
this (sum) From the result subtract half the other

This will be the interest {x) on the principal?

A Problem on Intercst

Brahmagupta gives 2 solution of 2 probfem on 1nterest
1n what time wiil a given sum ¢ the interest on which

for ¢ months 1s ¥ become b times itselt ?
The rule for the solution of thus problem as given by Brah
magupta 13
The given sum multiplied by 1ts tine and divided by
the mnterest (phala) being multiplied by the factor
{guna) less one, 18 the time {required) ¥
Miscellaneovs Problems

Brahmagupta 1n lus Ganitadhsadya ©f the Brahmasphuta-
niddhanta gives numerous sofutions in telation to mscellancous
rroblems Here I shall be quoting a few of the problems whichy

1. araEErT SeerER e |
B Ll e Rl =Br5p5t XU 15
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have been quoted by his commentator Prthudaka Svami in
connection with one of his karana-sttra?

1. A horse was purchased by (nine) dealers in partner-
ship» whose contributions were one et¢. up to nine:
and was sold by them for five less than five hundred.
Tell me what was each man's share of the sale proceed?
2. Tour colleges (mathas), containing an equal num-
ber of pupils, were invited to partake of a sacrificial
feast. A fifth. a half, a third and a quarter (of the
total numter of pupils in the college) came from the
respective colleges to the feast; and added to one. twor
three and four they were found to amount to eighty-
seven; or. with those deducted, they were sixty seven.
Find the actual number of the pupils that came from
each college.®

3. Three {unequal) jars of liquid butter, of water and
of honey, contained thirty-two, sixty and twenty-four
Pala respectively : the whole was mixed together and
the jars filled again. Tell me the quantity of butter.
of water and of honey 1n each jar',

1. SRR R WS TIw T[T AR
s gRgaT SryEga Br3pS1. XI1. 16.

2. THRAA qdwas i A e |
it sl Bk oA aatae gshe e 1
FRder TRl AR & R s
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CHAPTER IX
Brahmagupta as an
Algebraist

Ancient Indian name for algebra 15 Bijagamita where
biza means element or analysns and ganifa stands for the science

of calculation As early as 860 A.DD, Prthodaka Svam: used this
epithet for algebra in his commentary Brahmagupta calls
algebra as Kupabegenta or merely butiaba, a term whith nas
later on used for “pulveriser which deals with that special sec
tion of algebra which 15 connected with indeterminate equations
of the first degree  Algebrais often also known as avyakbta
fatta or the calculations with unknowns, 1n contrast to arith

?:tu: which was known as v3akta ganita or the calculations with
ons

Algebra goes to Europe from India

In the Iustory of mathematical sciences, as Colebrooke
rightly remarks. 1t has long been a question to whom the nven-
tion of algebraie analysis 1s due. There 15 no doubt that Europe
got algebra from Arabs mediately or immediately But the
Arabs themselyes scarcely pretend to the discovery of algebra
Colebrooke says that they were not in general mventors but
scholars during the short period of thetr successful culture of the
scrences, atd the germ at least of the algebraic analysis 15 to be
found among the Greeks in an age not precisely determmed but
mote than probably anterior to the earhkest dawn of eamvilisation
among the Arabs, and this science 10 a more advanced sta‘e
subsisted among the Hindus prior to the carliest disclosure of it
by the Arabians te modern Eurons. (Colebrocke Duisserta-

tion on the Algebra of the Hindus)y

Colebrooke based his obscrvations on the texts he could
vrocure for his studies. These nere” Bhiskara Il s Bijagarta or
Wijaganita (1150A D) end Lildrall (1150A D) the Gane'2dhzdia

< his famous treatise the
and Kujrabadhyaya of Brahmaguptain : >
Brahma Siddhdnta or rather the Prakmasphutaniddiania (625

-_-_'I'—_"

1. Calebrocke H T M gllantous Eisays Vol ILIT 2 p 413,
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A.D.). There can be no doubt regarding the age of these two
authors. Bhiskara II completed his great work on the Siddhanta-
{nomans in 1072 Saka, and Karana-kutghala =z practical astroe-
nomical treatise in 1105 Saka; these dates are baszd on the
passaes given by Bhiaskara himself in his works. The Bija-
gamita and the Lilarati form parts of the great treatisz, the
Siddhanta firomani. The genuineness of the text is established,
as Colebrooke savys. with no less certainty by numerous commen-
tators in Sanskrit, besides a Persian version of it. Those com-
mentaries comprise a perpetual gloss, in which every passage of
the original 1s noticed and interpreted : and every word of it is
repeated and explained. From comparison and collation of
various texts. it appears then that the work of Bhaslkara, exhibit-
ing the same uniform text which the modern transcripts of it
do, was in the hands of both Muhammedans and Hmdus
between two or three centuries ago : and numerous copies of it
having been diffused throughout India, at an earlier period. as of
> performance held in high estimation. It was the subject of
study and bhabitual reference in countries and 'places so0 remote

from each other as thenorth anz w>st of India and the Southern
Penmsula,

This though not marking any extraordinary antiquity, nor
approaching to that of the author himself, was a matenal point
to be determined : as there will be in the sequel. so says Cole-
brooke, occasion to show, that modes of analysis, and in parti-
culac, general methods for the solution of iandeterminate prob-
lems both of the first and second degrees. are taught in the
Bija gamita, and those for the frst degrees repeated
in the Lilavati, which were unknown to the mathematicians of
the West, until invented anew in the last two centuries by
algebraists of France and England® Bhiaskara who himself
flovrished more than six hundred and ffty vyears ago, was in

this respect a compiler and took those methods from Indian
aitthors as much more ancient than himself.

Regarding the age of the precursors of Bhaskara IT. Cole-
brooke says: The age of his precursors cannot be determined

with equal precision. He then proceeds to examine the evidence
as follows ;

1, Calebrooke, H. T., Miscellaneous Essays, p. 421,
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Bhashara and by other astronomical writers, and the
title of the wark, Brahmasiddhania or somztimes Brak-
masphujassddhanta, corresponds, i the shorter form,
to the known title of Brahmagupta's treatisz 1n the
usual references to 1t by Bhaskara's commentators, and
answers, in the longer form, to the designation of 1it, as
indicated 1n an introductory couplet which 1s quoted
from Brahmagupta by Laksmidasa, 2 scholiast of Bhas-
kara 1I, Remarking this comncidence, the translator
proceeded to collate with the text and commentary,
numerous quotations from both. which he found n
Bhiaskara’s writings or in those of his expositors  The
result confirmed the indication and  established the
identity of both text and scholta as Brahmaguptas
treatise, and the gloss of Prthndaka The authenticity
of the Brahmasiddhania ts further confirmed by numer-
ous quotationsin the commentary of Bhattotpala on
the Sambhita of Varihamibira as the quotations from
the Brahmasiddhanta 1n that commentary., (which s
the work of an author who fourished ewght hundred
and fifty vears ago) are verified 1n the copy under

consideration A few instances of both will suffice,
and cannot fail to produce conviction

It 15 confidently concluded that the chapters on arith-
metic and algebra fortunately entire 11 a copy 1n many
parts imperfect, of Brahmagupta's celebrated work as
here described, ate genuine and authentic [t remains
to investigate the age of the author

Mr Davis, who first opined to the public a correet
view of the astronomical computations of the Hindus.
1s of opinion, that Brahmagupta lived 1n the seventh
centu~y of the Chrstian era Dr William Hunter, who
resided for some time with a British Embassy at Ujpay-
i and made diligent researches into the remains of
Indian science at that ancient seat of Hindy astrono

mical knowledge was there furnished by the learned
astrenomers whom he consulted with the ages of the
principal ancient authoritzies  They assigned to Brah-
magupta the date of 550 Saka, which answers to AD
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628 The grounds on which they proceeded are unfor-
tunately not specified t but as they gave Bhaskara's
age correctly, as well as  several other dates right,
which admit of b2ing vertfied, it 1s presumed that they
hod grounds. though unexplamned, for the information
which they communicated

Mr Bentley who s Iittle disposed to favour the ann-
guity ot an Indian astronomear has givea hkis reasons
for coxstdering the astronomrcal system which Brah-
magupta teaches, to be between twelve and thirteen
hundred years old {1263 yearsmm A D 1799) Now as
the system taught by this author s professwedly one
corrected and adapted by him to conform with the
obsery ed posptions of the celestial objyects when he
wrote the age, when their positions would be conform
able with the results of computations made as bty him
directed, 1s precisely the age of the author himsclf
and so far as Mr Bentley s calculations may be consi-
dered to approximate the truth  the date of Brahtna-
gupta s performance 1s deterrmined wath ke approach
to exactness, within a certain latitude however of
oncertamty for allownance to be made en account

cf the inaccuracy of Hindu observations

The translator has assigned on former cccasions the
grounds upon wluch he sact reason to place the author’s
age, soon after the period when the vermal egutnox
comncided wath the beginning of the lunatr mansion and
rodiacal asterism Afrini where the Hindy echintic
now oM EIcnces. He s supporesed inoae by the sengs-
ments of Bhashara and other Indian astronomers, wio
infer from Brahmaguptas doctrine oicerning yfis
sohistittal pounts of which bhe docs not admat a perrad;-
¢zl motion that he lived when the equinoxes did poe

sensibly to him deviate from the beginning of Af g
and mddle of cutréd on the Hindu sphere.  on these
erounds 1t L mamntamed thae Brabmagypea 5 rizhtly
placed in the szxth of beginning of the seventh con tury
of the Christian era. as the subroned cakeulag s w I

™o mn:cuhﬂr shova, The age W}lﬂ! Hrﬂhﬂﬁf‘u;’tq
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flourished, seems then from the concurrence of all thesc
arguments, to be satistactorily scttled as antecedent
to the earliest dawn of the culture of sciences among

the Arabs, and consequently establishes the fact that
the Hindus uere tn possession of algebra before 1t was
Lnown to the Arabians

Brahmagupta's treatise, however, 1s not the earliest
work known to have been written on the same sub ect
by an Indian author The most eminent scholiast of
Bhiaskara Il (Gane$a) quotes a passage of Aryvabhata
specifying algebra under the designation of Bya, and
making separate mention of Kutlaka, which more par-
ticularly intends a problem subservient to the peneral
method of resolution of indeterminate problems of the
first degree . he i1s understood by another of Bhiskara's
commentators to be at the head of the elder writers to
whom the text then under consideration adverts, as
having designated by the name of Madhyamaharana
the resolution of affected quadratie eguations by means
of the completion of the square It s to be presumed,
therefore, that the treatise of Aryabhata then extant,
did extend to quadratic equations in the determinate
analysis, and to indeterminate problems of the frst
degree, if not to those of the second likew:se. as maost

prabably 1t did

This ancient astronomer and algebraist so says Coles
brooke, was antemor to both Varghamihira and
Brahmagupta, being repeatedly named by the latter,
and the determination of the age when he fAcurished
15 particularly interesting as his astronomical system,
though on some points agreetng, essentially dis-
agreed on others, with that which the Hindu astrone

mers still mamtain

He as Colebrooke says 1s considered by the commen-
tators of the Suaryasiddhanta and Siroman:  ac the
earliest of uninspired and mere human swriters en the
science of astronomy, as having mtroduced requisite
corrections into the system of Parifara from whom he

tooh the numbers for the planetary mean motions, as



ALGEBRA GOES TO EUROPE FROM INDIA 195

having been followed n the tract of emendatzon
after asufflcient mterval to make further corraction
requisite, by Durgisinha and Mihira, who were again
succeeded after a further nterval by Brahmagupta. son
of Ja,nu

In short, says Colebrocke Acyabhat2 was founder of
one of the sets of Indian astronomers, as Puolida an
author Iikewise anterior to both WVariham:ihaira and
Brahmagupta. was of another : which were distingar-
shed by names derived from the discriminative tenets
tespecting the commencement of planetary motions at
sunrise according to the first, but at midnighe accord-
1ing to the latter, on the mernidian of Lankd, at the
beginming of the great astronomical cycle A third
<ect began the astronomical day as well as the great
reriod at noan

Aryabhata’s name accompanied the mnamation which
the Arab astronomers (under the Abbasside Khalifs, as
it would appear,) recewved. that three distinct astro-
nomical systems were current among the Hindus of
those days and it s but slightly corrupted: certamnly
not at all disguised, in the Arabic representation of
1t Arzabahar, or rather Arjadkar, {(corrupted f{orm of
Arvabhata) The tno other sysitems were first
Brahmagupta's Siddkanta which was the one they
became best acquainted with and to which they apply
the denomination of the sind hind, and second, that of
Arca, the Sun. which they write Arcand a corruption

st1ll prevalent in the vulgar Find.,

Aryabhata appears to have had more correct notions
of the truc explination of celestial phenoment thin
DBrahmagupta bimself so says Colebrooke, sho ina
few 1nstances correcting errors of hus predscessor, but
ofltencr deviating from that predecessor s juster yvicws
has been folloned by the herd of modern Hindu astro-
noMmers, (0 a system not mmproved, but deteriorated
since the nume of the more ancient author

Considering the proficiency of Arrabhata in agroioms
cal science, and adserting to the {2¢er of bhis havind
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written algebra. as well asto the circumstance of his
heing named by numerous writers asthe founder of a
sect, or author of a system in astronomy, and being
quoted at the head ot algebraists, when the commen-
tators of extant treatises have occasion to mention

early and original writers on this branch of science. it
is not necessary to seek further for a mathematician
qualified to have been the greatimprover of the ana-
Ivtic art, and likely to have been the person by whom
it was carried to the pitch to which it is found to have
attained among the Hindus, and at which it is observ-
ed to be nearly stationary through the long lapse of
ages which have since passed : the [ater additions being
few and unessential in the writings of Brabhmagupta,
of Bhxaskara and of Iftinaraja, though they lived at
intervals of centuries from each other.

Arvabhata, Colebrooke rightly says. then being the
earliest author known to have treated of Algebra among
the Hindus, and being likely to be, if not the inventorn
the improver of that analysis, by whom too it was
pushed nearly to the whole degrez of excellence which
it 1s found to have attained among them: it becomes
1n an especial manner interesting to Investigate any
discoverable trace in the absence of tetter and more
direct evidence: which may tend to fix the date of his

labours: or to indicate the time which elapsed between

him and Brahmagupta, whose age is more accurately

determined.

Taking Aryabhata. for reasons given. to have preceded
Brahmagupta and Varzhamihira by several centuries: .
and Brahmagupta to have flourished more than twelve
bhundred years ago, and Varghamihira, c¢oncerning
whose works and age. Colekrooke has given 3 few
notes. and has placed him at the beginning of the sixth
century after Christ, it appears probable that this
earliest of known Hindu algebraists wrote as far back
as the fifth century of the Christian era; and perhaps in
an earlier age. Hence it is con¢luded that he is nearly
as ancient as the Greecian algebraist Diophantus, sup-
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posed on the authority of Abulfarat to have flourished

mn the time of the Emperor Julian or about A
360

Colebrocke further says Admitting the Hindu zpd
Alegandnan authors to be nearly equally _ncjent 1t
must be conceded 1n favour of the Indian algebraist
that he was more advanced mn the science since he
appears to have been in rossession of the resolution of
equations mnvelving several unknowns. which 1t 13 not
clear nor fairly presumatle that Diophantus knew
and a general method of indeterminate problems of at
least the first depgree to a knowledge of which the
Greecran algebraist had certainly not attained though
he displays infinite sagacity and igenuity sn particu
lar sclutions and though a certamn routing is indiscer
nible m them

Colebrooke appears to be of the wiew that Greeks
were the frst to discover the solution ot egquations
mmvolving one uhknown and this knowledge was passed
to ancient Indians by their Greek mnstructors in impro-
ved astroniomy But by the ingenuity of the Hindu

scholars the hint was rendered fruieful and the algeb

raic method was soon nipened from that slender beginn

ing to the advanced state of a well arranged science

as 1t was taught by Aryabhata and asit is found in
treatises compiled by Brahmagupta and -Bh3skara

We do not agree with this analysis in entirety Indian
algebra 1s entirely of Indian roots It had its begimming
it the tames of Samhitis and Brihmanas Some of the
equations and problems were selved by geometric
methods It must have had 1ts origan m the Sulbz
period 1f not belore Aryabhata undcubtedly was the
discoverer of many algebraic solutions of cquations of
the first 2nd mgner order witn ont and more unkno
wns It 1s rather too much to troce the mfBluence of
Dhophantus on Indian algebra which developed 1n 2l 15
country :ndercndently Brahmoagupta s one of the
mast brilliant algebraists we ever had in the enpnre
history of mathematics, .
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Technical Terms
Coafficiont =

In the ancient Indian algebra, there is no systematic term
for the coefficient, Usually, the power of the unknown is men-
tioned when the reference isto the coefficient of that power. At
one place, for example, we find Prthodaka Svami (the commenta-
tor of Brahmagupta's Brahmasphtijasiddhaata) writimp ‘‘the num-
ber (antka) which is the coefficient of the square of the unknown i1s
called the *sguare’ and the number which forms the coefhcient of
the (simple) unknown is called the ‘unknown quantity® (avyakta-
mana).*"? However, at many places. we find the use of a technical
term also. Brahmapgupta once calls the coefficient sambhya®
(number) and on several other occasions gunaka® or gupgkara®
(multiplier), Prithudaka Svami (860 A.D)) calls it antka (number)
or prakrts (multiplier) These terms may also be secen in the
works of Sripati® (1039} and Bhaskara II7 (1150 A.D.), The
former also used the word rpa for the same purpose.®

Unknoun Quantity

The unknowsn quantity has been termed as svavat-tavat
{meaning so-much-as or as-many-as) in literatute as early as 300
B. C. (vide the Sthananga-stitra®). 1In the Bakhasali Manuscript,
it has been termed as yadyecha. vaiichd or kam:ka (or any desired
quantity)®. Aryabhata I in one of his verses calls the unknown
as guhikal (hLterally meaning a2 shot) ¥From the early seventh
century A.D. the word aryakta was used for unknown guantities.
Brahmagupta uses this term in his Brahmasphufasiddhanta®

1, BrSpSi. XVI1. £1 (Com)
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portion of the equation whilst 1tsother part 1s practically mvisible
or unknown?

Unknowns and Symbohism

Aryabhata I (499 A D) probably used coloured gulikas or
shots for represtnting different unknowns Brahmagupta men
t10ns Yarpa as the symobls for unknown He has however not
indicated how these varpnas or colours were used as symbols for
unknowns Perhaps we might conculude from this that the
method of using colours as symbols for unknown quantities was
very common and famliar to the algehraists Datta and Singh
say that the Sapskrit word 1 arna denotes colour as well as a letter
of alphatet and therefore, letters of alphabet came nto use for
enknown quantities E2laka (black) nifaka (blue) pitaka (yellow )
lohita (red) hardaka (green) etaka (whete) citraba (varepated)
kFamlaka (tawny) pingalaka (reddish trown) dhtimraka (smoke

coloured) patalaka (pink) $a1alaba (spotted) $yamalaka (blackish)
mecaka (dark blve) erc®

It should be further noted that the first unknown quantity
yavat t2vat 15 ot a varpa or cotour I thus clearly indicates
that the use of colours as symbols came at a laterstage whilst the
word yavat tdvat was in currency from much earlier times Some
authorities think that the term savat tarat 1s a corrupted form of
sdvakastavat {where 3dvaka means red) Prthodaka Svam has
sometimes used the term 3avaba for an unknown quantity®

Laws of Signs

Brahmagupta has in his Chaper XVIII devoted a special
section entitled Dhanarpa Sunsanam Samkalanam or calcu

lations dealing with gquantities bearing positive and negative signs
and zero

1 =/ AT Fha TR 855 | —BrSpS: XVIII 43
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LAWS OF SIGNS i

Regarding addition Brahmagupta says
The stim of two positive numbers 15 positive of two
negative numbers 1s hegatir e of a prsitive and negative
number 15 the difference’

Regarding sublraction Brahmagupta further says
From the greater should be subtracted the smaller (the
fAnal resulr 13) positrve o positrve from positive and
negative if negative from negative 1f however the
greater 1s subtracted from the less that difference ts
reversed (in si1ign) negative tecomes posmtve and
positive becomes negative When postave 1s to be
subtracted from negative or negative from positive
then they must be added together®

Mahavira (850 A D) Bhaskara II(1150 A D) and Narayana
(1350 A D) have also given sumlar rules regarding addition
{Sa-nbalanam) and the subtraction (rya abalanam)

Again the rule given by Brahmagupta regarding Multiph
cation 15 as follows
The orodvet of a positave and a neganve (number) 19
negative of two negativesits posittve positive multiplied
by positive 15 positive’
His rule regarding diwviston 15 as follows
Positive divided by posttive o negative divided
by negative becomes positive  But positive divided by
nopative and negative divided by positive remains
negative®
Similar rufes for multiplication and diviston were provided
by jater authorities as Mahhivirs and Bhaskara II
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Brahmagupta lays down the rules regarding evolution and

anvolution as follows
The square of a positive or a negative number 1s positive
. The (s1gn of the) root s the same as was that from
which the square was denived!

As regards the latter portion of this rule Prthoduka Svam
has the follow g comment to make “ The square root should be
taken either negative or posittve as will be most surtable for
subsequent operations to be carrted on

It will be interesting to observe the following observation
of Mahavira (850 A D) regarding squarercot of a negative
quantity Since a negative number by 1its own nature s not a
square 1t has no squareroot - Sosays Smipatr A negative
numter by itself 15 non-square 50 its square-root 15 Unreal so the
rule (for the square-root) should te applied in the case of a post-
tive numker

Algebraic Qperations

Brahmagupta and other algebraists recognise six operations
as fundamental 1ty algebra addition. subtraction multiphication
division, squaring and the extraction of the square-root

Regarding addition and subtraction Brahmzagupta says
Of the unknowns their sgquares cubes, fourth powers,
fifth powers, sixth powers etc addition and subtraction

are (performed) of the like of the unlike (they mean
simply theiwr) statement severally

« In place of of the like Bhaskara I] usestheterm of those
of the same species (gati) amongst unknowns
Addition and subtraction are performed of those of the

same species (3a1) amongst unknowns of different species
they mean thetr separate statement 3
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T his means that the numerical coefficients of x cannot be
added to or subtracted from the numerical coefficients of y
ot x° ot x> or x¥ and so0 on because these terms belong to different
jats or they do not belong to the category of the ke

Again regarding multiplicat on Brahmagupta says

‘The precduct of the two like unknowns 15 a square the
ptoduct of threc or more like unknowns 1s a power of
that designation  ‘The multiplhication of unknowns of
unlike species 15 the same as the mutual product of
syintaols 1t 13 called dhavita (product or factum}’

Having given the rules of the operations for addition sub
traction  and multiplication  Brahmagupta does not think
1t necessary to deal with other operations  His section on the
caleulations with zero, negative and positive quantitiesends here

How 15 an Equation Formed”

Prthodaka S+irmi while commenting on a verse 1n Brahma
sphutasiddhanta speaks as follows

I'm this case m the problem proposed by the questioner
3 avat tavat1s put for the value of the unknown quantity
Then performmg multiplication division etc asrequired
in the problem the rwo sidesshall be carefully made
equal The equation being formed in this way then
the rule (for its solution) follows®

Plan for Vtriting Equations

When 1n regards to a given problem an egquation has been
formed 1t has to be wrnitten down for {urther operations
This writing down of an  equation 1s technically known
as nydsa Perhaps the oldest record of nyasa 1s to befound in the
Babharal Manuscript According to the procedure prescribed 1n
this work the two sides of an equation are put down one after the
other 1n the same linc without any sign ef equality bemng inter
nosed  Thus the equations

Vitb=s Vr—g=p

appcar as

1 \eRa) e ANty
WERIRTINY T KCAMCRE S —BrSpS: XVII 42,
2. BrSpS) XVIII 43 {com)
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1 1 1

Here yu (3) stands for yute (37), meaning added, subtraction
15t+s1gn, dertved from Ksaya or (§%) meaning duninished, gu
(D for guna or gumta, meaning multiphed: bha (n) for division
from bkanta and mu (3 ) for square-root. from mala meaning
root; zero (¢} was used to mark a vacant place.

Again, the following eguation
x+2x1+-3X3x+12 X4x=300

1s represented as

TR R

There 15 no sign for unknown in the Bgkhatadhh Manuscript.

L ater on this plan of writing equations as adopted 1n"Bakha-
saly Manuseript was abandoned in India: a new one was adopted
in which the two sides are written one below the other without
any sign of equality, It must be stated chat in this new plan the
term of stmilar denominations are uswally written one below the
other and even the terms of absent denominations on either side
are clezrly indicated by putting zeros as their coeficients. We

find a reference to this new plan in the algebra of Brahmagupta.
From which the square of the unknown and the unkno-
wn are cleared. the known quantities are cleared (from
thea side) below that!,

Here 1n this verse, the words “adhastat” clearly indicate
that ane side of the equation is written below the other.,, As an
illustration. Prthudaka Svami represented the eguation® ;—

10x—8=x*+1

as ¢

ya va 0 sa 10 ro 8 (x'0+=x.10—8)
va va 1 38 0 rit 1 (#*1+x.0+1)

which means, x* was written as vavat-varga (va va) and
x was written as yavat or y2. The minnus sign was represented
by a dot at the top of the number.(—8 was written as 8). We
shall take another illustration from Prthudaka Svami

He would write the equation

197 x—1644 p-—r=§302

ﬁ}g}*umﬂﬂ'm{]?-l-mﬂﬂ

a5

1. BrSpSi. XVII. 43, compare also Bhaskara 1I, Biyjaganita-
2. BrSpS:. XVIII. 49 (com )
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ya 107 kg 164i mz 1 7z D
i D k7 D nsi 0 ruo 6302

Here the frst unknown x 13 represented by ya{vat) the
second unknown » by Aa{laba) and the third unknown = by u;
(laka) and the term without unknown a mere number 1s wrirten
by rii{lpaka)} The two sides one wrnitten below the otherf
written 1n the present form would appeat as

197 x—1644y—z+0=0x+40y+0Z 6302

The Bijaganita of Bhaskara II also follows the same proce-

dure One instance from 1t would be quoted here to illustrate
the method of expressing equations

8x 42+ 103 x=4 x>+ 12y*x
or Bx*+d4424-10p2x=dx? 0>+ 123%x
15 wntten as follfows on Bhaskara s or Brahmagupta s plan

x% 15 gﬁana of yavat (ﬂb breviated as yda gﬁﬂ]
x* 15 varga of yvavat (abbreviated as 32 va)
¥ 15 yarga of balaka (abbreviated as ba va)

the coeffcients 10 and 12 are bharita (abbreviated as
Bhia)

The equation 1s

va gha 8 vy va 4 k7 va za bk 10
v gha 4 va va 0 k2 va yva bha 12

Datta and Singh state that the use of the old plan of writ
1ng equations s sometimes met with 1o later works also  Tor
instance wn the MS of Prthtdaka Svam! s commentary! on the
Brahmasphuigsiddhanta an mcomplete copy of which 15 prescry
ed in the hibrary of the Asiatic Society of Bengal (No I B6)Y we

find a statement of equations thus ‘first side yavargah 1 vavabah
200 ri2 0 second side yavargak O yavakah O vt 1500

Sodhana or Clearanec of an Equation

After nydsa or statement of an equation the operation to
be performed 1s known as fodhana (clearance) or samiodhana
{cquiclearance or complete clearance) The nature of
this clearance wvaries according to  the kind of equation
I'n the case of an equation in one unknown only whether linear

1 BrSpS: XII 15 (cont )
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quadratic or of higher powers, one side of itis cleared of the
unknowns of all denominations and the other side of it of the
atsolute terms. so that the equation is ultimately reduced to one

of the form

ax +bhx=c,
Wwhere i by ¢ may be positive or negative; some of toem may
even be zero  Thus Brahimagupta observes ;

From which the sguare of the unknown and the un-
known are cleared, the known gquantities (r@pdus) are
cleared (from the s1de) below thatl

On this Prthtudaka Svam: comments as follows @

This rule kas been introduced for that case in which
the two sides of the equation having been formed in
accordance with the statement of the problem, there are
vresent the square and other powers of the unknown
together with the (simple) unknown. The absolute
terms should be cleated off from the stde opposite to
that from wuhich are cleared the square (and other
powers) of the unknown and the (simple) unknown,
When perfect clearance (samiedhana) has been thus
made...t

Sridhara and Bhaskara II have also given the rules of
clearance almost on the same hines. Thus the equation
32 va 0142 10 rn 8
ys?salsa 0rpl
after perfcet clearance having been made will be (aceording to
Prthiodaka Sviami)

sdtalsal0ma
1.0. the equation 10x—8e=x%4-1

after clearance would become
2=IPr=-—90

Classiflcation of Fquations

LU'sually equations are classificd as
simple equanion  saval taval

quadratic sarfa
1 e g eIy ST e 1) — BripS:. AVIII, 43.

2. Br&pnS:. AVIIL 43 (¢com.)
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cubic - ghang
biquadratic varda-varda

Hrahmagupta classified them as
(1) equations 1n one unknown gquantity . eka-varng

samikarans

(11) equations in several unknowns aneka-varna sami-
karana

(111) equations nvolving products of unknowns,
bhavita

Eka-varna samikaranas (equations % 1th one unknown) are
further divided into (1) linear equations, and (1) quadratic equa-

tions (avyalkta varga samikarana)
Prthodaka Svam has classithed equations 1in a2 different

manner as follows
{1} linear equations with one unknown : eka-yarna

satikarana
(11) linear equations with more unknowns gneba-
Varnag samubarana

{111) equations with one 1wo or more vnknowns 1n their
second or higher pcwers wadhyamaharana

(xv) equations mvolving products of unknowns bha-
Vil

As the merhod of solution of an equation of the third class
(1 ¢ eguations with one or several unknowns in their second or
higher powers) 1s based uponr the principle of the elimination
of the middie term, that class 15 called by the term madiyvama
(m1ddle) dharapng (elimination) The classification of Brahma-
gupta and Prthtidaka Svam; more or less received recognition by

later wrriters on algebra as Bhaskara II and others

Linear Equatisns with
Gne Unknown and Their Solutions

The first solution of a linear equatwon with one unknown is
obtainable in the Sulba Sutras but not through an algebraic
process,—the Sulba process 1s geometrical Tt 13 sa:d that there
15 a reference m the Sthananga Sttra (c 300 BC) to z hnear
equation by its name yavat i3val There has been a good deal of
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of the coeffictents on the unknown (gulika) The
quotient will be the value of the unknown (guliba) if

their possessions be equal’

The original verse contains the term  “gulikantara™ which
has beenn here translated as the difference of the coefhcrents
of the unknowns We have alrea dy stated earlter that Aryvabhata
uses the term guliba or shot for an unknown quantbity {gulikantara
literally means only the difference of unknowns) This practice
s also followed by other Indian algebrasts Prthudaka Svami
rightly observed that sccording to the usual practice 1R this
country, ' the coefficient of the square of the unknown 1s called
the square (of the unknown) and the coefficient of the (simple)
unknown 15 called the unknown *

The rule given by Aryabhata then contemplates a problem
of ths kind

Two persons who are equally rich, possess respectively
a, b times a certain unknown smount together with
e, d units of money in cash wWhat 15 that amount ?

Now if x be the amount unknown, then according to the

problem
ax+c=bx+d
Thence
x#d—c
a—b

Aryabhata has merely expressed this solutzon in his langu

age

Regarding the solution of linear equations Brahmagupta

S3YS
i one unknown the difference
verse order divided

of the unknown

In a (linear} equation
of the known terms taken in the re

by the difference of the coefficients
(is the value of +he unknown)’

1 z_mmﬂmaua gerirg sl
Ay itreRgeg A 1 AR o

~Arva 1l 30

9 A CET AR TR gas=sa |
ks v raps, ey e —BrSpS: XVIII 43
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Similar solutions have been offered by the other Indian
algebraists who followed Brahmagupta ke Sripati, Bhaskara II
and Narayana, Here again., we take a problem proposed by
Brahmagupta in this connection !

Problem :
Tell the number of elapsed days for the
tithe when four times the twelfth patt of
the residual degrees increased by one, plus
eight will be equal to thz  residual degrees
plus one,?

Prthudaka Svami has solved this problem as follows :

Here the restdual degrees are (put as) yavat-taval, 3d;

increased by one. ¥ 1 77 1; twelfth part of if:1."”r alrzl

12 ¢
four titnes this. ya 13 AL 1; plus the absolute quantity

IF_-:igl]-t..:-w1 1_3:-11 2 . This isequal to the residual degrees
plus unity., The statement of both %ide:s tripled 1s

+»2 1 riz 25
a3 ri 3

This diffetence between the coefficients of the unknown
152 By this the difference of the absolute terms
namely 22, being divided, 1s produced the residual of
the degrees of the Sun, 11, These residual degrees should
be known to be wrreducible. The elapsed days can be
deduced then. (proceeding) as before,

1f put in the modern notations, it means the solution of the
equafion :

4 —

fram which we haye

x+25=3x-13
or Zx=22
or xr=1]11,

Rule of Concurrence or Samhramana

Brahmagupta has included this rule in  algcbra, whereas
other Indian mathematicians included it sn arthmetie, San-
1. S¥Egvlns aruarney iyt |

WYY 4301 RSO 39y 1 ~Br8pS1. XV1il. 46
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kramana1s the solution of the sumultaneocus equations of the
type

xty=da

x—y==D

Brahmagupta's rule for solution 15

.
The sam 15 increased trd dimmnished by the difference
and divided by two {the mesult will be the two un-
known quantities) (this 15) concurrence (Sambra

mana) 1

Brahmagupta restates this rule in the form of a problem

and 1its solution
The sum and d:Herence of the residuesof two (heavenly

bodies) are known 1n degrees and mrnutes What are
the residues? The difference 15 both added to and
subtracted from the sum and halved (the resulis are)

the residtes ®
Linear Equations with Several Unknowis

The first mention of a solution of the problem with more
than one unknown 1s found 1n the Babhasali Manuscript and a
System of linear equations of this type 15 solved 1in the Bakhaidali
treatise substantially by the False Position Rule

A generalised system of linear equations w1ll be
h¥x—cixi=as bidr—cpxs=as
baZx—cnx =a

Therefore
S{ale)
2x= Shicy—1
Hence

b ' - Sale) _ _a,
T e T Shle)—1 o

r=]1 2 3 !
One particular case, where by=ba=bs= =fa =1 and c1=
==y s —pn =g has beeh treated by Bizhmagupta at one
place He gives the rule as follows

1 Rasmew Be gamameRhT 4|

e B B
vt Prgreerafis €% @ fonfia v =BrSpS1 X1 o6
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The total value (of the unknown quantities) plus or
minus the individual values (of the unknowns) multi-
plied by an optional number deing severally (given),
the sum (of the given quantities) divided by the num-
ber of unknowns increased or dgereased by the mult-
plier will be the total wvalue, thence the rest {can be

determined).!

2¢ﬂﬂ:1=ﬂll zx—_-—'-:l:x:=ﬂ21 meﬂﬂﬂﬁi. ----- ¥
Sxtex =an

Therefore

Ex__ﬂlj-ﬂa'-l-ﬂt'Jr—....u'l'ﬂﬂ
nL=c¢

and so on for x: xs etc.

Now we shall give the rule enunciated by Brahmagupta
for solving lincar equatiotts tnvolving several unknowns?

Removing the other unknowns from (the side of) the

first unknown and dividing by the coefficient of the
first unknown, the value of the first upknown (izobtai-

ned). In the case of more (values of the first un-
knawn), two and two (of them) should be considered
after reducing them to comon denominators. And
(so on) repeatedly, If more unknowns remain (in the
final equation). the method of the pulveriser (should be
employed). (Then proceeding) reversely (the values
of other unknowns can be found).?

Prehudaka Svami has commented on this rule os follows :

In an example tn which there are two or more un-
known quantities, colours such as yavattarar, ete.
should be assumed for their values. Upon them should

1. mpmE G de oo ey Bt e
e LA St gAGErReRirniy o ~BrSpSi. X111, 47

2 ﬂmm s GIR UL g ol
BRUSITTEEL O 5771 330 4 ~—BrSpSi. XVIII. 51
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be performed all opzrations conformably to the state-
ment of the example and thes should be earefully
framed two or more sides and clso equations Equi~clear-
ence should be made first betneen two and two of
them and so on wo the last. from oae side one un-
known shoold be eleared other unknowns reduced to
a common denominator and also the absolute numbers
should be cleared from the side oppostte  The
residue  of other unknosns baing divided by the
residual coethcient of the ficst unknonan will give the
velue of the first unknown [f there  he
obtained several such values. then with tao and two
of them equations should be formed after reduction to
common denominators Zanceeding in this way tothe
end find out the value of one unknoon [f that value
be (in terms of) another unknown then the coefficients
of those e will be reciprocally the values of the two
unkno=ns If however there be pressnt more un-
knowns in that valve. the method of the pulveriser
should beemployed  Acrhitracy vatues may then be
assumed for same of the unknowns
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This problem would today be expressed in terms of the
following equation : * )

S+ x)=x hi—("’gl)b}.

where x is the number of dags after which the first
overtakes the second., We may wrnte this equation

as

bhxs— {2(3—— sHHbla=2e8
whence the value x would be after solving the quadra-
tic ;
o V{2(S— ) +b}E+8bts+-{2(S—5) +b}
2b
The Babhatali Manuscript gives this solution as follows:

The daily travel (S}, imimished by the march of the
first day (s) is doubled, thisisincreased by the common
increent (B). That (stim) multiplied by itself is
designated (as the ksepa quantity). The product of the
daily travel and the start () being multiphed by
eight times the common increment, the krepa quantity
is added. The square-root of this (is increased by the
Bsepa quantity: the sum divided by twice the common

increment will give the required number of days),
(BMS. Folio 5 recto)

Aryobhata I (499 AD )} is regarded as the founder of
algebra, since he fives the solutions of a few quandratic problems
For example to find the numkber of terms of an arithmetical pro-
gression (AP, he gives the following rule ;

The sum of the series multiplied by eight times the
common difference 1s added by the square of the dif-
ference between twice the first term and the common
difference: the square-root (of the result) 1s diminishod
by twice the first term and (then) divided by the cons-

mon difference  half of this quotient plus unity is the
number of terms ®

In the modern notations of algebra, the solution would be
expressed as follows .

1. wwiboe o gfem B fidmapm
s fRapere:t vivey vt mE ) —Arya. 11,20 °

ll,
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ﬂ.::{«fmﬁ:rﬁinﬂ }

There 1s another certain nterest problem’ the solution of
which has been provided mn the Aryabhaliya as

oV Apt@ 2l —pl2
* 1
which 15 the solution of the quadratic equation
1t 4 px—Ap=0
Avyabhata I has thus given the solutions of a few quadratie
equations but he now Lere sives the procedufe of solving thes:

cquations

We give here the Rules of Brahmagupta for the solution of
quadratic equations He vndoubtedly 15 not the discoverer of
these Tules, but perhaps for the first time 1n the history of algebra
we find the process of solving 2 gquadratic equation 50 clearly

indicated

First Rule

The quadratic  the Jbsolute quantities multiplied by
tour tnmes the coefhcient ot the square of the unknown
~re increased by the square of the cocfficient of the
muddle (e unknown), the square root of the
esult being dimrmished by the coefficient of the muddle
and divided by twice the coefficient of the square of
+he unknown 1s (the value ot) the middle” +
T his cxpressed n the modern notations would mean
xm'\." dact+b*—b
2a
It would be noted thatin this rul. Brahmagupta has emp
loyed the term madhya (mddle) to snply the simple unknewn
ns well as 1ts cﬂtiﬁ?.mnt The onigin of the term” 1s doubtless
connected with ehe mode of antng the quadratic equation In

the form

so that there ate three terms on each aidc of the equation

ﬁ@ﬁﬂﬂmwaﬂ —Arya Il 25

g
g Tl #9 0 —BrSpS: XVIII 44
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Second Rule

The aksolute term multiplied by the coefficient of tne
square of the unkrown 15 increased by the square of
haff the coefficient of the unknown the square roat of
the resuit dimzushed by half the coefficient of the
unknown and divided by the coefficient of the square
of the unknown 1s the unknown ®

This when exprossed in the modern  algebraiec notations
would be

v/ ac+{(B[2)* —(b[2)
a
Here 1f the quadratic equation 1s
ax*+bx--¢==0
the bsolute term 1s ¢ (the one withovt the unknown ¢) the
coefficicnt of the square of unknown means the coeffictent of 27

1e a and the coefficient of the unknown means the cocfficienr
ofx1e b

The above two metlods of Brahmagupta are exactly the
same 88 were suggfested by Aryabhata I

The root of the quadratic equation for the number of terms
of an arithmetic progression (AP) 1s given by Brahmapupta
according to the first rule ?

v 8bs+4(2a~b)*—(2a—~b)
T —
¥

Third Rule

Brahmagupt1 also suggests a Thir { Rule which 1s very
much the<ame as s usd commonly now Thoughit

has not been expressedly sugrested 15 a new rule we
find 1ts application 1n a few 1nstances For example this

rule has been suggested :n connection with the following
probl m on 1nterest

A certain sum (p) s lentout for a period (1)
the intercet accrucd (x) 1s lent out again 2t thye

1 W spmnsrAN g A SgeTt a )
TREMS o e A 1) —BrSpS: XVII[ 45

2. EYHRITT™ I e
R9T o wyt gy rse o —BrSpS: \II1 18




QUADRATIC EQUATIONS 217

cate of mterest for another period (t2) and the
total amount 1s A Find x

The equation for determintng x 15

The solution of this equation would be

=S -_EE \*_ -‘q_-...}_-ﬂ—t!—
* V Zh) T & 2tz

Brahmagupta has stated the result 1 exactly the same form
Prthuodaka Svami has {lustrated 1t 10 solving the following pro-

blem of interest
Problem

A sum of hve thundred panas (p) 1s lent out
for a pertod of 4 months (t;) the interest
accrued {x) 15 lent out agam at this rate of
interest for another period of 10 months (ts)
and the total amount 13 78 (A)Y Gave the
pramaya-phala 1¢ the 1nterest accrued x

Here pramana kala {t,)=4 months

pramana dhand (p)=500 panas
para kela (t) the subsequent peniod =10 months
ymifra dhana or the total tnterest acerued (A) =78 panas

Brahmagupta states his wlution of such quadratics I:ke

this

Take the product of the preména dhana (p) or the sum
originally lent out and pramana bala 1e the penied for
«hich originzlly lunt out (#y) end divaide by the para

Fala or the subscquent time (ty) place this re<ule at
o0 places Multply the one placed st the first place
with the mifra dhana (A) thot ts with the total mter-
est nccrucd 1 this rroduct add the squareof half the
one placed 1o the second place now take the =quorc
oot of 1t and from it subtract balf of the ome placed

a¢ the second place '

o T it W!fﬁ»ﬁ'n'ﬁ grTur g U} —DBrSp5: Al 15
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Thus in the above example the product of pramana-dhana

and pramana kala divided by parakala is Cotafts) is 5”]“0"4 = 200.

This 1s first multiplied by the total interest accrued {(A); it
becomes 200X 78=15600. To this is now added square of half
of 200 (which is 10000) ; it becomes 15600 plus 10000=25600, Its
square-root is taken which is 160. From this is subtacted half of
the quantity (z e. halt of 200 which is 100). Thus 160-100=60.
which is the answer. It was the interest which first accrued (x).

Another Quadratic Problem :

) Brahmagupta refers to an astronomical problem which
involves the quadratic equation

(72+-at)xt F 24 apx=144(-§'—p= )

where a==agra (the sine of the amplitude of the Sun), b=palabha
(the equinoctial shadow of a gnomon 12 anguli long), R==radius,
and x=konatanbu (sine of the altitude of the Sun when his
altitude is 45°), Dividing out by (724 %) we have

x 0 2mx=n,

wherc
_12ap _ 144(R*2—p7)
TRtaT " T 72Far

Therefore wea have
xve/ m*4nt=m,
as stated by Brahmagupta. We fnd the same result in the
Surya-siddhonta and i the text of Sripati. Aryabhata I (1150)
also followed the method of Arvabhata 1 and Brahmagupta in
solving a quadratic equation in connection with finding out the
number of terms 1n an arithmetical progression (A.P.) whose first
term is (a). common difference 18 b and the sum i3 5. The number
of terms n 15 paven by’

nuﬁ./gbs Fa—b/2Y—a+b[2
b

Two Roots of a Quadratic Equation and Drahmagupta

A quadratic equation has two roots This must have been
known to Indian algebraists even at a very early stage. Bhaskara
[T in his Bijaganita has quoted a rule ascribed to an ancient
eriter Padmanibha whote works are not available now -

l. Makasiddranta, Bhaskara IL XV, 50
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If (after extracting roots) the square root of the absolnte
side (of the guadratic) be less than the negative abso
lute term on the other s1de, then taking 1t negative as

well as positive two wvalues (of the unknown) are
foundl,

The term used here 1s dvividhotpadyate malilk which means
that two values are obtained.

The existence of two roots of a quadratic equation appears
to have been known also to Brahmagupta (628 A D ) Inillustra-
tion of his rules for the solution ot a quadratic he has stated two
problems involving practically the same equation .

Problem @  The squareroot of the residue of the
tevolittion of the Sun less 215 dimimished by 1, mulo-
plied by 10 and added by 2 when will this be equal

to the residue of the revolution of the Sun less I, on
Wednesday *

Problem 17 When will the square of onefourth the
residue of the exceeding months less threz be equal to
the residue of the excecding months?

We shall follow Prthudaka Svimin solving the Problem I

In this problem the residue of the revolution of the Sun
may be supposed to be x*+2, then by the question, we hgve

10 (x—1)+2=x*4+1,

or x™—10x=—9

Agam in Problem IT, 1f we put 4x for the residue of the

exceeding month then we have
(x—3)=4x

or x2—=10x=—4

Now by the second rule of Brahmagupts, tetaining both
the signs of the radical, we get .

x=54+4/25-0=0 or 1,

1 57 T SaERE gt |

W W g et BB 1 —Bhiskaka, Buyaganita
2 FUTATNL LT =¥ ot B
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As shown by Prthodaka Svam the first value 15 taken by
Brahmagupta for the Problem I and sccond valve for the protlem
If Thus it s quite clear that Brahmagupta uses sometimes the
positive and at other tumes the negative sign with the radical
Hence we sball say that Brahmagupta knew that a quadratic
equationwould have two roots and according to the regusite-
ness of the problem one value outof the two would be utifised

Simultanecns Qunadratic Equafions

Indian authors usaally treated problems involving various
forms or simultaneous quadratic equations

e e
ZFyt=g 2 Fyt=c
i) xrp=5b i () X+ y=a }

For the solution of the combination (1) Aryabhata I gives
the following rule in his Arsabhaniya

The squareroot of four times the product {of two quan-
titics) added with the square of their diffetence bemng
added and diminished by their difference and halved
gives the two multiplicands?

This means that
x=3V @+tdo+d). y=i(v/ d&+3b—d)

For the solution of the same combination Brahmagupta
states as follows

The square—root of the sum of the square of the diffe
rence of the residues and two squared times the product
of the residues being added and subtracted by the
difference of the residues and halved (fives) the dest
red residues severally *

(Here by ditference of the residues s mesnt x—y; and by
product of the residues s meant xy )

Brahmagunta does not seem to give the solution for simulea
neous equations of the combination (1) MahIvira (B30 A D)

1 FrePy srmmeng eve i 5T

R O BTt sPe —~Arsa Il 24
2 Frveas 263 Car Dot 41 €L
TTE0T T4 g T g o —BrSpSy XVIITF 99
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has given the solution

Subtract four times the area (ot a rectangle) from the
square of the semi perimeter then by sanbrumana bet
ween the squate-root of that (remainder) and the sems

verimeter the base and the upright are obtamed®
(GSS VII 1291)

This expressed 1n the modern notations would be

r=23a+ v a*~4b) y=Xaq—V a*—~4k)
For the combmation (in) Mahivica v hrs Ganita Sara
vamgraha gives the following rule

Add to and subtract twice the area (of a rectangle) from
the square of the diagonal and extract the square roots

By sanbramana between the greater and lesver of these
(roots) the side and upright {are found)?

This put 1n modern notations would be
x=% v c+2b4+Ve—20)
=1{sc+2b~— 2By
For the combination (iv) Aryabhata I pives the following

rule

From the square of the sum (of two quantihes) subtract

the sum of their squares Half of the remaimnder 1s
their produce ®

The remaming opzrarions will be similar to these for the
equatons {11} so that

x=1 (a+4/ 2c—a) y==1} (a—+ Fc—~a’)
Bralimagupta tn this connection says

Subttact the squate of the sum from twice the sum of
squares, the square-root of the emainder being added
to and subtracted from the sum and halved {gives)
the desired residues ®

5§ YT 15od
GSS VI 127%
grh et fg a2 i PRy
LT A9 R, PR ~—Aaya 11 23
4 % aarg Rarmaf w Ry B ww
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Thesz equations have also been ‘reated by Mahavira
Bhiaskara Il and Narayana Narayana has attempted two other

forms of quadratic equations

Ol du 1 SRR L o

For their solutions, sec Datta and Singh Algebra P. 84

Rale of Dissirmlar Operations :

Datta and Singh say that the process of solving the follos-
1ng two particular cases of stmultaneous quadratic equations was
distinguished by most Indian mathematicians by the special
desgnation 115ama karma or dissimilar operation

(1) f:f :’:: (1) f;—_f:!:}

These equations hrve been regarded by these mathematicians
a5 if of fundamental importance They have given the folloang
solutions {expressed 1n modern algebratc sy mhals)

For the combination (1)

m m o

Tor the combinatien (1)
! + ﬂ) o J= - "_'EE‘)
=1 (1: o R H»p -

We shall express these soluttons as follows 1n the words of
Brahmagupta
The difference of the squares (of the uitknowns) 1s divs
ded by the dufference of the unknowns and the quotient
i1s ncreased and diminished by the diffirence and
divided by two (the results will be the two unknown
quantitics}  (this 15) disstmiar operation.
The same rules s restated by him on a different occa<ion in
the course of solving a problem

If then the differen ¢ of their squares. also the differe-
nce of them (are given) the diflerence of the <«quares

1 = A oy e i
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RULE OF DISSIMILAR OPERATIONS poy

15 divided by the difference of them 2nd this (latter)
1s added to and subtracted from the quotient 2nd then
divided by two (the results are} the residues whence
the numbter of elapsed days (can be found)?®

This visama kerma or dissimilar operation has been deser
bed by other Indian algebraists also as Aryabhata I {(Mahas:
ddhanta XVII 22) Sripat1 (Siddhanta fekhara XIV 13) Bhz
shara II (Lil2vaty) and Narayana (Gamta baumudt 1 32)

Indeternunate Equations of the Fyrst Degree

Aryebhata I should be gtven the credit of giving for the
fitst time 2 treatment of the imdeterminate equation of the first
degree In his Aryabiatiyva we find a method for obtaiung the
general solution 1in positive integers of the simple mdeterminate
equation

by—ax=c¢
for intepral values of abe and further indicated how to
extend 1t to get posittve integral solutions of ssmuitaneous indeter
minate equations of the first degree His disciple Bhaskara [
(522) showed that the same method might be applied to solve

by—ar==—=

and further that the solution of thisequation would follow
that of by~—ax=-—1 These methods of Aryabhatal and Bhz
skara I have also been adopted by Brahmagurta and in certamn

cases the improvement were suggested by Aryabhata II in the
middle of the tenth century A D

Thke problems which were treated by ancient Indian algeh
raists and which Jed them to the investigation ot the simple inde-

termnate egutation of the first degree may bte classified under
three heads

ClassI To find a number N which being divided by

two grven numbers (a b) will leave two given remain
ders {(Ry Ry)

Thus we have
N=ax+Ri=by+Ra

1 WA T TR, L
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-

Hence by—ax=R,=Ra
Puytting A Rs
we get by-ax=d2c -

the upper or lower sign being taken according as R1is grea-
ter than or less than R..

Class IT : ‘To find a number {x)such that its product
with a given number () being increased or
decreased by another given number (8) and

t then divided by a third given number (B)
will leave no remainder,

This means that in other words, we shall have to get the
solution of ;
cx—=r
=3
<

i positive integers.

Class III . Here we have to deal with an equation of the
form :
bp—gr= b ¢

Kuliaka, Ruitdkara and Kutta * These are the three terms
which Brahmagupta has used in regards to the sublect of indeter-
minate analysis of the first degree. Aryavhata I bas also descri-
bed this method 1n brief, but he does not use the word kujpfaka.
In the Makabhaskariya of Bhiskaral we have the terms kujja-
bhara and kupta (522 AD) AMBR 1. 41.49). These words have
been translated into English as pulveniser or grinder. According
to Datea and Singh, the Hinduv method of solving the eguation
by-ax= == ¢ 15 essentlally based on a process of deriving from ir
suceessively other simplar equations in which the valves of the
coefficaents (ab) become smaller and smaller. Thus the process
1s tnideed the s2me as that of breaking & whole thing into sezller
pieces, and this accounts tor 1ts name kuftaka or ‘pulveriser’.

In the problems of the Class I, the quantities (a2 and 8) are
called’ divisors’ bhagahara. bhajaka. cheda ete.) and R; and Ry
as ‘remainders (agra or fesa etc) while 1n 2 problem of the
Class I1. B 1s ordinanly called the ‘divisor” (bhagahdra or bra-

1aka) and Y the ‘interpolator’ &jepa, Bsepaba etc) ; herea is called
the “‘dividend” (bhayya), the unkown quantity to be found {x) is

called the ‘“muluplier” or (gunaka or gunakbara etc) and 3 the
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quotient or phala In later vears Mahdvira has called the unktwn
number (x) as ran

Prebmsary Operations
mm Kettaka Karma

Ulswally 1t has been suggested that in order that an equation

of the form
by—axs=F= ¢ or bytar= Lt ¢

may be amenable to solution the two numoers ¢ and &b must not
have a common divisor for otherwise the equation would be
absurd unless the number ¢ had the same common divisor So
beforc the rules which we shall give hereafter could be applied
the numbers ¢ b ¢ must be made prime (drdhag or firm niceheda
or having no divisor or mwrapavarta meaming irreducible to
each other

In th:s connection Bhaskara T writes

The dividend and divisor will become prime to each
other on being divided by the restdue of thewr mutual
division The operation of the pulvenser should be
considered 1 relation to them *

Similarly we find 1n the writings of Brahmagupta

Divide the muluplier and the divisor mutually and
find the last residue those quantities berng divided by
the restdue wnll be prime to each other?

Arvabbaia s Rule Aryabhata I 15 probably the hrst Indian
writer on this subjlect but the operation given by him s rather
abscure  His disciple Bhaskara T has given the solutron of inde-
terminate equations of the first degree m more satisfactory langu
age We shall give here the translation of Aryabhata s verse from
the Arvabhaswva as rendered by Bibhuribhusan Datta because
other translations of this verse do very offen confuse the sense

Diavide the divisor corresponding te the greater remam
der by the divisor cortesponding to the smaller remain

1 yFuerargrg v whi)
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der. The residue (and the divisor corresponding to the
smaller remainder) being mutually divided. the last resi-
dueshould be multiplied by such an optional integer
that the product teing added(in case the number of guo-
tients of the mutual division is even) or subtracted (in
case the number of quotients 1s odd) by the difference

of the remainders (will be exactly divisiblz by the last
but one remainder. Place the quotients of the mutual
division successively one below the other in 2 column;
below them the optional multiplier and underneath it
the quotient just obtained). Any number below .- .
the penultimate)} is multiplied by the one just above
it and then added by that just telow it. Divide the
last number (obtained by doing so repeatedly) by the
divisor corresponding to the smaller remainder; then
multiply the residue by the divisor corresponding to
the greater remainder and add the greater remainder.

(The result will be) the number corresponding to the
two divisors,’

There is an alternative rendering of this passage also as
follows :

Divide the divisor corresponding to the greater remain-
der by the divisor corresponding to the smaller remain-
der. The residue (and the divisor corresponding to
the smaller remainder) being mutually divided (until
the remainder becomes zero), the last quotient should
be multiplied by an optional integer and then added
(in case the numter of quotientsof the mutual division
is even) or subtracted (in case the number of quotients
is odd) by the difference of the remainders. {(Place the
other gquotients of mutual division successively one

telow the other 1n a column; below them the result just

obtained and underneath it the optional integer). Any

1 winmmmad (FFarREnTrene §
orrrts T dFEaarat Rye It
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number below (1e¢ the penultimate) 13 multiplied by
the one just above 1t and then added by that just
below 1t. Divide the Iast number (obtained
by domng so repeatedly) by the divisor corres-
ponding to the smaller remainder, then mulaply the
residue by the divisor corresponding to the greater
remainder and add the greater remamder (The result
w11l be) the number corresponding to the two  divisors

Atvabhata's problem may be enunaated thus

To find a number (N) which being divided by two
given numbers (a b} will leave two given remamders

(R Rs) v

This gives
N=ax+Ri=by+R:
(where Ri1s a greater remainder and R: lesser remamder, and =

1s the divisor corresponding to greater remainder and b the
divisor corresponding to the lesser remainder )

Denoting as before by ¢ the difference between By and
R=l wWe gEt

(1) by=ax+ec if Fa>R,
{11} ax=by+4c if R:>R;

the equation bemg so written as to keep ¢ always positive

Hence the problem now reduces to making erther

axtc by+e
— T
o, a
according as Ri >Ry or Rey>Ri a positive integer So Arvabhata
says Divide the divisor corresponding to the greater remamnder

it o o

Now we shall proceed wnth the details of the operation as
proprosed by Datta and Singh in hus History of Hindu Mathema

tics Part IT Algebra

Suppose By >Ry then the equation to be solved will be
ax-ec=by (1)
a2, b being prime to each other



228 BRAHMAGUPTA AS AN ALGEBRAIST

Tet
b) a (q
bg
ri) b (g1
rif
r:) N (ﬂ:.
rerfs
r3
oo l) m 2 (l:}"m'-l -
'm 10m 1
rm) Ym 1 (Ci'm
rmim
rm +l
Then we get (when a< b we shall have ¢g=0 ri=q)
a—bg+nri
b=yrig1+7;
T =rsﬂ:+ ra
Ti=rsqat-re

i
m-—:— rm=i I?m“1+fm
Tm 1=rmgm-+7rm+1

Now substtuting the value of @ in the given eguation (1)
we get
bv—(bg+ri)x+c

Therefore
y=qx-+yi
where
byn—rixtr
In other words since g=bg+r1 on putting
y=gx+n (11)
the given equatiom (a) reduces to
byy=riz-tc {i11)

Again since b=ryq1+ry
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putting similarly x=qiy;+x1
the equation (111) can be further reduced to

TiXx1=re¢l1—¢C (W )
and so on

Writing down the successive values and reduced equations
M ¢columns we have

(1) y=gqx+31 (11} byy=rix+cC

(2) x—gyn-tx (I2) nnaa=rayi—c

(3) » =gax1} Y2 (1 3) reve=rixa +-¢

(4) x1=qyyet xa (I 4) raxa=ra¥s—¢

(5) ys=¢sxatya {I3) reya=rpxetc

(6) xa=q.y3+xa {16} raxs=rsys—c
(21 1} ya1=gen—3 xa=1+n (I 2n 1) r2n 2 ¥ ~—rm t Xxp 1HC
(2n) xz=1==gen 1 yutan (I 2n) rer 3 Ao—rin Ya—C
(zﬂ 1) Ya=@n Xn+yn+1 (I 2n-- :I.) rio jfn"f'lﬁﬁn"f‘l XoTC

Now the mutual division can be continued erther (1) to the
fimish or(11) so as to get a certain number of quotients and
then stopped In either csse the number of guotients found neple
cting the first one {g) as 13 usual with Arvabhata may be even
or odd

Cazse (1) Fiist suppose that the mutual division 15 continued
untit the zero remainder 1s obtatned Since g 8 are prme to
each other the last one remainder 1s unity

Subcase (: 1) Let the numbar of guotients be even We

then have
ftn.=1 Tin 1={} gm~—7¥zn 1

The equations (& 2n) and (1.2z+1) therefore become

YYo= Xn FC
and
_j'n"{'l'-_‘fﬂ'

respectively  Giving an arbatrary ntegral value (¢) to  xa
e get an integral value of yn Fram that we can find the valve
of xa~1 by the equation (2n) Procceding backwards step by
step we ultimately find the values of x and ¥ 1n posttive integers
oo that the equation (I} 1s solved

Subcase (1 2) If the number of quotients be edd we shall

Lave
ran 1=] ren=0. g 1==ran »
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The equations (2n+1) and (I 2n+-1) will then be absent and
the equations {I 2n—1) and (I 2n) will be reduced respectively
to

In-1=fmwm=1 ¥— (
ﬂﬂd xa =—C

Giving an arbitrary integral value (2 ) toy, we get an mn

tegral value of xa—1 Then proceeding backwards as before we
calculate the values of v and »

Case (1) Next suppose that the mutual division 1s stopped
after having obtained an even or odd number of guotients

Subcase (11.1)  Tf the number of quotients obtained e
even the reduced form of the original equation ts

rs ¥y F1=res 1 xn ¢

OT ¥n F1=7r3u +1 Xn -}¢
Ty
Giving a smutable tntegral value {t) to xn as will make
¥n-H1t-t-c
yni1= T —an integral number.

we get an  integral valee for 3. by (C2n+1) The values of
x and y can then be calculated by proceeding as befere

Subease (31 2) If the number of quotients be odd the reduc
ed form of the quotient 1s

g™l Xn=Fan ¥n—C

. 7an ¥n —
Yon 1

Or Xn

Putting 3» =t where ¢ 15 an nteger such that
Y & —C

o = =gz whol. number
Yanp~— 1

we get an ntegral value of xw=1 by (2n) Whence can be
calculated the values of X and ¥ m integers

If x=0 .nd y=F8 bethe least integral solution of ax-tc=
bv, we shall have

at-+c==bf
Therefore albm+a) +c=b (am+-8)

m being any integer Therefore in general
x=bm+ta

But we have calculated before that



PHESKARA I AND EUTTAKA OPERATION 231

x=qintx1
g1t =bmta

Thus 1t 1s found that the mimimam value = of x 1s equal to
the remainder left on dividing tts caleulated value by b whence
we can calculate the minimum value of N (=a2-+Ri1) This will

explain the rationale of the operations described n the latter
portion of the rule of Aryabhata T

Bhaskara I and Kattaka Operation

In Chapter I of the Mahabhdaskaniya Bhaskara T has descn
bed the preliminary operation to be p-rformed o= the divisor

and dividend of a pulveriser We shall quote 1t from the edition
of KS Shukla

The divisor (which 15 the number of civil days tn a
yuga) and the dividend (which 1s the revolution num
ber of the desired planet ) become prime to each other
on being divided by the (last non zero) residue of
the mutual division of the number of civil daysm a
yuga and the revolution number of the desired planet
The operations of the pulveriser should be performed

on them (1t ¢ on the abraded divisor and abraded
dividend) So has been said 't

An indeterminate equation of the fcst degree of the
type

ax—c
—I
a

(with x and ¥ unknown) 1s known in Hindu mathematics by
the name of pulveriser —kupakara) In this equation a 13
called the diwvidend’ {(bhajya) b the divisor’ (bkagatara) ¢
the interpolator (kjepa) x the multiplier (gunabara) and 3

the “quotient (Jabdha)
In the pulverser contemplated in the above stan=a

a=revolution number of a planet
b=civil days m a yugq

c=residue of the revolutions of the planet (Sesa)

1 SMRJIeTn ey Y o
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=ahavgana ,
and 3=complete trevolutions performed by the planet

The text says that as a preliminary operation to the solu
tion of this pulveriser, a and b 1e., avil days in yuga and revo-
lut:on number of the planet should be made prime to each other
by dividing them out by their greatest common factor, That 1s
to say, in solving a pulveriser, one should always make use of

abraded divisor and abraded divadend

The interpolator, 1 2. the ressidue should also be divided

out by the same factor (This instruction 1s not given in the
text but it 15 1mplied that the residuc should be computed for
the abraded divadend and abraded divisor)

Set down the dividend above and the _divisor (Adra)
below that Divide them mutually and write down
the quotients (labdha) of division one below the other
(in the form of a chain) (When an éven number of
quotients 1s obtamed) think out by what number the
{Iast) rememnder be multiplied so that the product
being dmimished by the (gaven) residuve be exactly
divisible {(by the divisor corresponding to that remain-
der) Putdown the chosen number called mat:  below
the chain and then the new quotient underneach 1t
Then by the chosen number muluply the number which
s tands just above it and to the product add the quoti-
ent {written below the chosen number) (Replace the
upper number by the resultung sum ond concel the
number below ) Proceed afterwards also 1n the same
way {znt] only two numbers remmn) Divide the
Upper number (catled the “mu’lupher ) h}' the divisor
by the usual pracess and the lower ane {called tha
quotient ) by the dividend the remainders (thus
obtatned} will respectisely be the ahargana and the
revolutions ete or what ong w ants to knpw !

W g shall :Hustrate the operation by taking a problem from
the Laghu Bhaskariya (VI 17)

Ttesum the difference and the product 1ncreased by
one of the residues of the revolution of Saturn and
Mars—each 1s & perfect square  Taking the equanions
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furnished by the above and applving the method of
such quadratics obtamn the (simplest) solution by the
substitution of 2, 3 etc successively in the peneral solu
tion) Then calculate the ahragana and the revolu
tions performed by Saturn and Mars 1n that time toge
ther with the number of zolar years elapsed ?

Let x and ¥ denote the residues of the revolution of Mars
and Saturn respectively ‘Then we have to find out two numbers
x and » such that each of the expressions x4+ x—y» and xy+1
may be a perfect square

Let x-+»=4P% and x—y=40* s0 that
x=2P*4-20Q*
y=2P2=203

and therefore xy+ 1= 1)+ 4(P*—Q*)

Hence the condition that xy+1 be a perfect square 1sthat
Pl=03" Substituting these values we have

x=2(Q*+0*

y=2(Q"'—0%)
where ) may possess any of the values 2,3 4 but not 1 (We
neglect the case when x or ¥ 15 zero)
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Putting Q=2, we get x=40 and y=24 which 15 the least
solution

Assuming now that the residues of the revolution (nandea-
laja fesa) of Saturn and Mars are 24 and 40 respectively we have
to obtain the chargana (swhich means the number of mean civil

days elapsed smce the beginning of Kalivuga or, 1n fact, any
epoch)

The revolution-nnumber of Saturn s 146564 and the
number of ctvil daysin a yuga 1s 1,577917500 In the present
problem, these are respectively the dividend and the divisor
Thetr HCF 15 4, so that dividing them out by 4 we get 36641
and 394 479.379 as the abraded dividend and abraded divisor
respectively  We have, therefore. to solve the pulveriser

36641x—24_,
394479375

where x and v denote the ahargana and the revolutions respect:
vely made by Saturn

Mutually dividing 36641 and 394479375 we get

1€641) 394479375 (10766
304477006
2369) 36641 (15
35535
1106) 2360 (2
b |
157) 1106 (7
1099
7) 157 (22
151
3)7 (2
_6
1x27—24=3)3(1
o
0

We have chosen here the number 27 as the optional

numter (matt) In fact, mati may be chosen at any stage after
an even number of quotients ate obtained
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Writing down the quotients one below the other as pres-
cribed in the rule, we get the chain

10766

15

P

7

22

A

(maty) 27
1

Reducing the chain we successtvely get

10766 10766 10766 10766 10766 10766 3108044432

{multiplier)
15 15 15 15 15 258689 288689

{quotient)
2 2 2 2 15665 18665
7 7 7 8714 8714
22 22 1237 1237

2 55 55
{mak) ~

27° a7

1 -Ei';

(1t would be seen :n this reduction of c¢hmin thar mans
or 27 x2 plus 115 55 55x22 plus 27 18 1237, 1237 w7
plus 5518 8714 8714 x2 plus 1237 1s 15665, 18665 x 1%
plus 8714 1s 288682 ond finally 288689%10766 plas
18665 12 3108044439 which 1s the multiplier)

Divid ng 3108044439 by 304479375 and 2853689 by 36641,
we obtain 36685814 and 32202 respectinely as remainders, (This
division 1s performed only whea the multiplier end quotiene are
preater than the divisor and dividend respectinely) These are
the munimum s alues of x and » satisfying the abave equation

Therefore the required chargfotta=316688314. and the
revolutions performed by Satum 32202

To ortain the ahargara and the revolutionsof Mars, one
has to solve the equation
191302 =~{0
131493125
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Brabmagupta further observes

Such 1s the process when the guottents {(of mytyal
division) are even 1n number But if they be odd
what has beent stated before as negative should be
made as posittve or as positive should be made
negative 1

Regarding the direction for divading the divisor corres
ponding to the greater number by the divisor correspanding to
the smaller remainder Prthudaka Svarmi (860A D) observes that
tt ts nat absclute rather optional so that the process may be
conducted in the same way by starting with the division of the
divisor corresponding to the smaller remainder by the divisor
corresponding to the greater remander But in this case of in
version of the process he continues the difference of the remain
ders. must be nepative

That 15 ta say the equation
by=gx-+c
can be solved by transforming it first to the form
ax=byp—c¢
so that we shall have to start with the division of b by 2

For the detals of the *Theory of the pulveriser © as applied
to the problems in Astronomy the reader 1s referred to the wnit
ings of Bhatta Govind translated by K S Shukla and given as
an Appendiz to the edition of the Laghu Bhaskariva For the
rattonale of the rules 1n relation ¢ Futffala or the pulveriser
operation one may alsorefer to the chapters by Datta and Singh
in the History of Hindu Mathematics Algebra

Solution of byw=ax:t ]

This simple indetermnate equation has a special yee jn
astronamical calcalations and therefore Indion algebrarses have
pad  special a ttention to 2t In fact  this cquaticn 1s solyed
exactly n the some way as the equation byeax & ¢ 1t 5 2 parg

1 4 @iy e v v e m
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cular case only of the more general latter equation Of course, there
15 a lrittle justification also for treating it separately since both
the types of equations represent two different physical condrtions
af the nstronomical problems, In the case of by=—axc, the
conditions are such that the value of either ¥ or x more particu

larly of the latter, hasto te found and the rules for solution
formulated with thut objective But in the case of the equation

by=ax-+1 the physical conditions require the values of both
¥y and x

The equation by=ax=+11s usuzlly known by the namec
sthira bufjaba literally meaming the constant pulveriser Prthu
daka Svaim also names 1t as drdha hutiaka meaming firm=pulver:
ser  Later on this term dpdha was confined to snother sense
equivient to micched (having no divisor) or mrapavarta (irreduci
ble) The origin of the name sthira bujtaka or constant pulveriser
has been exploined by Prthodaka Sviami as being due to the fact
that the interpolator (1) 1s here myvanacle

For thesolution of this equation we shall quote Bhaskara

Isrule and therule by Brahmagupta Bhiaskara I writes n this
wonnection as follows

The method of the pulveriser 1s applied also after
subtracting umity T he multuplier and guotient are
respectively the numbers above and underneath Mulg
plying those quantnties by the desired number divide
by the reduced divisor and dividend the residues erc
i this c1se known to be the (elapsed) days and (resid

uzes of) revolutions respectnely?

The pulveriser

axr—c

P =¥ (1)

m1y bewnitten a8t

ﬂ_

1
- =Y (2)

where r=ch end 3 =¢cY If A =0 } w8 15 a solution of €2) then
x=~=ca 3=cB will be a solution of (1) Fence the above rule

_—
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If the multiplier be negative it must be made positive
and the addit ve must be made negative and then the
method of thz pulvenser should be employed

Prthudaka Svami however, does not indicate how to derive
the solution of the egquation

by=—ax-tc (1)
from that of the equation
by=ax—c (2)
The method however seems to have been this

Let x=0 y=§ be the minimum solution of (2) Then
we det

bf=a a—c
or bla B)= ale-b)+c

Hence x=a~}p y+=a~B8 15 the mmmum solution of {1) This
rule 1s very clearly indicared by Bhaskara II and others

We shiall give two examples from Bhiskara [I (Byjagamta)
to iliustrate the rule

Example I
13y=-60x -+ 3

By the method descnibed before we find that the minimum
solunton of

13p=60r43

1s x=11 y=51 Subtracting these values from their respective
abraders, namely 13 and 60 we get 2 and 90 Then by the
maxim “In the case of the dividend and divisor being of differ

ent signs. the results from the operation of divismion should be
knawn to be s0  making the quotient negative we get the solu

tion of

13y =~60¢<+3

as x==2. 3 ==8 Subtracting these values again from their respec
tive abraders (13 60) we get the solution of

13y=-60x-3
as x=1] y=-51
Example IT
113 =18x+ 10
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Proceeding as before. we find the mmimum solution of
11y=18x-+10
to be x=8, y=14 These will also be the values of xand ¥ in
the case of the negative divisor but the quotient for the reasons

stated before should be made negative So the solution of
“]1lyes]Bx410

1s x=8, p=-14 Subtracting these (1 e, therr numencal values)

from their respective abraders. we get the solution of
-11p=18x-10

g x—=3, y=-4

“When the divisor 13 positive or negative the numern-

cal values of the quonient and multiplier remain the

same when either the divisor or the dividend s

negative. the quotient must ﬂlwars be known to be
negative'!

One Linear Equatjon in

More Than Two Unknowns

Whenever a linear equation involves more than two unkno-
wn's the Indian algebrasts used to assume arbitrary values for all
the unknowns except two 2nd then to apply sthe method of kut
faka or “pulveriser ' In this connection, Brahmagupta says.

The method of the pulverwser (should be employed 14
there be present many unknowns (tn any equation)’,

1 Bhatkara If five s the following rule
“Those(the mulapiter and quatient)cbtained {or & positive divia

dend being treated in the same manner five the results gorres-
ponding to o negative dividend °

The treatment alluded wa in this vule {s that of subtracnicen

from the respecrive abraders He has further elaborated it
thus

The multiplier and Quonent should be Jetermined ty
taking the diridend, divieor and Inrerpolator o9 positive They

will be the gquenutes for yhe additive intetpolator

Subtracung them trom thelr renpective abiraders the quantiren
for @ neganve interpolatot wre found Iy the dividend or divi-

guotient shoull be stated ny pegar o, ted oo negarive tle

1. wreete 4 M SO e | —Ttagantia
' X
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We shall take up one of the problems posed by
Brahmagupta concerning astronomy and leading to
the equation !

197 x~-1644 y—2z=6302

Henea
___ 1644 y+z+6302
197
The commentator assumes z=131 Then
__ 1644 »+6433
197
hence by the usual method of the pulveriser
x=4] y==1

General Problem of Remainders

A certamn type of sumultanecus indeterminate equationsof
the frst degree arise cut of the general problem of remainders
which may thus be stated To find 2 pumber N which being
severally divided by a1 ar a: an leaves as remainders ry re
ra rn respectively

Whiledealing with such a case we shall have the following
series of equations

N=g;r1+ri=airi+r=aixcstry= =¢la Xn ¥

We have reasons to believe tha* the method of selution of
these equations was known to Aryabhatal In the translation of
the verse in the Aryabhagizsa II 3233 (the translation of which
we have zlready given) the term dwicchedagram should be
translated as the result will be the remainder corresponding to
the product of the two divisors 1nstead of the result will be the
number corresponding to the two divisors (the last [ine of the
transiation} This explanation 1s 1n fact given by Bhaskara T the
direct discaple and eatliest commentator of Aryabbata I Sech a

rule 1s clearly stated by Brahmagupta®

1 % oy =g |
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The rationale of this method 1s not difffcult I shail quote 1t
from the book of Datta and Singh Starting with the consideras

tion of the first two divisors we have
N=arri¥ri=ag.x+r,

By the method described before we can find the mintmum
value « of x, satisfying this equation ‘Then the mimimum value
of ¥ will be a,xr; Hence the general value of N will be grven

by
N=a, {ast-t+a)+n

=a1ds t T8+

where t 1s an mnteger Thus qia+trn 15 the remainder left on

dividing NV by a1 a2 as stated by Arybhata I and Beahmagupta

Now taking into consideration the third condition we have
Ne=a, a,tta,er;=aixs+trs

which can be solved 1n the same way as befote Proceeding m

this way successively we shall ultimately arrive at a value of

N satisfying all the conditions
Prthuodaka Svami remarks

Wherever the reduction of two divisors by a common
measure 15 posstble there the product of the divisors'
should be understocod as equivalent to the product of
the divisor corresponding to the greater remarmnder and
guotient of the divisor corresponding to the smaller
rematnder 2s reduced (1 e, divided) by the common mea-
sute ! When one divisor 1s evactly divisible by the
other then the greater remamder 15 the (required)
remawder and the divisor corresponding to the greater
remaimnder 15 token as the product of the divisors
(The truth of) this may be investigated by anintellipent
mathematician by taking several symtols

As an Nustration we shall tzke up a problem gquoted by
Rhaskara II 1n his Buyagan:ita and s hich in its solution follows

the methed of Aryabhata I Prthodaka Svami while commenting
on serveral verses from Brahmagupta (BrSpSH XV 3-63

1 ie ipbe the LCM of @ and ox the general value of & satuiynirg

the abyve o cond ttons will be
Nupre+aasr
insteal of Nsagostton+r,
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observes that such problems were very popular amongst the an
cient Indian mathematicians

Problem ‘Tofind a number N which leaves remaimnders 5
4.3 2 when divided by 6.5.4,3 respectively

That 1s to solve the equations
N=6x-1+5=5p+4==4z-4-3=3w+2
We have since N=b6x-}+5=5y+4,
Sy—1

*= 76

But x must be integral, so y=6t+5 x=5¢t+4
Hetice N=30t129

Agamn N=30t+29=4z13

2z—13
Therefore t= 15

Since t must be integral we must have z=15s-14

hence t=2s51+1 Therefore
N=60s+59

The Iast condition 15 1dentically satisfied The method given
here 1s the one followed by Prthodaka Svams

Thus when N=605459=6x-+5
x= 60.5254=105+9

Again when N=60s459=5v14,

6055+55=12s+11

Agamn when N=605+59=4z-+3

Y 605-:5-5___155_}_14

. (1)

Lastly when N =80s5-150=3u 12

50‘;' 57 =205+19

e T —

Yarga Prakril or Brti Prakgt] or Square-Natore

The word 1argaprabrts (hiterally meaning ‘square-nature®)
has been given by Indian algebraists to the indeterminate quadra
tic equation

Nt cmy?
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Here 1in this equation the absolute number ¢ should be
rdra (or unity) which means the equation
Nx3tl=31
ot it may be any absolute pumber The most fundamental
equation of chis class has been regarded as
Nxtf1=yp* *
where N i1s 2 non square integer

This branch of mathematies has originated from the number
which 15 the prakrt: of the square of yavgt, ete. (the unknown
xetc } and therefore 1t 15 called varga prakrts The quantity
N of the above equation s known as Prabrti Brahmagupta uses
the term GUNAKA (multiplier) for the s1me purpose?

‘This term gunaka together with 1ts vanation guna appears
cccaswonally also 1n the writings of later avthors For example,
Sripaty (Siddhanta sekhara XIV 32) employs the term pgunaka
where as Bhiskara Il and Naridyvana use the term gupna in their
Bijaganitas

In this connection we would now like to quote from
Prthudaka Svami (663 A D) from his commentary on the
Brahmasphutasiddhanta

Here are stated for ordmary wuse the trerms which
nre well known to people The number whose square
multiplied by an optional multiplier and then increased
or decreased by another optional number becomes
capable of ?Ialdmg a4 squire reot IS desipnated by the
term the *lester root bamsiha pada or the “first root’
adya-mulg) The root which results after those opera-
tions have been performed 18 called by the name the:;
*greater root (1 ejfha radal O the "sccond root

{anye malz) I there be » number multiplying both
these roots, 1t 12 called the augmenter (udrartaka),

and on the contrary, if there be 2 number dividing the
roots 1t s called the sbhridger” {apn artabal,

‘Thus 1n the equation )
Nj'iﬁ'-} .

P ArTEEaT A FEEE 0 —DrSpS1 XVII 64
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x is known as the lesser root, 3 is the greater root, N is the multi-
plier (gunaka) and c is interpolator or hsepaka. Bhaskara 1I has
used the word “hrasvamula for Ekanistha pada or adya-mula lite
rally meaning “Isser root'. The earlier terms, the “first root™
(advamala) for the value of x and the “second root' or the “last
root” antya-mula for the value of ¥ are quite free from ambiguity
Their use 15 found i the algebra of Brahmagupta, The later
terms appears 1n the works of his commentator Prthodaka Svami.

Brahmagupta uses the term ksepa, praksepa or praksepaka
in the sense of “interpolator.”  Again, when negative. the inter-
polator is sometimes distinguished as the *subtractive™ or

jodhakg and the positive mterpolator 1s then cailed ‘the addi-
tive,"

Lemmas of Brahmapupta

Prior to our giving the general solution of the Square-nature
or Varga-Prakrti, it would be better to give two Lemmas esta-
blished by Brahmagupta We have the following in the Brahma-
sphutasiddhanta -

Of the square of the aptional number multiplied by the
gunaka and 1ncreased or decreased by an other optional
number, 15a, (extract) the square root. (Proceed) twice.
‘The product of the first roots multiplied by the gupaka
together with the product of the second roots will
pive a (fresh) sccond root; the sum of their cross-pro-
ducts will be a (fresh) first root. The (corresponding)
interpolator will be equal to the product of the (previ-
ous) interpolators?

There is a ittle difficulty in ascertaing the real sense of the
rule given in these lines since the word dvidhe {twice) has two
implications Firstly, it may mean that the earlier operations of
finding roots are made on two optional numbers with two aptio-
nal interpolators. and with the results thus obtained the subse-

1. o Gemaig pae enter Rdarsa |
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quent aperations of their composition are performed  Secondly,
it may also mean rthat the earlier operations are made with
one optionally chosen number and one interpolator. and the
5ub5¢quent ones are carned out after the repea ted statement of
those roots for the second time. It is alse Imphed that in the
composition of the quadratic roots. their products may be added
together or subtracted fromeach other,

In other words, if x=ra, y=£ be a solution of theequation :
Nx'"4 b=y,
and x==af, y=F" be 2 solutjon of
Nx' 4+ FP=yt,
then gccording to the above
x=af'ta'f, y=BR'ELNuad
15 a solution of the equation
Nx*4 b wayp?,
In other words, if
Nat+hbe 3
Nnti.i__b ‘E' 3
then
N(af'+a'BY+ i w(BL'd Naf)? (D
In particular. taking a=a’, g=H8"and 2=2". Brahmagupta
finds from a solution x=a, y=7 of the equation
Nt eyt
a solution x=2a3, y=h*+ Na* of the equation
Nx 4 bomy?

That 15 of
Na*t 4 feni!
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We can compose this solution with the previous ones, and
fet another solution and thus proceed on to tnmumerable <olu
tions From Brahmaguptas Corollary to First Lemma we got
another set of solutions If (a &) be sclution of the Square-
nature then another solution of 1t 1s

x=2ab and y=b*+Nga?

Thuseven if we have only one <olution we can get the
ather solution also {since N 1s knownn) and thus we can get any
number of solutions one after the other by this Prineiple of
Composition

Prahmagupta s Lermmas have been described by Bhiaskara
1T (1150 A D ) 1n the following words

Set down succesavely the lesser root (Arassa)  greater
root (33 estha) and mterpolator (ksepaka) and Eclow
them should be set down in order the same or an
another (set of similar quantities} From them by the
Principle of Composition (BhIsand) can be obtained
numerous roots Therefore the Prinaiple of Compost
t:on will be explamed here (Find) the tno cross pro-
ducts (s ajrabhy asa) of the twaolesser and the two greater
roots their sum is a lesser root Add the product of
the two lester roots multiplicd by the rrakbsts to the
product of the twa greater roots, the sum will bea
greater root  In that (equation) the interpolator wall
be the product of the twa previous iterpalttars Again
the difference of the tao cross products 1s a Iesser root
Subtract the product of the two lessor roots mualniplied
by the prabrti from the product of the two greater
roots {the differenee) will be greater roor  Here oo
t! ¢ snterpolator s the product of the two (provious)
interpolators ?
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Principle of Composition

The above results have teen techmcally known amongst
Indian algebraists as Bhavang (demonstrated or proved, hence
theorem or lemma) The word bhdvand also means “compesition
or combmation’ 1n algebra Bhivani may be of two €ypes
Samasa Bhavana (or addition Lemma, or additive composition)
ahd Antara Bhavang {or subtraction Lemma or subtractive
compositron)y, Whenever, agamn the bhavana s made with two
equal sets of roots and 1ntetpolators 1t 135 technically named as
Tulya Bhavana (or camposttion of equals) and when with two
unequal sets of valyes then it 18 khown as Atubba Bhzvanaz (or

composition of unequals)
Proaf of Brahmagupta’s Lemmas

It 13 signaficant to be indicated that Brahmagupta's Leminas
were rediscovered by Eulerin 1764 and by Lagrange in 1768,
and a2 considerable 1mportance was attached to them Kpsna
{1530 A D) the commentator on the Bipaganita of Bhiaskara II
f1ves the following proof of Brahmagupta®s Lemmas -

Let (a8} and (2,8 } be the two salutions of the eguation

nxt 4-fur gt
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Brahmagupta’s Corollary also follows at once from the
above by putting «"—e, p'=p and k'=Ek,

N (2ef)+-RPA=(%1LNu)*

Thus the roots are x=2af and y=8*1-Na® which 15 the
Corollary.

It would be seen that modern historians of mathematics are
incotrect when they say that Fermat (1657) was the first to
state that the equation Nx*-+1=y*, where N is a nop-square
integer has an unlimited number of solutions in  integers. For
this assertion. history takes us to the early Seventh CenturyA.D.
when Brahmagupta wrote his classical treatise, the Brahkmasphu-
tasiddhanta, and gave the well knnwn two Lemmas and the
Corollary to the first Lemma.,

Second Lemma of Brahmapupta

In the Brahmasphuila siddhanta, we find another important
Lemma by Brahmagupta stated as follows :

On dividing the two roots (of a square- Nature) by the
square-root of 1ts additive or subtracrive, the roots for
interpolator unity (will be found).*

This Lemma when expressed in the modern language of
algebra would mean that if x=ay=B be a solution of the

equation,
Nx*+kr=p"*
then x=alk, y=8JF is a solution of the equation
Nx'+1=p*.
This rule. at another place, has been re-enunciated as
follows :

If the interpolator is that divided by a square then
the roots will be those multiplied by its square-
root.®
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This rule may be expressed 1 terms of symbols as follows
Suppose the Varda prabrt: (Square-nature) to be
N2t p'd =47,
s0 that its interpolator (bsepa) r*d 15 exactly divistble by the
square . Then putting therein u=x/p, v=p/p, we derive the

equation
Nult de=21
whose mterpolator 1s equal to that of the orrginal Square-nature

divided by p* It 1s clear that the roots of the onginal equation
are p times those of the denved equation

Realional Solution

Indian algebraists have usually suggested the following
method to obtain a first solution of Naf+ 1=yt

Take an arbitracy small rational number, a, such that
1ts square multiplied by the gupaka N and increased
or diminished by a su_tably chosen rational number &

will be an exace square.

In other words, we shall have to obtain empirically a rela
tion of the form

Natth=§

where a. b, and B are rational numbers Let us  eall  thys
relation as the Auxifiary Equation Then by Brahmagupta's Coro-

[ary. we et from 1t the relation
N{ZaB)4 2w (P4 Na')),

' gr+ a7
ot N(Z;ﬁ) +1 -"( ; )
Hence, one rational solution of the equation Na¥=- eyt o
given by

DaB B NaT
X= b > b

Weork on the rational solution of the Sguaremature has beep

aleo donc by Srlrﬂl In fact s solution. fiven 1 1039 AD
iz 0f historical ;1;1115:::1:1::. He demnves the rational mlmlﬂﬂ

without the mid of the "nunilizry equation ™ He gives the {ollo-
wng rule
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Unity is the lesser root.  Jts square multiplied by the
prakrti is increased or decreased by the prakyti com-
bined with an {optional) number whose square-root
will be the greater root. From them will be obtained
two roots by the Principle of Composition?

Thus if m® be the rational number optionally chosen, one
shall have the identity ¢

N.1B+(m?—N)=m",
or NP —(N—m*)=m"
Then by applying Brahmagupta’s Corollary we get
N(Zm)’—}-(m'w N)i=(m*+N)"*

(R ) - (Y’

2m mm‘+N
ma N mivr N

where m is any rational numter, is a solution of the equation
Nx*+1=3",

This rationol solution of the varga-prakrii which was used
by Stipats in 1039 A.D. was rediscovered in Europe by Broun-

cker in 1657.

We shall close this discussion by taking an illustration
from Bhaskara Il :

Problem : Tell me. © mathematician, what is that square
which multiplied by 8 becomes. together with
unity. a square; and what square multiplied by
11 and mcreased by unrty, becomes a square.

Ham:ﬂ

I=

This means that we have to solve the equations:
Bxt4-1=p* T {)
11 +H1=p' .. ...GD
In the second example, let us assume 1 as the lesser toot.
Following the method of Sripati, Iet us multiply its square by

the prakyt: (here 1 eq. ii, prakrti 13 11), then let us subtract 2
(an optional number) and then extracting the square-roots we

1. Snipaty, S8iddhanta-debhara XIV. 33
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getr the greater root as 3 Hence the statement for the com
posttion 1s

m=11 I[=1 =3 1=-2
=1 g=3 1=—2

Here m=multuplier (gunaka or prakrty) i[=lesser root

(kanistha milz) g=greater root {yyestha mula) and 1=1interpola
tor (Bsera)

Here we have set down successively the lesser root greater
root and mterpolator and below them again set down the same
(See Brahmagupta s Lernmas described by Bhiskara II}) Now
proceeding as before we obtain the rosts for the addinive 4

I=6 g=20 (for} =4
Then by the rule

If the interpolator (of a vargaprakbrt or Souare-nature)
divided by the square of an optional number be the
mterpolator (of anothet Squarenature) then the two
roots {of the former} divided by that optronal number
will be the roots (of the other) Or if the interpolator
be multiplied their roots should be multiplied ?!

are found the roots for the additive unity
}==3 p=10 (for) 1=1

Whence by the Principle of Composition of Equals we get
the lesser and greater roats 1—60 =189 fior) 1= 1 In tlus
way an mfinite number of reots can be deduced

Alternative method Dhaskara IT has given another methog
for finding the two roots for the additive unty

Or divide twice an optional number by the difference
hetween the square of that optronal number and the
prabrts  This (guotient) will be the lesser root (of 2

Square-nature) when unity 1s the additive From that
(follows) the greater root®

1 =T=arA 97 91 elEasa |
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Let us solve the first example 8xi-Fl=3*, We assume the
optional number ta be 3. Its square is 9: the prakbrii of multiplicr
is 8,their difference is 9-8=1, Dividing by this twice the optional
number (2% 3, i e. 6), namely 6, we get the lesser root for the addi-

tive unity as 6. Whence proceeding as before. we get the greater
to be 17, Thus here x=6 and y=17.

Let us use this method for the equation 11a*3+1=y* Let
the optional number be 3. Itssquare is 9. maultiplier or prakyi:
is 11: the difference is 11—9=2: dividing by this twice the
optional number (2x3). namely 6 we get §/2=3, which 1s the
lesser root. Consequently the greater root would be 10, Thus
for this equation x=23 and y=10.

Solution in Posifive Integers

The Indian algebraists usually aimed at obtaining solutions
of the rarda-prakrif or Square nature in positive integers or
abhinna. The tentative methods of Brahmaguptz and Sripati
always did not furnish solutions in positive integers. These auth-
ors. however.discovered that if the interpolator of auxihiary equa-
tion in the tentative method beXl, +2orX4, an integral solu-
tion of the equation Nx*4l=y* can always be found. Thus
Stipati says :

If 1, 2 or 4 be the additive or subtractive {of thic auxi-
I:ary equation), the lessar and greater roots will be
integral (abhinnag)’,

(1) 1f k=1, then the auxiliary equacion will be
Nalt]=3
where @ and B are intergers. Then by Brahmagupta® Corollary
we gdet
x=223 nnd y=3%4AT0?

as the required first solution 1n positive integers of the equation
Nxt+1=y"

1. e sEaifzag &9 o age )
foerang sfrd ey vr /mite ugh
At ll TArAT ok oy oot g FUTFTLNY

Byagapita, Varga-Prabrii, 5-6



SOLUTION IN POSITIVE INTEGERS 255

(1) Let £=>:£2, then the auxiliary equation 15
Nﬂ“i2=ﬂ’

By Brahmagupta’s Corollary, we have
N(2ap)2F4=(31 1 Nat)?

L. -
or N (::ﬂ)’+1==(ﬁ +f“ )’I

Hence the required first solution 1s
z==cf y= (B4 Na*}

Since Nut=4 T p
we have § (B*+ Natj=fi?! F |=e whole number

(111) Now subpose k=-4. so that

Nat+4-4=[1
With an auxiliary equation like this the first mntegral solution
of the equation Nx*+I=1%15

x=j30f

y==, (B2

f 0 15 even, or
x==0{f*=-1)
y=5 B (}*~2)
if B 15 odd
Thus we find Brahmagupta saving

In the case of 4 as additive the square of the second
root dimimished by 3 then halved and multiplied by
the zecond root will be the (required) second root
the square of the second root diminished by unrty and
thent divided by 2 and multiplied by the first root will

be the (required) first root (for the additive umity)?

Datta and Smgh has given the following rationale of this
solutton

Since N a?4-4=§" '
we have N (2y+1=(3/2)" {it)
Then by Brahmaguptas Corollaty we get

o FEEE CTSSA TS T i = BrSpS: XVIII 67
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Substituting the value of N in the right-hand side ezpres-
sion from (i), we have

v (2 (552 @
Composing (11) and (ii1),
vize-n } s {5 e }

Hence x=3 «8, y=1 (p*--2);

and x==4a(f'—1), y=4B(B*—3);
are solutions of Nx*+1=1"

If B be even. the frst values of (x,») are intepral. If P be
odd, the second values are integral.

(iv) Finally, suppose b= —4; the auxiliary equation is
Naf—4 = B2

Then the required first solution in positive integers of

NAEt1=31s
x=%ad(f*43) (3*+1)
y=(B*+2) {3(B*+3) (B*+1)~1).

Brahmagupta says -

In the case of 4 as subtractive. the square of the second
1s increased by three and by unity; half the product of
these sume and that 25 diminished by unity (are
obtained). The latter multiplied by the first sum less
unity 1s the (required) second root; the former mult:-
plied by the product of the (old) roots will be the first
root corresponding to the (new) second root.?

The rationale of this sclution. as given by Datta and Singh

is as follows =
Na?l—4= ﬁ‘ (IJ
N(sf2)'—1=(8]2)*

Hence by Brahmngumn s Cornllar} we get

~n (5 ) +1= (3, LN
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={§{E*+2)) . {w)

Agamn applying the Corollary. we get

N {3aBE 4D+ 1={1(E* 4R +2) Gn)
Now by the Lemma weobtam from (1) and {u)

N {3<B(8*+3) (F14-1)}+1

={(@"+2){1(8*+3) 41117
Hence x=1a8{f2+3) (f2-+1)

y=(("+2) {1(p*+3) (B*+-1)~1}
15 2 solution of Nx*+1=y*

This ¢can be proved without difficulty that these values of »
and y are integral Smee If B 1seven B3+2 s also even And
hence the above values of x and » are integral On the other
hand, if B 15 odd, B* 1s also odd under these conditions B?4-1 and

5'+3 are even In this also, therefore the above values must be
integral

Putting p=aff q=*+2, we can write the above selution
ik the form

x=ip(g°—1)
y=1q{g*~3)

This was the form mn which the solution was found by
Euler

Cakravala or Cyclic Meihod

We have shown in the preceding articles that the most
fundamental step 1n Brahmaguptas method for the general
salution n positive wntegers of the equatian

Nat+41=»*
where N 15 a non-square nteger, 1s to form an auzihary equation
of the kind

Na?+b==b?
where a and b are positrve integers and k==41, X2 or&-d From
this auxiliary equation by the Principle of Composttion applied
repeatedly swhenever necessary one can denive, as we have alres-
dy shoan above, one positivz integral solution of the ariginal
Varga prakrt or Square-Nature. And thence agamn by means
of the same pnnciple an infinte number of other solutions 1n
integers can be obtaincd How to form an auxiliary eqQuation of
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this type was a problem write Datta and Singh which could
not be solved completely nor satisfactorily by Brahmagupta In
fact Brahmagupta had to depend on trial Success in this durec
tron was. however remarkably attained by Bhiaskara IT He evol
ved a simple and elegant method which assisted mm deriving an
auxiliary equation having the required interpolator41,3-2 ork:
4 simultaneously with 1ts two integral roots from another aux:
liary equation empirically formed with any simple integral value
of the interpnlator positive or negative This methol has been
technically known as Cabravala or the cyvelic method This s
so called because 1t proceeds as in a circle, the same set of opera-
tions bemng applied again and again 1 a continuous round For
the details of this method our reader s requested to consult
the Algeb-a of Bhiskara Il and the narrative on this method as
ptven by Datta and Singh under the trtle ' Cyclic Method 1n

their History of Hindu Mathematics Algebra 1962 Edition,
pp 161 72.

Solution of Indetermunate
Quadratic Equation

It 18 remarkable to see that Brahmagupta was the first
algebraist 1n the history of mathematics to find a general solu-
tion of the indeterminate quadratic equation

Nx2tc=y?
1n positive integers We have the followmg wverse m the
Brahmasphutasiddhanta in this connection

From two roots (of a Square nature or varga-prakrti)
with any pgiven additive ot subtractive by making
{(combination) with the roots for the additive unity
other first and second roots {of the equatian having)
the given addiive or subtractive (can be found)?

Let us take the following two equations.
aik=an+b and bhhk=bn+Na
From them we get by eliminating n
- ﬂ]ﬁ"—ﬂb1=l
1 w9 9 2 Tfres eriememar |
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SOLUTION OF INDETERMINATE

Hence Blﬁmb_‘i

= a whole number.

N ow n‘_ —~N= (ﬂI i_k"_"‘b):"" _N ﬂi

2
_ﬂitbl"*zbkm*f'l’.
==
- kfﬂfk:-2bm+1)

at

Therefore **E;(m‘k* 2bai+1) 1s a whole number

Sinee a b have no common factor, 1t follows that
a'k—2baa+1 _n*—~N
-ﬂ.l

=R1=an Integer.

ﬁlﬂﬂ klsﬂi.—N — ﬂl‘k—%bﬂl'i‘l

e T

i
_ ar’ (b’ —Na')~2bar +1
s
arth—1%?
= |:I ) —Nﬂlv

Thus having known 2 single solution m positive integers
of the cquation Nx®-tc=y% says, Brahmagupta, an nfinrte
number of other mtegral solutions <an be obtamed by making
use of the integral solutions of Ni¥+1l=3y* If (pg} be a
solution of the former equation found empirically and 1f (o 8)
be an integral solution of the latter, then by the princple of
Cotmposition

x=phtqa y=qbLNpa
w1l be a solution of the former- Repeatmg the operations, we
can eastly deduce as many solutions as we like

FORM Mn*s*+=o=y*
In this connection Bralimagupta says -

If the remainder 1s that divided by a square, the first
root is that divided by i1ts root?

This seems to mean that if we have the equation
Mnix®tco=y1

(1)
such that the pmlupler (1e the coeficient of xt) s divisible
1 qﬁﬁa:%ffm%m!ﬂﬂmﬁamﬁi

—BrSnS) XVIr 7g
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by n? then we are justified in saying that if we put nx=u, the
equation (1) becomes Mutc=y* (1i),

and clearly the first root of (i) is equal to the first root of (ii)
divided by n. The corresponding second root will be the same
for both the equations.

FORM a*’x'te=3y*:

We find Prahmagupta giving the following rule in this
connection © This is a solution of a particular form of a
t arga-prakyeti or Square-nature.

If the multiplier be 2 square, the interpolator divided
by an optional number and then increased and

decreascd by it, is halved. The former {(of these
results) is the second root;: and the other divided by
the squire-root of the multiplier is the first roott

Thus the solutions of the equation
2pdt o=y

1 f4c )
X =5 A\ —m

) y =3 (:[:c*l-m)

where m is an arbitrary number.

are

Bhaskara II and Niarayana have also given the same
solutions as proposed by Brahmagupta,

Rational Geometrical Figures

In the days of the Tauttiriva Sambhita and the Satapatha
Brahmana, Indian mathematicians got famibliarity -with the
solution of such equations

I:_l_yizzz
and the results were arrived geometrically on the basis of the
law of rectangle as propounded by Baudhayana in the Sulba Sotras

and which goes by his name, The reader is referred to the Chapter
on Baudhayana. the first Geometer 1n the author's* Founders

of Screrices 1 Ancient India”. Baudhayara (¢ 800 B.C.) gave a

1. =0 s g ﬁ%ﬁﬂﬁﬁa}ﬁé’l glerers |
mn?rs-ﬂ:raﬂ?ﬁr ﬂmﬁz@ SP: 1) —BrSpS:. XVIIIL 69




RATIOVAL GEOMETRICAL FIGULL 3

method of transformmg 2 rectangle into a sgpuzre, which 1s
equivalent to the algebrawc identity >

m=—n m=-—r
mn=(m="77) (")

where m u, are any two arbitraty pambers

Brahmagupta 1n connection wirh the sslemen ©F tatons]
triangles says

The square of the op*iomal (cif2) ¢ 42 15 divided 2nd
then diminiched by an opricnal pumter; hali the
result 1s the uprizht, 2nd thas 1ncreased by thez opronal
number pives the hypotequse of 2 rectanile

We shall put these sctatements of Brah=3zupa in the
algebraic language thus If mu.nbe 21y two ratrial numbers,
nen the sidles ot a ngnv-anfied mangle s i) e

3 4
m i
mi("ﬂ‘—ﬂ) E ,‘;—i-n)

This Sanskrit term {5fa may either mean “gdiven” or
“optional  With the former meaning the rule would imely the
method of finding ratromal right angles having a given leg

Brahmogupta was the firze to give 2 £2iut10 of the equs-
tion x*+9*=2z* 1n mtegers His solthnn i
mte=nt, 2mn mt4nl
m and 1 being two vnequal integers?

Thus 3f m=7 and n=4 then m*-nt*=33, 2mpw=

g
ri+n' =03, then the three numbers 33 56 and 65 beay the ‘”;d
tion 33¥+560 =651 -

Mﬂhn\'lfﬂ (_8'50 ﬂ D) ﬂlj.a staten

The difference of the squares (of two E]Eml:n'ﬂ!,’
upright, twice thetr product is the byse and 4f 15 the
of their squares s the ¢lagonal of a the sum
rectangle? Senerate s

Isosceles Triangles with Integyal Sid
ment of Drahmagupta in thisg connection

es The fof

lﬂ'#m
13 very sign g state

'IE’:QTIE

1 woer g TRdm S ot g
SRR o TR 51} ||

2 GSS VII 90} ~ErSpSt X1y 55
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The sum of the squares of two unequal numbers is the
side; theit product multiplied by two is the altitude.
and twice the difference of the squares of those two
unequal num bers is the base of an isosceles triangle.!

Thus if m»n be two integers such that m is not equal to n,
the sides of all rational isosceles triangles with integral sides are
given by

mt+nt m2-tnd 2(m?- n®)
and the altitude of the triangle 1s 2mn.

This method was also followed by Mah2vira and other
Indian mathematicians. In fact. their solutions are based on
the juxtaposition of two rational right triangles, equal so that
they have a common leg. It is remarkably a powerful device, for
every rational triangle or quadrilateral may be formed by the
juxtaposition of two or four rational right triangles.

Isosceles ‘Triangles with a Given Altifude

Here we have a rule given by Brahmagupta for finding out
all rational isosceles triangles possessing the same altitude :

The {(given) altitude is the producer (karanmi). Its
square divided by an optional number is increased and
diminished by that optional number. The smaller is the
base and halt the greater is the side?

Thus if m be any rational number then for a given definite

altitude a, the sides of the rational isosceles triangles are
=

At L ai—m * .
(‘;?-;l‘fﬂ )Each and the base is~ . We shall illustrate it

by an example taken from the commentary of Pribhbdaka Svami
The given altitude is 8; let us take any rational number m—4

] -

b A
then the two equal sides of the isosceles are given by lr(Bt:!H )_=

3__ A2
10 each and the base iss-q-i; =12, Thus the three sides of the

1. =fd 2fR ecraRizaR Ggm am: )
TR AN T ot s 1) ~—BrSpSi. XI1I. 33

2. T mﬂ’ﬁf%ﬁﬁﬁ%fﬁ FEATSFAT 32 |
nwfyE g & 2152 67 o aradt 582 4y —BrSpSi. X11. 37.
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rational 1sosceles triangle with alutude 8 are (1010, 12)

Rational Scalene Triangles Brahmagupta lays down the
following rule 1n the case of rational scalene triangle

‘The square of an optional aumber 15 divided twice
by two arbitrary numbers the morweties of the sums
of the quotients and (respective) optional numbers are
the sides of a scalene triangle the sum of the morties
of the differences 1s the base !

In other words fm ¢ g are any rational numbers then
the sides of a rational scalene triangle are

. ({“+p ) : (r%:‘+ﬂ)-
(-0

Here the alutude () area and segments of the base of
this triangle are all rational

Thus putting m=12 p=6, and g=8 in Brahmagupta § gene
ral equation Prthndaka Svamil derivés a scalene triangle wnth
stdes (13 15) and (14) altitude (12) area (84 and the scgments of
the base (5) which are all integral numbers

m? 122
1 ';'-‘rp) = "ﬁ‘+5)'=15

™y

ﬂ = e v S

Fig 20

T e faw AR
e IS AT 3L —BrSpS: XIT 34
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Thus the two sides of the rational scalene triangle are 13
ind 13 The bases

]2 1 ®
2 (F-6 ) +1 G5—8 )=945=14

The altitude 15 m=12 areca 1s equal to baseXxaltitude
2

14X 12 .
2 —and the segments arex/ 13*—12%=5 and

1/(15*=12%) =9 ‘Thus they are all integers

Rational Isosceles Trapezioms

Brahmagoupta has given us a method of obtaming such

isosceles trape-mums whose sides diagonals, altitude segments
and area are all raticnal numbers His rule 1s as follows

The diagonals of the rec ’ ’
tangle (generated) ate the Aank 'ﬁ'___....A B ---—%
sides of an 1sosceles trapezium : :
the square of its side 15 divaded : I

"
by an optional number and | :
then lessened by that optronal ! '
number and divided by two '
(the result) increased by the

D H C

upright 1s the base and lessened
by 1t 1s the face? Fig 21

Here m the firure we have the 1sosceles trapezium ABCD
of which C D 1s the base and A B i1s klnown as the fase Accord

mg to Brahmaguptas rule, we have (p being the optional

number)
() (o)
AB =3 [ i ?r;n . ] _ [mg_ng} (face)

DH — (m'—n%) (upright)

1 =eerdl 9z pEhROw wwh o
g sl g e G | —BrSpS: XIT 36
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AD = BC = m*+n (the sides of the trapezium)
1 {(segment)

HC == base—upright = i [(4m'n®

L p )
AC = BD = rdm;n‘ - } (diagonal)
AH =2mn (altitude)
(area)

ABCD = mn [4#1*1-1"__ ]
n p

By chosing the values of mnand p smtablyw the walues
of all the dimensions of the 1sosceles trapezium Call be made
integral Prthudaka Svami statts writh the rectangle (5, 12 13)
and suitably takes p as 4. then he calculates out the dimensions
of the trapezium: flank sides (AD and BC) = 13, base =14,

and base = 4 lutede (AH) = 12, segments of base (BH and
HC) = 5 and 9, diagonals (AC and BD) == 15, area ABCD =

108. All these values are integers
14 this example, the rectangle chosen IS (5,12.13) which s

A A DH, where AD=m*+n* =13
and DH=m!—n'=3
whence by adding the two we have
Zm? = 18
ue of m = 3. and hencen = 2, Prtho-
Jaka Svami has taken the value of p=— © by choice. Putting

these values of m. 1 and p. the values for the dimensions of the
jsosceles trapezium follow from the eXpressions given by Brahma-

gupta

] ]312%
L R
Face = g—5=4

AD = BC =314-2% = 13

r the other dimensons

Sides
and so on
Raticnal Trapeziomis With

Three Equal Sides

This problem 1s very much the same as one of the rational
ssosceles tpapezium with the only difference that in this case
one of the parailel ades 1s also equal to the slant sides. We
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have the followmng solution of this problem from Brahma
gupta

The syuare of the diagonal {0f a generated Tectangle)
gives three equal sides the fourth (s obtained ) by
subtracting the square of the uprght from thrice the

square of the sde { of that rectangle) If greater 1t
15 the base 1f less 1t 1s the face?

As before the rectangle generated from m n s given by
( m*—n® 2mn m2+n?) that 15 these are the three sides of
the right triangle which correspond to the two sides and the
dlagnnal of the rectangle generated by them Let us suppose

we have a trapeztum ABCD whose sides AB BC and AD are
equal then

AB = BC = AD = (m*+n?)?
CD = 3(2mn * — (m*=n?)* = 1d m'n* — m' — n'
or CD =3(m?'—nt ) o= (29n)? = 3m*+3n® — 10 m™®

Prthudaka Svami has taken an illustration where m=2

n=1 and he deduces two rational trapeziums with three equal
sides (25 25 25 39 )and (25 25 25 11)

The segment ( CH ) altitede ( AH ) diagonals (. AC, BD)
and area of this trapezium are also rational and given by

CH ( segment ) = 6 m¥*—m* — n®

AH (zaltitude ) = £ mn ( m*—n?)

AC = BD ( diagonals ) = 4d mn ( m*+n? )
ABCD (area ) = 32m*n® (m*—n* )

Rational Insenibed Quadrilaterals

We find in the Brahmasphutas:ddhidnta a remarkable
proposition formulated oy Brahmagupta

To find all quadrilaterals which will be mseribable
within circles and whose sides diagonals perpend:
culars. segments ( of sides and diagonals by perpendi
culars from vertices as also of diagonals by therr
mtersection ) areas and also the diameters of the

1 wwsRte e R S
AFEAROE wE WY e fe
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circumsceribed circles will be expressible in integers
Such guadrilaterals we shall call a5 Brahmagupta
Quadrilaterals

The solution of this formidable problem has been given by
Brahmagupta as follows ,

The upright and bases of two nght angled trianples
being reciprocally multiphied by the diagonals of the
other will give the sides of 2 quadrilateral of unequal
sides ¢ { of these ) the greatest 13 the base, the least
15 the face, and the other two sides are the two

fanks?

Teking Brahmagupta's ntegral solution, the sides of the
two right triangles of reference are given by

(1) mi=—n' 2mn, m*tnl,

{u) p"—aq% 2pg, p'+a°
where m,n.p, ¢ are mtegers Then the sides of the Brgk-
magurta Quadrilateral ate
(m*—nN(p+e*) (p*=—g*)(m*+nl),
2mn(p*4-q%) 2pg{m*+nt) (Arrangement A)
Prthudaka  Sviml  has
illustrated the rational macribed
guadnilateral by taking an
example of the rnight angle
triangles

(1} (3.4.5) (m"—nt=3,
m?+n'=3 whence
m=2,n=1)

{u1) (5,1213)(p"—g*=~>5.
P+ gte13 whence
p=3. a=2} Fig 22
Substiruting these values in the aboyve equanons, we pet el
wdes of the quardilateral as (39 25,52 and €0) 2

1 oz OYom wer e I
WRNY g = arg iy s ) —BrSnSt. A1] 3R

2 The dizgonals of thie quadnlareral are gven by PEmskara il oy %
(o124 4N and S (m g 1241 5) {Coml, om poge 268)
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Mahivira ( GSS VII 103} ) hasgiven the detatls for find-
ing out the diagonals, altitudes segments and areas of such
inscribed rationwl quadrilaterals Bhaskara II has gwven an
example of such cyclic quadrnilaterals with sitdes ( 68 51 40, 75 ),
nhich was obtained by taking right triangles (3, 4 5) and
(15 8,17) the diagonals are 77 and 85 altitude 15 308/53. seg
ments are 144[5 and 23145 and area 1s 3234 { Liavaty )

Chasles® and Kumar® have demonstrated the great signifi-
cance of the results ot Brahmagupta In fact, as said by Datta
and Singh according to the sequence m which the gquantities
relating to the dimensions of sides are taken, there will be two
varicties of the Brahmagupta quadrilaterals, (1) in one the two
diagonals 1ntersect at right angles (1) and in the other
they ntersect obliquely. The arrangemont A given pre-
viously gives the quadrilateral of the first kind 1e the diaronals
intersecting at right angles The followmg arrangement B wall

give the quadrilateral of the second kind with dragonals mter-
secting obliquely

Cp*—a’ ) (m*+n?) (m*=—n®} (p*+q°)
2mn (p’+q®) 2pa(m*+n?) (Arrangement B)

Alternatively the following arrangement also gives the
rational c¢yclic quadrilateral with dizgonals intersecting obli
quely

(Cont from page 267)

In fact Bhfiskara 11 has given the following expressions for the
three varieties of the Brahmagupta Quadrilaterals

For sequences of sides 1n arrangement A
2p3{m2 - )+ 2mn{p? 4% Amnpe+(pF ¢1)(m2 - n?)
For sequences of szdes 1n arrangement B
2pq (mT n)4+2mn (pT ~q7) (pa+g2){m34-nl)
For sequences of sides 1n arrangement C
dmnpg+ (% g2 (m2—n?) (P213(m24n?)
The diameter of the ctrcumscnibed cizcle 1n every case 15 given by
(pE+ %) (M2 + n?)

2 M Chasles Apercu Ristorique surl corigimme et developmeny des methodes
en geometrie Pans 1875 pp 436 f

3 EE Kummer Uber die Vierecke deren S5z ten und Diogonalen
ratignal eind  Journ Flir Math XXXVII 1843 pp 1 20
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(p'— ) mr+n?) 2an{pi-4-q%)
(= n*}p'ta") 2e3(m*+-n?)
(Arrangement C)

Lanear Fanctions
Alade Squares or Cubes

Parga-Kutjaha It 1sthe
name given to the indeter
iminate equation of the type

bx+e=y"

Fig 23

The term may be translated iato Enghsh as " Squate
pulseriser We may rewrite the equation in the form
3
P L—E
b
When expressed mn this form, we have a problem of find-
g a square (rarga) which being diminished by ¢ will be exactly
divisibie by b, which clos:ly reminds the problem solved by the
kuptaka methoc (method of pulveriser)

Tosolie a problem of this type with the resulc appearing
as mntegers, Indian algebrasts used to assume suitabie arbitrary
values for y and then to silve the equanion forx We find
Brahmagupta stating as follows 1in this eonnection

The residue of the Sunon Thursday 1s lessened and
then multiphed by 5or by 10- Making this (result)
an ¢xact squiare, withun & wyear. a person becomes a
mathematictan®

The residue of any opttonal resolution lessened by 92
and then mulophed by B3 becomes topether nath vty
A square A passon solving this witlun a year 18 a
mathicmatician *
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Put 1in other words, this means that one has to solve the
following equations

(1) Bx—25=4°
(11} 10x—100 = y*
(111) 83x—7635 = »*

Prthudaka Svami the commentator on the Brahmasphuta-
ssddhdnta proceeds to <olve these equations as follows -

(11) Suppose ¥ = 10, then x = 125. Or put y =5, then
x =10

(21) Suppose ¥ =10 then x =20

(31) Assume y =1, then x = 92

He then remarks that by virtue of the multuplicity of
suppcsitions there will be an mfinitude of solutions in every
case, But no method has been given either by Brabmagupta or
his commentator to obtain the general solution,

Double Equations of the First Degree

Perhaps we have the earliest reference of the simultaneous
indeterminate quadratic equations of the type

x £ a=y®
x -+ h=y?
in the Bhakatali Manuscript (Folio 59, recto)

Brahmagupta grves the solution of such simultaneous inde-
terminate quadratic equations of a general case as follows

The difference of the two numbers by the addition
or subtration of which another number becomes 2 sg-
uare 1s divided by an optional number and then incre-
ased or decreased byt The square of bt the revolt
diminished or increased by the greater or smaller (of
the given number) i1s the number (required)?

Expressed :n the language of algebra shall have

f 1 [ *
EE{E( m:!:m)} ta
1 ﬁ@ﬁﬁﬁ"‘mﬂiﬂaﬂﬂrﬁﬂﬁiﬁl
e siiRAsiRa Ty & @ Al 1) ~BrSpS: XVIII 74
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or x= {% (ﬂ‘g—‘b:l:m) ] E:F.E-

where m is an arbitrary number.
Datta and Singh has given the ratwnale of this method as

follows -
ul=xta: vi=xth,
From them, we have ut'—t=+a+b

Therefore u—v=m

+aFh

and u+vy= "

where m is arbitraty. Hence
- —

Since it 1s obviously immaterial whether u is taken as posi-
t1s e or negative, we have

—b
Simlarly v=} E‘; =Fm)

3
a—b _
Therefore x== {i o i‘") l T {

a—b __ 2_
or x= {i "‘r"n""l"m)} Th

where m 1s an erbitrary number.
Now we shall take up another particular case. for which

Deahmagupta has given o rule :
The sum of the tno pumbers tne addition and sub-

cracion of which make another number (severally)

a square, 1t divided by 2n optional number and then
4;mnished by that optional number, The square
of hali the remamnder increased by the subtracrive

number 1s the number (required)’,
In the algebraic notations we shall express it as follows -

—BrSp5: XV 71
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fa¥+b 3
x= ! 3 l._”-; -m} I -+ 5.
I'urther. Brahmngupta has at once place grven a sﬂ]utiﬂn of
the following double equations of the first degree
ax+1i=yu* ]
bx—!— -'-'—":.r:

in the following wotds :

The sum of the multipliers multiplied by 8 and divided

by the square of the difference of the multipliers is the
(unknown) number. Thrice the two multiphers increa-
sed by the alternate multipher and divided by thelr
difference will be the two roots.!

The solutions indicated in the above statement are:

_ 8(atb) _3atb  a+3b
= e~ Ta—5 VT 0

Mualtiple Equations

We shall cite here an mteresting elegant problem in which
three or more functions, linear or quadratie, of the unknowns
have to be made squares or cubes. An astronomical problem of
this type has been set by Bhaskara in the Laghu-Bhaskar:ya®.

The sum. the diference and the product increased
by 1, of the residues of the revolution of Saturn and

Mars—each 15 perfect square.
We shall frame this problem hke this: -

To find two numbers x and p such that the expressions
x4y, x—y, and xy+1 are each 2 perfect square.

Brahmagupta gives the following solution to such a problem -

A square 1s increased and diminished by another. The
sum of the result isdivided by the square of half

1 gusgfFyenfun soarag 1w akn, )
B Bl sy e A 1L BrSpSi- XV111 71
2 It aes) oufafieon
3 } ggsianlvg )—
TR ¥ R Ty Sake |
v8 mﬁﬁﬁ’ﬁq It Rfrsar amis )
I TrmrEg i gnt w19 SR | —LBL. Vi1, 17
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thetr difference Those results multinlied (severally)
by this quotient give the numbers whose sum and

difference are squares as also their product together
with vniey !

Thus the solution 15 ¢
x = P(m*+nt)
y = P(ml—n?),
{m*+n*} 4 (m*—n’)
L3 {(m*+n?) — (mt—n2)}]*
m, » betng any rational numbers
Work on such problems has been considerably extended
by Bhaskara IT (1150 AD ) and NIravana (1357 AD)

Solution of axy = bxtcy+d

where P =

The quadratic indeterminate equatien of thistype probably
has been tried for the first timme 1n the Bakhafah Manuscript
Brahmagupta mentions the followirg method for such a quadra-
tic equation The solution given by him 15 not his own He
has taken tt from an unknown author. whose name 1s not men-
ttoned anywhere Brahmagupta quotes the solution as follows ¢

The product of the coefficient of the factum and the
absoclute number together with the product of the co-
efficients of the unknowns 1s divided by an optional
number Of the optional number and the quotient
obtammed the greater1s added to the lesser (of the
cocficients)y and (the sums) are divided by the co-
efficient of the factum (The results =il be the
values of the unknowns) in the reverse order?

As has been ndicated by Brahmagupra’s commentator.,
Prthudaka Svim! this rule 13 to be applied to an equation
contarung the factum afrer 1t has been prepared by transpesing
the factum trm to one side and the absolute term together
with the simple unknown terms to the other, Then the solu-
tions will be. m being an arbitrary rational number,

x= j}(fﬂ-i*c)

oy
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1 d-+-be
3= T(ﬂ m_ Tb )

ad-+be
m

tfb>cand m >

and y wall have their values interchanged.

Datta and Singh have given the following rationale of
these solutions *

1¢ these conditions be reversed then «

axy=bx-tcy-+d.

or a‘xy—abx—acy=ad,
or (ax—c) (ay—b)=ad+bc

Suppose ax—c==m, a rational number;

then ay—b= ﬂd;bc_
Therefore ]
= _-%I-(m-l-l:)
g _.]; adibc —H?)
Or. we may put ay—b=m,
it that case, we shall have ax—c= ﬂd;bc:

. .31 fad+d
whence x= (ﬂ “tc )
y= ‘—n"(m-l-b)

Brahmzagopta’s own rule,

Whilst the rule given aboveis ascribed to an unknown
author, Brahmagupta's own rule for the solution of a guadratic
indeterminate equation mvolving a factum 1s as follaws ¢

With the exception of an optional unknown., assume
arbitrary values for the rest of the unknowns the
product of which forms the factum The sum of the
product of these (assumed values) and the (respective)
coefhictents of the unknowns wnll be absolute quantities.
‘The continued products of the assumed values and of
the coefficient of the factum will be the coefficient of
the optionally (left out) unknown Thus the solution
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15 efiected without forming an equation of the factum
Why then was it doneso ™

Patta and Smgh think that the reference in che latter por
tion of this rule 1s to the method of the unknown author

“Kim krtam tadatah ? The principle underlyjing Brahma
fupta s method 15 to reduce hke the Greek Diaphantus {c.275
A D) the ginen indeterminate equation to a simple determi
nate one by assuming arbierary values for all the unknowns ex
cept one So undoubtedly 1¢ 15 inferor to the earher method

We no v take 1n 1illustrative example feom Brahmagupta

Cno subtricting fram che product of signs and degrees of
the Sun three and four timzs (respectively) those
quantitizs ninety s obtmned Determumng the Sun

wnithin o yeor {one can pass as a proficient) mathema
tician

If we presume x to denote the signs and ¥ the degrees of

the Sun  then the equation would be
.t'y*—:”.t"'-*-‘}'j"'“gﬂ -

Prthodaka Svam solves 1t 1n two ways

{1) Lot us assume thsu a{ba !tirj” number to be 17 then
y=1 (174-3)=20
(1) Let us assume arbitranly y—20 On substituting
this value of ¥ 1n the above equation weget

20x—3x==170
whence x=1d
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CHAPTER \

Arabic and Indian

Divisions of the
Zodiac

It has long been a debated question whether the Indian

and Arabian divisions of the zodiac had a common origin  Sir
Whilliam Jones thought that they had not, but Colebrooke holds
9 COntrary view The coincidence, 1n the tworsystems of division
15 so exact that he thimks. 1t could not be due to chance Coleb-
rooke has discussed this point 1n details (n one of his Papers entit-
led “On the Indian and Arabiandivisions of the zodiac', Asiatic
Researches Vol 1x p 323-376. reproduced n the Miscelianeous

Essays, Vol 1I,p 321373,1872

1 Asnnl now the first naksafra. but anciently the last
but one probably obtained its present situation at the head of
the asterisms, when the beginnmng of the zodiacwas referred to
the first degree of Mesa (the Ram)  As measuring a portion of
the zodiac it occupies the hrst 13°20" of Mcsa and res beginning
follows 1mmediately after the principal star 1n the last nakjatra
Revaty, reckoned by some exactly, by others nearly. opposte
+o the very conspicuous ong which forms the fourteenth asterism
As a constellation, Afvinl cOMPrises three stars (Afies %, B, 7)
figured -5 a Lorse-head and the prinapal, which 1s also the
northern one 1sstated by all ancient authonities, 1n 10°N and

8°E {from the beginming of the Mes

A ceording to Arabs, the irst manul or lunar mansion 1s
eqtieled Sheratan (by Pursians Sheratamn) 2nd comprises ewo
<tars of the third magnitude on the head of Anics. mn lar 6°36°
and 7°51 N and long 26'13 and 27°7'. Waeh the addition of &



278 ARARBIC AND INDIAN DIVISIONS OF THE ZODIAC

third, also in the head of the Ram.the asterism is denominated
Ashrait, The bright star. of the second or third magnitude
which is out of the figure of the Ram, according to Ulugh Bef,
but on the nose according to Hipparchus, cited by this author
from Ptolemy, is determined Natik + It is placed in lat. 9°30°N
and long. 1 0° 43, and is apparently the same with the principal
star of the Indian asterism; for Muchammad of Tizin, in his table

of declination and right ascension. expressly terms it the first star
of the Sheratain.

2. Bharanw the second asteristn, comprises threg stars
(35. 39. 41 Aries) figured by the voni or pudendum muliebre and
the principal and southern star of this naksatra is placed in 212°N.
On the Arakian system, the second manzil, entitled Butain is
placed by Ulugh Beg 1n lat. 1°12’ and 3°12" and this cannot
possibly be reconciled with the Indian constellation, But
Muhammad of Tizin assigns to the bright star of Butain a decli-
nation of 23°N exceeding by nearly 2° the declination allotted by
him to Natih or his first star in Sheratain. This agrees with the
difference between the principal stars of Afvin and Bharags: and
it may be inferred, that some among the Mohammadan astrono-

mers have concurred with the Hindus: in referring the second
constellation to stars that form Museca.

3. Kptika now the third, formerly the ficst. nakiatra
consists of six stars fipured as knife or razor, and the principal
and southern star is placed in 4} or 5N and in 65 sixths of
degrees (or 10°50") from its own commencement {c{f. the Saryasid-
dhanta). or 37° 28" to 38° from the beginning of the Mesa (the
Siddhanta-Siromani or the Graha Laghava) respectively. This
longitude of the circle of declination corresponds nearly with
that of the bright star in the Pleiades, which is 40° of longitude
distant from the principal star of Revati.

The stars indicated by Ulugh Beg for Thurayya, also corres-
pond cxactly with the Pleiades.

4. Rohipw is the fourth nakjatra. the Arabic name for the
fourth mansion is Debaran (or with the article Aldebardan).
It corresponds to the bright star called the Bull's eye. and
which is unquestionably the same with the  principal
and ecastern star of Rohini placed in 4}° or 5°S and 40}°E
by the Hindu writers on Astronomy. This nakjatra is
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figured as a wheel cart and comprises five stars, out of the seven
which the Greeks natmed the Hyades The Arabs bowever like
the Hindus. reckon five stars only m the astertsm  Sir William
Jones supposes them to be 1n the head and neck of the Bull they
probably are «, 2, %, 8, ¢ Taurt apreeably to Mons Ballys
conjecture

5  Myrgasra the fifth naksatra, represented by an antelope
head contains three stars, the same which constitute the fifth
lunar mansion Hakah , for the distance of 10°S assipned to the
northern star of this naksatra will agree with no otber but one
of the three 1n the head of Orion The difference of longitude
(24° to 251°) from Krttikd corresponds with sufficient exactness
and s0 does the longitude of 1ts cirele of declination (62° to 637)
from the end of Rewat: since the true longitude of A Orronis
from the pnnclpa] star 1n Revati (; pﬁcmm) 15 53:“

6 Ardra the sixth nakbsatra consists of a single bright
star described as a gem and placed 1n 9°S (by some 1in 11°) and
at the distance of 4% to 4° m longrtude from the last asterism
"This indicates the star 1n the shoulder of Orion (o orianis) The
sixth lunar mansion s named by the Arabs as Hangh and
comprises two stars 1n the fect of the second twin according to
Ulugh Beg though others make 1t to be a shoulder Mohammad
of Tizin allots five sters to thix constellation, and the Kamos
among various meanmngs of Hanah says that it 13 a name for
five stars1n the left arm of Oron remarking also, that the
lunar mamsion 18 named Tﬂ-&ﬂ}'l coOmprising three stars called
Tahyat Obvicusly here the Indian and Arabran asterisms are

irreconcileable

7  Punariast (used ma dual number) 15 the scventh
nabstra, and 15 represented by a hous: or ¢even a bow and it
ineludes four stars among which the principal and eastern one
15 30° or 32* from the fifth asterism  but has been placed by all
authoritres n 6N This agrees with (8 Geminorum) one of the
tw o stars in the heads of the Twins wnhich together constituee
the seventh lunar manston Zirad according to Mohammad of
Tus and Mohammad of Tizin and other Aratian authoritse
The seventh lunar mansion of Arabs is named =1re2 uf gsod
nccording to Jauhara and otber ated by Hyde in his Commen
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tary on Ulugh Beg. and that the Kamus makes this term to be
the name of eight stars in the form of a bow.

8. Pusya. the eighth asterism. is described as an arrow. and
consists of three stars the chief of which being alse the middle
most, has no latitude, and is 12° to 13” distant from the seventh
asterism. being placed by Hindu astronomers 1n 106° of [ongitude.
This is evidently 8§ Cancri; and does not differ widely from the
eighth lunar mansion Nethrah, which according to Ulugh Beg and
others consists of two stars, including the nebula of Cancer.
The Indian constellation comprises two other stars besides &
Canceri, which are pechaps Y and B of the satme ¢constellation,

8, Aflesa the ninth asterism, coatains five stars hgored
as a potter’s wheel, and of which the principal or eastern one 1s
placed in 7°S, and according to different tables, 107.° 108° or 109°
E. This appears to be intended for the bright star in the south-
ern claw of Cancer (a Canceri), and cannot be reconciled with
the lunar mansion Farf or Tarfah, which comprises twa stars

near the lion's (sitaha) eye, the northernmost being placed by
Mohammad of Tizin in 24" of N, declination.

10. Magha the tenth asterism, contains like the last five
stars; but which are figured as a house. The principal of the
Southern one has no latitude; and according to all authorities
has 129° lIongitude. This is evidently Regulus (= Leonis) ¢ which
is exactly 129%° distant from the last star in Ravat1  The tenth
lunar mansion of Arabilans is Jebhah, which comprises three
(some say, four) stars, nearly in the longitude of the lion's heare.
In this instance, thetefore, the Indian and Arabian divisions of
the zodiac coincide. This nakastra consists of e ¥ & 7 and »
Lconis,

11, Pgrva-Phalguniss the eleventh naksatra and is repre-
sented by & couch or bedstead: it consisty of two stars deter-
mined by the place of the chief star (the northernmost, accords
ing to the Sdrya-Siddhanta) in I2°N and 144°E. or aceotding to
Brohmagupta. the Stromani and the Grabalaghava 147 or [43°

E. They are probably § and 6 Leonis The Arabian name for.
this lunar mansion is zubrah or Kkertan.
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It may be mentiontd here that Brahmagupta and Bhaskara
sclected the southern for the principal star, while the Stryg-
Stddhanta took the northern Hence the latitude stated by
several Hindu authorities 13 the mean between toth stars, and
the difference of longitude. compared to the preceding and subse-

quent asterisms, may be exactly reconciled upon this suppo-
s1t100N

12  Uttara Phalguni which 1s the twelfth nakgatra, con
sists of two stars. and 15 figured as a bed or cot These stars are
ascertained by the place of one of them (the northernmost) 13°N
and 155°E. This indicates P Leonis the same which singly
constitutes the Arabian Lunar mansion Serfah, though Mohzm-

mad of TizIin seems to hint that 1t consists of more then one
star

13. Hasia, the thirtcenth naksatra has the name and figure
of a hand 2nd s surtably made to contain hve stars The
principal one towards the nest. next to the north-western star,
1s placed according to all authonities in 11° and I70°E  Thus
can only belong to the constellation Ceorvus , and accordingly
five stars 1n that constellation (o, 8, ¥, 3 ande Corvt) The
thirteenth [unar mansion of Arabs s Auwwa, which s also
described to contain five stars, situated under Virgo and so
disposed as to resemble the letter Alf They are placed by
Ulugh Beg 1n the wing Here ohviously there 1s nothing common
between the Hindo and Arabian speaificatton of the arterism

The agreement tsonly :n the number of stars and in the Jong:
tude

14 Citrd the fourteenth nabpatra. 18 figered as pear]l It
1s placed by the Sarsa-Siddkanta 1n 25 end 180* E. and by
Brahmagupta the Siromani and Grakalagharain 1 or 2°8 ani
183°FE. This agrees with the Virfin®s spike (@ Virgins)  The
same star constitutes the fourteenth: lunar mansion of the Arabe
aamed {ram it Simae ul adn

15 Sion, the Afteenth naljatra a3 represented by a co-al
bead The Sarya-Siddbenta Brahmagupta, the Siromani and
Gralalagtasa all corcur in placing 1t 3t 3TN They differ one
Jegree in lonpitde of ats arcle of dechinanion. three of them
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making 1t 199° and the other 198" The Indian asterism totally

disagrees with the lunir mansion Ghafr which i1s the fifteenth
Arabian mansion and which consists of three starsin the Virgin s

(Kan3a) fcot, accordmg to Ulugh Beg but i or near the
balance (Tula) according to others

16  Vaidakha, the sixteenth naksatra consists of four stars
described as a festoon  All the authorities place the principal
and northernmost star 1in 1° 1°20° or 1°30 S and mm 212° 212°5°
or 213° E  The latitude seems to indicate the bright star mn the
Soutehrn Scale (@ Librae) though the longitudedisagrees (suggest
ing posstbly a remote star « Labrae) Colebrooke suggests the four
starsto be e v« Librae and ¥ Scorpn  The sixteenth lunar
mansion accordmng to Arabs 1s Zubanah or Zubansyah according

to Mokammad of Ti~in the bright stat in the northern s ale (B
Librae)

17 Anuradha the seventeenth nabsatra consists of four
stars and 1s described as a row of oblations 1n aright hine Its
chief or middlemost star 15 placed in 3° or2°or1°45 Sand n 224°
or 224°5 E. thus placimg 1t near the head of the Scorpion (Vricika)
(5 Scorpionis) and the asterism comprises B 8 7% and P Scorpionis,
The seventeenth lunar mansion of Arabs s called TR or IkLiu I-
jebhah which 15 said to contain 4 3, or 6 stars Iying in a straight
hne Those assigned by Ulugh Beg for this mansion are § § ¥

and 7% Scorpionts Thus here the Indian and Arabian astronomers
both concur exactly

18 Iyestha the eighteenth naksatra comprises three stars
fignred as a mng  The principal and middlemost star 1s placed
in 4°.31° or 3° S and 1n 220°.229°5 or 230°E this position indicates
Antares or the Scorpions heart (s Scorpronis) which 15 aleo
the ¢ighteenth lunar mansion named Kaidb or Kalbyl abrab
The three stars of Indian asterism may be o, ¢ and T Scorpronis

19 Mauala the nineteenth naksatra. 15 represented by a
lion stail and it contains eleven stars. of which the charace-
teristic one the exsternmost. 18 placed 1n 9° 81° or 8° S and 1n
241° or 242° E  This probably (not exactly) indicates v Scor-
monis  This agrees with the eighteenth lunar mansion of Arabs
known as Shaulah consisting of two stars near the Scorpion’s
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sting The Hindu asterism probably includes all the stars in the
Scorpion’s tail (e, B 5. 7 9, ¢, %, X v and » Scorpionis)

20. Parra-Asadha, the twentieth naksatra s figured as an
¢lepbant’s tooth or as a couch., and 1t consists of twu stars, of
which the most southern one 1s placed in 53°% 5% or 5° Sand
254" or 255° E  This corresponds well with & Sagttarnt and
which also corresponds with the twentieth lunar mansion of
Arabs called N2aim The Arabian mansion consists of four
or according to some eight stars The Indizn naksatra corress
ponds ta 5 and ¢ Sagttarn

22 Uttara Asitgha, the teenty first nabsatra, 18 represented
by a couch or by en elephants tooth The primeapal or the
most northerly star 1s placed in 5° § and 260° or 261° E. agreeing
with a star in the body of Sapgicterius {r Sagieeaen)), and the
other stari1s perhaps the one marked £ The Arabian lunar
mansion corresponding to 1t 1s Baldah, consisting of six stars
two, of which are placed by Mohammad of Tizin it dechimmation
21° and 16° One of these must be a star nthe head of Sagit-
tarius  Some authorss on the wontrary, describe the lunar
mansion as destitute of stars Here the Arabs and Hindus do

nor show reconciliation

22 Abhint the twenty-second asterism, consists of three
stars figuring as a triangle or as a nut of fioattng Trapa (in
modern Indian asttonomy, 1t does not occupy an equal portion
of the echptic with other naksatras) Its beightest star s very
remote from the =odwac, bemng 1in 60°or 62° N The longitude
of 1ts cirele of declination is 265°, 266° 40° or 268" accerding to
different authornities The corresponding {unar mansion of
Arabs1s Zabih, consisting of tw stars (accordmg to some, four)
inn the horns of Capricorn  This toally disagrees with Indian

a5Terism

730 ISratana the tuentythied nakjatra 12 represented by
three footsteps- and contains three stars of which the middiemort
18 placed 1n 30° N {(all authorities agree) end longitude 250°
(Strya Siddhanta) or ¢75° (Brahmagupta and Siromam), or 275°
(Grahalaghava) The assipned  latitude indicates  the bright
ctar in the Esgle whence the three may be inferred tobe o, 8
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and ¥ Aquilae. According to Arabs the tweaty-third lunar
mansion is Bala, which consists of two stars in the left hand of
Aquarius. Here apain Arabian 2nd Hindu divisions are at
variance.

24. Dhanistha, the twenty-fourth naksatra, is represented
by adrum or tabor. It comprises four stars. the westernmost
of which is placed in 36° N and according to Brahmagupta,
S:rnmani and the Sorya-Siddhanta in 290° E (Grahalaghava
gives 2867). This longitude of the circle of declination and the
distance of the star on it from the ecliptic indicate the Dolphin :
and the four starsare @, 8,Y and 5 Dolphini. The correspond-
ing lunar mansion of Arabs is Saud, which comprises two stars
in Aquarius (B and £ Aquarii). Here again the two divisions
disagree completely.

24, Satahbisak, the twenty fifth naksatra, is a cluster of 1C0
stars figured by a circle, The principal or the brightest has no
[atitude; or only a third, or at utmost half, a degree of south
latitude: and longitude 320°. This best corresponds with A
Aguarnii. According to Arats, the twenty-&fth lunar tmansion
15 known as Akhbivah which consists of three stars only, placed
in the wrist of the right hand of Aquarius. However. it appears
from Ulugh Beg's tables, as well as from Mohammad of Tizin's

that four stars are assigned to this maosion. The Indian and
Arabian systems of division differ considerably but less widely

according to some.

26. Phrva-Bhadrapada. the twentysixth naksatra, consists
of two stars represented by 2 couch or bed, or ¢lse by a double
headed figure, one of which 1s placed 1n 24° N and 325° or 326°
E. The only conspicuousstar nearly in that position 1s the bright
star in Pegasus (a Pegasi) and the other may be the nearest
considerable star in the same constellation (& Pegasi)). The
twenty-sixth Arabian lunar mansien is Mubaddim, consisting

of two brightest stars in Pegasus {e and B). Here the Indian
and Arabian divisions sho» concurrence.

27. Uttar-Bhadrapada the twenty-seventh nakiatra, consists
of two stars, figured as a2 twin or a pzrson with double face. or
else as a couch. The position of the most northerly of the two
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ls 1n 267 or 27°N and 337" E. which probably indicates the bright
stat in the head of Andromeda and the other star to be the
on¢n the extremuty of the wing of Pegasus (¥ Pegas) This
exactly agrees with the twenty-seventh lunar mansion of Arabs
named as Muakkher Ulugh Beg assigns those stars to it

&8 Revatl, the twenty-eighth nakjatra comprises thirty
two stars figured as a tabor The princ pal star 1s the southern
most one 1t has no fatitude and two of them assert no longitude.
but some make it ten minutes shoct of the origin of the ecliptre
viz 359° 50  This clearly marks the star an the ccliptic ma the
string of the Fishes (5 Piscaium) The ascertainment of this star 13
important 1n regard to the adjustment of the Hindu sphere. The
Arabic name for this mansion 15 Risha signifying a cord But
the constellation as described by Jauhart and cited by Golius
consists of a multitude of stars 1n the shape of a fish and termed
Betnu [kt 1n the navel of which 12 th lunar mansion Moham
mad of Tizin alse makes this [unar mansion to be the same wth
Betnu {hgt wihich appears, however to be the bright star 1n the
girdie of Andromeda (f Andromedae} thoyugh others dascribe it
as the northern fish extending however to the horns of Ram
The lunar mansion and the Indian asterism  therefore are not

reconcileable in this last mnstance.

I leave 1t to the readers to draw an inference as to the
concurrence of the divisions of zodiac1in Indian and Arabian
systems ] would personally agree with Sic Wielliam Jones that
the zgreements are by chance Arabs derived the 1dea of
dividing zodsac m 27 or 28 mansions from Ind 1hs or may have
got 1t from Greebs. and then they proceeded in therr own way
for details I do not agree with those scholars who sometimes
state that the Hindvs took the hunt of dividing the ecliptic from
Greeks The Athaniaveda devotes a number of Sakias or
hymns on Naksatras, and I have shown clsewhere thae ansprred
by these hymns Girgya was the first R sho detaided out
the nabratras Thie happened much before Greeks developed
even their First notions of astronomy  While the concepr of 27
nakiotras 1s Vedic and most ancient and of purely Indian origin
the concept of 12 Rifus {s1zns) or twelve constellstions 19 proba
bly inspired from Grecks [The namet hanya, (virgo} Toll
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(Libra).Vrécika (Scorpio), Dhanun, (Sagittarius), Makara, (Capri-
corn}s Kumbha (Aquarius). Mina (pisces), Mesa (Aries), Vrsa
(Tzurus), Mithuna (Gemini), Karka (Cancer), and Simha {Leo)
were not used for Rasis or signs in the Vedic times]. I shall con-
clude this description with a passage from Colebrooke =

The result of comparison shows I hope satis
factonily, that the Indian asterisms, which mark the
divisions of the ecliptic. generally consist of nearly the
same stars. which constitute the lunar mansions of
the Arabians : but in a few Instances, they essentially

differ. The Hindus have likewise adopted the dive:
sion of the ecliptic and zodiac inte twelve signs or
constellations. agreeing in figure and designation with
those of the Greeks; and differing merely in the place
of the constellations, which are carried on the Indian
sphere a few degrees further west than on the Grecian,
That the Hindus tock the hint of this mode of
dividing the ecliptic from the Greeks, is not perha-
ps altogether improbable: but if such be the origin of it
they have not impheitly received the arrangement
sugrested ta them. but have reconciled and adapted
it to their own ancient distribution of the ecliptic into

twenty-seven patrts,

In Jike manner, they may have either received or given
the hint of an armullary sphere as an instrument for
astronomical observation ; but certainly they bave not
copisd the instrument which was described by Prolemy,

for the constructiun differs considerably.

Names, Shapcs, and Number
of the Stars of the Naksatras

The Mukirig-cinfdman: provides a list of shapes associated
to the naksatras (AfuC. I 59-60). In this list we are giving the
number of stars as mdicated by Varshamibira, Brahmagupea
and Lalla. The identification given here 13 as indicated by
E. Burgess, in hus Translation of the S8rya Siddhenta 1935 p. 378,
(Calcutta). This table has been reproduced here from the
Makabraskariya of Bhlskara 1, edited by K.5  Shukla.



CHAPTER XI

Brahmagupta’s
Astronomy : Its Highlights

Bepmunine or Starting Polnd

Very often in Indian astronomy we come actoss a term
ahargana (literally meaning collection of days) which means
the number of mean civil days elapsed at mean Suarise at Lahka
on a given lunar day {(tsith:) since the beginning of Kahvuga It
1s the beginning of Kaliyuga. which s taken as the starting pont
for the reckontng of ahargana This kappened on Frday Febru
ary 18 B C 3102 at mean sunrise at Lanki when the Sun Moon
and the planets are supposed to have been 1n conpunction at the
first point of the naksatra Afvini (which 15 a fixed point situated

near the star & Piscium) According to Aryabhata and Bhaskara
I the duration of Kaliyuga 1s 1080 000 solar years Four times

this (4.320000) 1s the duration In sclar years of a bigger umt
called Makayuga or even yuga

Lankz 1in Indian astronomy 15 a hypothetical place where
the meridian of Upan (latitude n3* 11 N longtude 75° 52 E

from Creenwich) mntersects the equator It 15 one of the four

Siddhapur and Yamakot: (or Yavakot} The Sfirygs ddhania

deseribes LankT as a great €Ity
to the south of Bharatavarsa® The present Ceylon 1s not the
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250 BRAHMAGUPTA'S ASTRONOMY ITS HIGHLIGHT

astronomical Lanka, as it is about six degrees to the north of
equator, The astronomical Lankz is mentioned by Brahmagupta.
in the beginning of his very first Chapter?®.

According to Brahmagupta all the four yugas of a Catur
yuga or mahayuga are not of the equal duration ;:

Kalivuga is of 432,000 years. Drapara of 864,000 years.
Treta ot 1.296000 years and Krtayuga of 1.723,000 years;
total of the four is 4,320.000 years. Arvabhata regards
all vugas of equal duration, 1.080,000 years®.

The Saka era, which is usually used 1n Indian astronomy
for the reckoning of years commenced 3179 vears after the
beginning of Kaliyuga.

The numter of lunar months in a yuga does not coincide
with the number of solar months. Thus we have the conception
of the Intercalary months : the number of intercalary months in
a yurfa denotes the excess of the number of lunar monthsin a

yufga over the humber of solar monthsin a yuga. Thus in a
yuga we have

Lunar months 53,433,336
solar months 51,540,000
Intercalary months 1593336
Lunar days 1.603,000.080
Civil days 1.577.917.500
Omitted Tunar days 25,082 580

The number of omitted lunar days in a yuga isequal to the
number of lunar days in a yuga minus the number of civil days
in a yufa,

(Cent. frem page 259)
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Units of time

For the measurements of durations 1t 18 necessary to have
units of ttme  Brahmagupta gives the following vnits *

& pranas or Asus==1 Rksa vinadikZ or naksatra vighatika
or one pala (24 seconds)

60 palas =1 phatiki (24 minutes)

60 ghatikas =1 divasa or dina (day) (24 hours)
30 dinas =1 misa {month)

12 masas =] wvarsa ot year

Similar to the divisions of time we have the divisions of
an atc ¥
Vikalx (or vilipts or viliptikin} =second of arc

60 wikalas —1 kalz {minute of arc)

60 kalas =1 améa {degree of arc)

30 amS$as =1 rasi

12 rzéis =1 bhagana (complete crrcle
350%)

Unlike Aryabhata and others. who take kalr dvapara

trets and krtaz of equal number of years Brahmagupta regards

kal: consisting of 432000 years dvapara twice of 1t consisting
of 864000 years tretd thrice of Kali consisting of 1296 000

vears and krta four times of kali conisting of thus 1 728000
vears all the four to be making a yuga of 4.320 000 years® Further
n the beg1nn1ng_ of k:[.'tﬂ thErE 1s 4 mndﬁya of 1728000,{12 years
{ =144 000 years) and at the ond of Krta, there 1s asandhyIméa of
144 000 wears sumlarly In the beginming of tret? we havea

1 sralgataEd vehmisr a=a |
wfat g f Frager Sro awt |

—EBrSpS5: I 6

—BrSpS. 1 6

2% - wrtE e ey |
gfic Ai=a1 fiameafe fyay =T art 1 —Arya III 1
R ierorak ik SRR
of w fran = AT A ' —Arya JII 2

3 =T 1 aIrar gy ¢ A
e @ TAT gg @ § T i
W@a gy AW o= ol
Fap) EGTFR 8 BT T —BrSpS: I 7 8
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sandhyz of 1.296000{12; i.e. 108000 years and at the close of
tretd a sandhyidéa of 108,000 years. Again, in the beginning
of dvipara we have a2 sandhyz of 864.000/12. i. e. 72.000 years
and at the ¢lose of dvapara a sandhyiméa of 72000 years; and

similarly at the heginning a sandhyz and at the close a

sandhyaria of 432,000/ 1, 1, e. of 36,000 years in the case of kali
In this respect Brahmagupta appearsto follow Manu. the ficst
author or giver of law, He regards further the {follawing
divisions of time

71 yugas =1 tnanu
14 manus =1kalpa

Again, in the beginning. at the middle and at the close of
each manu, there are sandhis, each equal to the measure of krta.
Thus, taken as a whole

1 kalpa=71X%14 yugas+15 sandhy3sandhyamséa
=094 vugas+15xXduration of krta
=034 yugas+15 X (4 % 432.000) years
=004 yugas -+ 6 yupas =1000 yugas
= [ Brahma-dina (Brahm3’s day)

Thus Brahmia's day is regarded as 1 kalpa or one thousand
caturyugs or 1000 yugas or the same as 1000 mahayugas).

Aryabhata regards a manu to consist of 72 yugas and
therefore a kalpa according to him would be of 14X72 yugas, or
1008 gyugas? Since in the foreign Siddhantas hike Romaka. there
is no reference to yuga, manu and kalpa. Brahmagupta regards
these systetns to be unauthoritative?

We have said that our starting point was the beginning of
Kalivuga. Friday February 18 B.C. 3102, at mean rise at Lanksr,
when the Sun. Moon and the planets are supposed to have been
it comjunction at the Lrst point of the Naksztea Advint, This

type of conjunction would again happen after a period of kalpa.
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M

Planet or a body Bhaganas
Ravi or Sun l 4 320 000 000
Budha or Mercury 4 320000 000
Sukraor Y epus | 4320000 000
Candra or Moon 57 753 300 000
Kujd or Bhauma or Aars 2 206 828 522
Budha $iglirocea 17 936,905 084
Brhaspati or Juriter 364 226 455
Sukra sighrocca 7 022.389 492
Sani ¢ Saturn 146 567 <98
Arka or Ravi mandocca 480
485 105858

Candra mandocce s
Ku a2 or Bhauna mandocea 292
Fudha mandescca 332

Brhaspat: or Jita mandocea 825
Sukra mandocca 653
Sant mandocea 41
Candra piata 232311168
hu 2 or Bhauma pata I 267
Budha pata . 521
Brhaspaty or Guru pita - 63
Sukra pita 893
San: pita 5E4

By pata 1s meant the ascending node of a planets orbit (on

the cchiptic)

In a kalpa the number of bha bliramas (sidereal daysi or
also known as bha parwvartas 1s 51 040000000 If we subtract out
from this number the bhagana of the Sun we get what 15 known
as bu-dinas or Savang days or the solar or sacrificial days
(51 010 O00 000—1 320,000 000  4€ 720.000.000 Siavana days or

hudinas)

In n kalpa the number of Rav1 bhaganas also correspond to
tl o number of solar years (Saura varsas) 1ec 4320000000 ¢l s
nuinter multiplied by 12 gives the number (e 51,840 000.000) of

salar months.

The diffirence between the candra bhaganas and the Raw
bhaganas ina kalpa gives the number of lunar months {Cindra
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m3sa) in a kalpa (57 753 300 000-4 320 000 000=53.433 300 000 lunar
months)

By subtracting the nvmber of solar months from the
number of lynar months 1m a kalpa one gets the number of
adhs masas (additional months) 53 433 300 000 51 840 000 000 =
1593 300 000 adhnnasas. This multiplied by 30 sives the number
of lunar days (§adr-divasa) in a kalpa 53 433 300 000 % 30=
1602999 000 000 Tunar days The difference between the Iunar
days and Rudinas 1 2 kalpa gives the number of avama dinas
in a kalpa 1602999 000000 43 720 000 0001 556 279 DC0.000

Brahmagupta caleulates out the srst1samvatsara or the
Creation Era during his year of composition of the Treatise He
says  3Six manus have gone in the kalpa the seventh manu 15
now running of which have lapsed 27 caturyugts of the twenty
eighth caturyug, the three yugas krta dvipara and treta have
fone by and also of the present kabiyuga 3179 years have

lapsed The to